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A GENERALIZATION OF THE FERMAT THEOREM 
ON POLYGONAL NUMBERS.* 


By L. W. Grirritrus. 


1. Introduction. If m is a positive integer, the polygonal numbers of 
order m-+2 are the integers 


(1) p(x) = «+ m(a2*—2z)/2, z= 0,1,23,.--. 


Cauchyt+ was the first to publish a proof of the Fermat theorem that every 
positive integer is the sum of m-++2 polygonal numbers of order m+2. 
In this paper we show that when m= 3 it is not necessary to use m+2 
different polygonal numbers. This is more powerful than the Fermat theorem, 
since it implies the latter and also reduces the problem to one in fewer 
than m+ 2 variables. 

Thus, for m = 3 the Fermat theorem states that if A is a positive integer 
then there are five pentagonal numbers p,, ---, ps such that A= p,+---+ py. 
We prove here that if A is a positive integer there are four pentagonal 
numbers »,,---,p, such that A = p,+pe+ps+2y; in other words 
that, in the Fermat theorem, we may take p,—p,. And generally, let 
Nn, Gy, -*+, G be positive integers and px = p(ax), k=1,---,m, be 
polygonal numbers of order m+2. Now the function f = a, p,+---+ Gnpn 
is said to represent the positive integer A when p,, ---, pn can be chosen 
so that A= a, p,+---+anpn; and f is said to be universal when it 
represents every positive integer. Then the Fermat theorem states that 
Jf is universal when n= m+2 and a, =---=a,=1. Now in this 
paper we find, for m = 3, all values of a,,---, a» such that a,+---+ a, 
<m-+2 and / is universal. These universal functions include Fermat's 
function and the function for which a, = ---—= dm—1, Qmii1 = 2; also 
Gy = +++ = Am-2 = 1, Am—1 = Am = 2 When m5 and a, = --+ = Am-1 
=1, dm=3 when m=6, etc. Thus in this paper we prove, when 
m > 3, not only the Fermat theorem but at least one more powerful theorem. 

With the notations 


(2) SF = | pit+---+anpn = (4, --+, An), Loam S---Sm, 
+..-+a, (I <k<n), w= Wr 


* Received January 5, 1929. 
+ Euvres, (2) 6, 320-353. 
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it is proved, when m = 3, that / represents every positive integer if and 
only if m= 3 and f= (1, 1, 1, 1, 1), (1,1, 1, 2), or 


f= (1, 1,1, 1, 5,+++, an), as $3, ap S we-ar—1 (65<ksn), w=m+2>5, 
f= (3, 1, 1,3, As, +++, An), Oke S We-1—1 (6<k<n), w==m+2>5. 


The cases m=1, n=1,2,3 have been treated by Liouville.* If m—2 
then f is a quadratic form; Dicksont has found the universal quadratic 
forms for any n; Ramanujan{ found them for n < 4, but gave no proofs. 

Dickson§ has extensively generalized the theorem of Fermat and Cauchy 
with reference to the quadratic function. The general method of proof in 
§§ 3 and 4 of this paper is essentially that in the first of these papers 
by Dickson. 

2. Necessary conditions that / be universal, when w<m+2>5., 
Let f= A mean that f represents the integer A, and f= A,---, B mean 
that f represents all the integers from A to B inclusive. Since the co- 
efficients in f are positive integers, it is no restriction to choose the 
notation so that 1 <a, <---< a of (2) hold. Then (+1 if a,>1, for 
by (1) we have p(0)—0, p(1l)—1, p(z)>1 if x>1. Hence a, = 1 
is a necessary condition that f be universal. Similar necessary conditions 
on a, (k = 1,---,m) are obtained in a systematic application of the 
fundamental 

Lemma 1. Let wim-+2, and i, h be the values of k such that 


(3) “4-1 = watGga>owa, a—lowmr (lSi, hn). 


Then f represents 0,---, w except perhaps wi-1+Sj+ Ajsi, where wo = 0, 
S; = 1,--+, qi, and Aisi1 = O or Ajtai ts @ sum of one or more of 
Qiti, «++, Qn. Furthermore, if Aisa = 0 then f + wi-itSi. 

Define F), = (a, ---, ax). First note that F; = 0, ---, wi, except 
1,---,a—1 = wt if m>1. Next let 2<k<n; if Ri=0,-.-. 
++, We-1 except Mi, ---, M, then F, = O, ---, we except perhaps 
Mi, +++, Nt; Qe +M, +--+, ae+ Ne and except definitely wi1+S; if k = i. 
For since Fy-1 = 0, ---, wea except Mi, ---, Me then Fy, = 0, ---, wea 
except perhaps Mi, ---, MN. Again, if A is an integer a, < A < wy» then 
A can be given the form A = a,+r, OS r< wye-1 by the definition (2) 
of wx, and Fy, = A except perhaps when r = JN, ---, Ny. Lastly, if 

* Journal de Math., (2) 7 (1862), 407 and 8 (1863), 73. 

+ Bulletin Amer. Math. Soc., 33 (1927), 63-70. 

} Proceedings Cambridge Phil. Soc., 19 (1916-19), 11-21. 

§ Bulletin Amer. Math. Soc., 33 (1927), 713-720, and 34 (1928), 63-72, 205-217; American 
Journal of Math., 50 (1928), 1-48. 
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there is an integer A such that wx-1<A< a, then k =i and A is 
represented by neither F,-: nor Fy; for by (1), p(1) =1, p(2) = m+2, 
and a,<we<m+2. Hence F; + wj++1,---, witq. To summarize, 
if ¢’ is the first 7 for which (3) holds, so that a, —1 < wea (1 Ck <i’) 
but avy —1>wy-i, then f = 0, ---, wr. and f = ay, ---, wr without 
exception, but f + wy—1+1,---, av —1; and perhaps F414 av4i1+wr—-1+1,--- 
+++, +1 +47 —1; and finally perhaps f does not represent Ay 41+ wy_1+S;, 
where A;+; is a sum of one or more of ay4i, ---, dn. This completes 
the proof of Lemma 1. 

We saw that if there is an integer A such that we1<A<a then 
Jf + A. Hence as a corollary of Lemma 1 we have 

Lemma 2. Let Liow<m+2. Then f=0, ---, w if and only if 


(4) f= (1, @, +++, an), eS weit (l1<k<n). 


Since m > 0 there are integers A such that m+2<A<2(m+2). This 
(and subsequent) choice of limits is suggested by the initial values, 0, 1, 
m+2, 3m+3, 6m+4,.---, of (1). Then f+ m+3 if a >1; ifa=—1 
and f= A, then f; = A—(m+2), where by definition 


(5) Se = (Qt, +++, Gn) (i<k<n—1). 


Give /; the notation (b;, ---, ba’), so that bj = ax, wj = bi + --- +0; = up~—1 
(l1<j =k—1<n—1 =n’). Hence, by applying Lemma 2 to fA, we have 
Lemma 3. Let 2 waim+2. Then f = m+2, ---, m+2+w—1 
if and only if 
(6) Sf = (1, 1, as, ---, Qn), Oe S wer (2<k<n). 


If m => 3 there are integers A such that 2(m+2)<A<3m+3. Hence 
if f= 2 (m+2), 2m+5 then 1 = a, < a,.<2. More generally, we have 
Lemma 4. Let 3<w<m+2>5. Then f =2(m+2), ---, 2(m+2) 
+w—2 if and only if 
(7) FS = (1,1, as, +++, dn), ae S m%-1—1 (3Sk<n), 


or 
(8) f= (1, +++, 1,2, deta, +++, an), Oe Stea—l (2St<k<n). 


We had 1 > a < a <2; hence a, — 1 or, if a is the first coefficient 
which is greater than 1, then f= (1, ---, 1, a ---, Qn), where a; = 2 
and 2<t<n, or where aw 23 and3<t<n. Ifa, = 1 or m > 3, 
then f = 2(m+ 2), ---, 2(m+2) +w—2 is equivalent to f, = 0, ---, w—2, 


1* 
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and hence by Lemma 2 to a < wei—1(3 <k <n). But if a= 2, 
write f= (2, 9) where g = (li-1, dt+1,+--, Qn) and give g the notation 
(1, a, -+-, Sy), so that 5 = 1(G<t—1), 5 =a and Wj = 1 
++ --- +3; = w—?2 (tj = k—1 <S n—1=— 7’). Hence f = 2 
(m+ 2), ---, 2(m+2)+w—2 is equivalent to g = 0, ---, w—2: this 
is obvious by (1) for 2(m+2) < A<3m-+83; it is true by inspection 
if w= m+1, A= 3m-+3, and if w—=m+2, A—=3m-+4. By Lemma 2, 
g = 0,---, W = w—2 if and only if 5 < Wit+l Ad<j<7’), that 
is, if and only if a, < wei—1 (t<k <n) since 3, = 1 (VS t—1). 

THEOREM 1. Let lowim+2>5, Then f=0,.---,3m+4 if and 
only of 
(9) tf at (1, 1, as, -->, An), a3 = 1, 2, a S we-a—1 (4<k<n), 

w = m+2>5. 


For, let f= 0,---,3m+4; then n=4. For if n=1, by Lemma 2 
f=(1); ifn=2, f= (1,1); if n= 3, f = (1, 1,1) or (1,1, 2) by 
Lemma 3; but none of these represents each of 4, 5 and 9. The conditions (9) 
on ax hold by Lemmas 2, 3, 4. Finally w = m+-2; for f+ m+1 if w<_m, 
and f+ 2m+3 if w—m-+1. Conversely, if (9), then f= 0,---,3m+4 
by Lemmas 2, 3, 4. 

We next prove that if f satisfies (9) with a; — 2, then f+ 4m-+6. 

LemMA 5. Let 4< w<m+2 and f = (1,1, 2, a,---, an). Then 
S+4m+6. 

Since f, + m+ 3, if f does represent 4m+ 6 = 3m+3-+m-+3 it does 
so with a, p+ a2 pp < 2(m+2). Again f+ 4m-+6 with as ps = 2(m + 2); 
for a, > 2 and the weight of g = (1,1, a4,---, an) is <m, so that 
g+2m+2—4m+6—2(m+2). Again, f+4m+6 with p,>1 for 
any k>3; for if so and a >4 then a, px > 4(m+2)>4m+6; or if 
ay, = 3 and f = 4m+6 with ax pe = 3(m+ 2), then g = (1, 1, dg, «++, det, 
Uk+1, +++, Gy) takes the value 4m-+6—3(m-+2) = m whereas g is of 
weight < m—1. Now since ax px < ax(k = 3) and a p; + dz po < 2(m+ 2), 
SS 2(m+2)+m<4m+6. 

Hence if f is universal and of weight w, 1<w<m-+2 = 5, then 


SJ = (1, 1,1, @&, «++; @), Ue 


< wai—1(4 sk <n), 
w=—m+2 > 5. 


(10) 


Consider now the representation by (10) of integers A when 3m+3< A 
< 6m+4. By Lemmas 2 and 3, ff, = 0, ---, 2m+2 and hence 
f=3m+3,---,5m+5. Again 5m+6 = 4(m+ 2)+m—2 is a value 
of f whether, by (10), a, — 1 or 2; for, if a, = 1 then 4(m+2) 
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= (a, + --- +a.) (m+2) and m— 2 = a,+.---+a, while if a = 2 
then 4(m-+ 2) = (ag+ as + a4) (m+2) and m—2—=a,+45+---+ an. 
Again, 5m+7 —6m+4 if m = 3; hence there are integers A, 5m+7 
<A<6m-+4 if and only if m>4. We prove next that if (10), then 
ii = 2(m+2), ---, 3m+3 except perhaps integers B, so that 
f=5m+7,---,6m+6 except perhaps C = 3m+3-+ 3B; and finally, 
that f takes the values C otherwise, if and only if (10) but not a, =—1, 
ds; = 3. Hence we have 

THEOREM 2. Let 1 waim+22>5. Then f= 0,---,6m+4 tf and 
only if 

S= (1, 1,1, 1, as, --+, an), as + 3, a Swe-a—1b<ck<n), 

(11) w= m+2 > 5; 


or 


(12) tribe a “aaa Ake < weai—1(bSk<n), w=m4+225. 
f= (1, 1,1, 2). 


To find the integers B, let (6) hold. If a; = 2 is the first of as, ---, an 
which is >1, then ¢ > 3; write f = (2,9), g = (lien, Gey, --+, Gn) 
= (1, 8, --+, sy), so that s; = 1(1 <j S t—1), 5 = ax, Wj = 4, +--- +8; 
= we—2 (tj = k—1L << n—1— nn). BY Os <Wit2tsj <n); 
hence if A are the values of j such that s, = Writ+2, 3 <Wjit+l 
(¢<h+j <7’), by Lemma 1 g = 0,---, W = w—2 except perhaps 
Wrr+1+Ahis. Hence f = 2(m+2), ---, 2(m+2)+w—2 except 
perhaps 2(m-+ 2)-+ w» —1-+ Ani2, where h are the values of k such that 
Ohi = Wr, Ok Sweai—1l(tsh + k—1 < m—1). On the other hand, 
if a, —=1(1<k<n) or if a = 3 is the first of as, ---, a, which is >1, 
write f = (1,1, /2), fo = (as, +--+, an) = (G4, ---, Gn”), 80 that 8; = ax, 
wi = wu —-2(1 Sj = k-—2< n—-2=—n’). By (6) 5 < wit? 
(1 <j < nm”); hence if h are the values of 7 such that s, = wy1+2 
(t(—2<h<n"), by Lemmal f. = 0,---, w’ = w—2 except perhaps 
wrr+1+Afii. Hence £f = 2(m+2), ---, 2(m+2)+w—2 except 
perhaps 2(m-+ 2)-+ wa41—1-+ Anis, where daie = wats, Oe < weai— 1 
(t—2<h+k—2<n—2). Combining results we have that if (6) hold 
then f = 2(m+2),---, 2(m+ 2) + w— 2 except perhaps 2(m-+ 2)+ was 
—1-+ Ants, where an = wn—1, Oe S We-a—1 (tschtk<n, ht tif a = 2). 

Consider now / satisfying (10). Then /, satisfies (6). Use the notation 
following (5) for f,. Then by the preceding discussion /, = 2(m-+ 2),--- 
-++, 2(m+2)+ w' —2 except perhaps 2(m-+ 2) + wr: —1+ Afii, where 
8 = Wh-ra, 8§ S wu—l (t<hF¢jcn—1, htt if » = 2). Hence 
we have 
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Lemma 6. Let (10) hold. Then f; = 0, ---, 3m+3 except 2m+3, 
and perhaps 2m+2-+ wa-1+ Anti, where an = wn-i—1, ax < weri— 2 
(¢<ht+k<n, h+t tif a = 2) tf a ts the first of as, ---, dn which is >1. 

The proof of Theorem 2 will be complete if we show that f = C 
= 8m+3+2m+2+ wa1+ Ans, using the notations of Lemma 6, if 
and only if (11) or (12). Since C= 5m+5-+ wa-1+ Angi = 5(m+4+ 2) 
+ wr1+—5+ Anti, O is a value of f if a, = 2, or if a, = 1 andh>6, 
but not if a, = 1 andh = 5. For if ag = 2, then h[>5, 5(m+ 2) 
= (a, +-+--+a,g) (m4+2), wrnr— 5 = 0 if h = 5 and wa_-1— 5 = ag +++ + ani 
if h>5, and Ap: is a value of fr, by (5) and the definition of Ap+s; 
similarly C is a value of f if ag —1, a5 = 1 or 2 since thenh>6. But 
if ag = 1, as = 3, that is if a, —=1, h=5, then f does not represent 
5m+9=5m+5+wu,. This is proved in the more general 

LemMA 7. If f = (1g, ds,-++, Qn) with 3 < as <---< dn, then f+ 5m+9. 

If f = (14, ds,---, G») takes the value 5m+9 = 3m+3+2m-+6, 
we have ax px < m+2 (k < 4) since by inspection f, + 2m+6<3m+3 
with a, = 3. Again if f takes the value 5m+-9 = 3(m+2)+2m+3 
= 4(m+2)+m+1<5(m+2), we have axper < ax (65 < k < n); this 
is obvious if ax = 5; also if a,x —3, 4 since then g = (1, ---, @x—1, @k-+1, +++, An) 
is of weight < m—1, m—2 respectively and hence g + 2m+3,m+1 
respectively. Hence the contradiction that if ~ — 5m+9 then 
SS 4(m+ 2)+ as+ --- +an < 4(m4+ 2) +m—2 = 5m+6<5m49. 
This completes the proof of Theorem 2. 

3. Universality of the functions (11). The proof that every positive 
integer is represented by each of (11) and (12) is essentially the improved 
proof of the Fermat theorem given by Dickson.* Thus if a; = 1 and 
A => 44m-+ 32, A can be expressed in the form A = r+b+m(a—b)/2 
such that r is represented by /, and the equations a = 2*+ y?+ 2?+w’, 
b= 2+y+2z+w have a solution in integers > 0. Hence by (1), 
A> 44m-+ 32 is represented by (11) with a; = 1; if A<44m-+ 32 it is 
verified directly, by Table I in Dickson’s paper, or by Lemmas 16 and 17 
of this paper which are necessary for (11) with a; = 2 and for (12). 

In the particular case a, = --- = a, = 1, and more generally in case f 
of (11) satisfies a, < wr1— 3 (5 <k <n), by Lemma2 f, = 0,---, m—2. 
Otherwise /, does not represent all the integers 0,---,m—2, and it is 
necessary to know the relative distribution of those which , does represent 
to insure that f, = r in the general proof. 

Lemma 8. Let f satisfy (11) and R be such that f, + R and 0<R<m—2. 
Then fg = R—1 or R—2, and fy = R+1 or R4+2. If as —1 then 





* Bulletin Amer. Math. Soc., 33 (1927), 715. 
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A= R—2, R—1,R+2,R+3 or ff, = R—3, R—2, R+1, R+2, 
or fy = R—2, R—1, R+1, R+2. 

Write fi = (41,---, en’), so that e; = ax, wi = a+--- +e= we—4 
(<j=k—4<n—4=—n’). By (ll) gSwjit3 (lSj <n’); let 
h,i be such that en —1 = writ2, g—1 = wisrtl, g—1 < wa 
Q<j+h,icsn’). Hence h>2; also i>2 if e, —1 while i>1 if 
e¢, = 2. By Lemmal, f, = 0,---, m—2 except Na = waitl, Mn+], 
Ni = wi-++1, and perhaps except Nz+ Aji, ete., where Aji: is a sum 
of numbers from en41,---, en. Now jf, represents wy: = N,—1 and 
en = Nant 2; also if e, = 1, fy = whi—l1, since wr_1—1 is eg + --- +en—4 
if h>2 but is 0 if h = 2; similarly ff = a +1 for h > 2. Again f, 
represents e = Nij+1 and wi; = Ni—1 for i> 1; and if e, = 1 then 
i>2 and f, = e+1 and wi1+—1. Hence the consecutive integers Ni, 
Ni +1 not represented by f, are preceded and followed by Nx»—1, Nx +2 
which are represented; similarly N; is isolated between Nj—1 and Nj+1. 
If e = 1, Na—2 and +3, and N;j—2 and N;+2 are also values 
of f,. Finally, since N;,— 2, Nn—1, Nn +2, Nn+3 are in fact, as shown 
above, values of (e,,-+-, en) amd Aji; are values of (en4i,--+, en’), ete., 
the possible exceptions N;,+ Aj4.s, ete., are similarly preceded and followed 
by at least one, and if e, = 1 by certainly two, integers which are 
represented by /,. 

LemMA 9. If f is of (11) with as = 1, A is any positive integer, and B 
is an odd integer O0<B< A—2, then there are integers a,b, r such that 


(13) A = r+b+m(a—b)/2, 


a is positive and odd, b = 8 or B+2, r is represented by f;, and 
0 rsm—2?2. 

For there are integers g and ge such that A = mg+8+e, g = 0, 
0O<e<m—1. If f{\—oe, take b=, a=—29g+b,r=—e. If f+ e, 
by Lemma 8 /, = e— 2 and we take b = 8+2,r=—0—2,a=2g9+b. 

Cauchy’s proof of Fermat’s theorem includes that of 

LemMA 10. Jf a and b are positive odd integers such that b*< 4a and 
b?+-2b+4>3a, then a = 2®+y'°+22+w* and b=2x+y+2+w have 
solutions in integers > 0. 

By (13), Dickson substitutes, for the limits on 6 in Lemma 10, limits 
which involve A and m instead of a, and proves that when A > 44m-+ 32 
then there are at least two odd integers within these limits, such that 
also0 <b<A. His proofs are valid here. Hence by Lemmas 9 and 10 
we have 

- THEoREM 3. If A is a positive integer and f satisfies (11) with as = 1, 
then f represents A if A > 44m- 32. 
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If a; =2 it is not known in the proof of Lemma 9 that f, = e—2. 
Hence we replace Lemma 9 by 

LemMA 11. If f is of (11) with as = 2, A is any positive integer, and 
B is an odd integer 5< 8< A, then there are integers a,b, r such that 
(13) holds, where a is positive and odd, b= 8, 8+2 or B—2, r ts re- 
presented by f,, and 0 < r < m—2, or where 0<. a = 2 (mod 4), b = 4+1 
or B—1, r is represented by fi, and O< r< 3m. 

For there are integers g and @ such that A = mg+8+e, g>0, 
O0O<e<m—l. If fL=—e, take b)—=8,a—29+),r=—e0. If fiite, 
then @ = m—1 or 0<e<m—2. If o=m—1 and 29+8+1=2 
(mod 4), take r= m—2, b= 8+1, a=2g+5; but if 2g+4+1=0 
(mod 4), take b= 8—1, a=29+f8—5, r= 2(m+2)+m—4= 38m. 
If fite and 0<e<m—2, we have by Lemma 8 the cases (i) fi+e 
but /, = e—1 and e+1; (ii) ite and e+1 but 4, = e—1 and e+ 2; 
(iii) fa+e—1 and e¢ but 4, = e—2 and e+1. If (i) and2g+44+1—2 
(mod 4), take r = e—1, b= 8+1, a= 29+; if (i) and 2g+-4+1=0 
(mod 4), take ry = 90 +1, b= 8—1, a=2g+b. If (ii), take r = e+ 2, 
b= 8—2, a=29+5. If (ili), taker = ep—2, b= 842, a=2g+b. 

To use Lemma 11 it is necessary to permit b in (13), and hence also a, 
to be even. This is done in Lemma 12, also due to Cauchy. 

LemMA 12. If a and b are positive even integers such that a = 2 (mod 4), 
b°?<4a, and b*?+2b+4>3a, then a= 2*+y*?+22+w? and b = a+y+e+w 
have solutions in integers = 0. 

Now the discussion by Dickson, which replaces, by (13), these limits 
on b with limits involving A and m but not a, holds when a and b are 
even. Hence we take E=—3m, and d= 6 so that there will be the 
values 8, 8+1, 8+2 required in Lemma 11, within the limits on Db; then 
7 < B<A—2 and 

F = m[m A(A—158m— 76) + 409 m’+ 496 m?— 140m —144] >0 


if A = 158m+76. Hence by Lemmas 10, 11, and 12 we have 

THEOREM 4, If A is a positive integer and f satisfies (11) with as = 2, 
then f represents A if A = 158m-+76. 

If follows from Theorems 2, 3, and 4 that / satisfying (11) is universal 
with the possible exception of A, where 6m+4< A< 44m-+ 32 if a, = 1 
and 6m+4<A<158m+76 if as =2. It has been verified directly by 
the method of § 5 of this paper that f satisfying (11) does represent A 
in these initial cases. Hence, finally, the functions (11) are universal. 

4, Universality of the functions (12). We shall prove Lemmas 13,* 
14, and 15 for the functions (12), which replace the Cauchy Lemmas 10 





*The proof is due to Mr. Gordon Pall, a student at the University of Chicago. 
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and 12, Lemma 8 on the distribution of integers represented by /,, and 
Lemmas 9 and 11, respectively. Hence finally we shall have 

THEOREM 5. If A is a positive integer and f satisfies (12), then f re- 
presents A if A> 387m+96. 

It has been verified directly by the method of § 5 that / satisfying (12) 
represents A when 6m+4<A<387m+96. Hence by Theorems 2 and 5, 
JF of (12) is universal. 

Lemma 13. If a and b are positive integers such that a = b (mod 2), 
4a<b*?< 5a, and a or b is not divisible by 5, then there are integers 
L,Y, 2, w, each > 0, such that a = 2*+- y?+ 22+ 2w* and b= a+y+e24+2w. 

For, necessary and sufficient conditions that 


(14) a = e+y4+24+2w*, b= azetytet+2w, z,y,2,w 20 
are that a = b (mod 2) and 

20a—4b? = &-+5n?+100%, §—5y,—10¢ < 4b, 
E—5y7+10¢€ < 4b, — 2 —, &+5y < 4b, 


(15) 


where &, 7, ¢, 2, y, 2, w are integers such that 5z2—b = §,22+2y+2—b 
= 4, x—y =. Now if a0 (mod5) or if b +0 (mod 5), then 
20a— 4b* 0 (mod 25) and 20a—4b* = +2 (mod 5), that is 20a—4b? 
+ 25° (5n+2). Hence* if 20a—4b? is positive there are integers 
§, 7, ¢ such that 20a—4b? = §+5y°+100%. Now by considering the 
maximum, for integers §, 7, ¢ satisfying this equation, of §+5y in the 
separate cases 7 >0, 4<0 it is seen that §+57<4b+1 if 4a< b’. 
Similarly the other conditions of (15) hold if 4a < b*. Also we can choose 
the sign of § so that z = (§+-b)/5 is an integer; again, by taking 20a —4b* 
= §+57?+1006% modulo 8, we see that x = (y+b—2+20)/4 is 
an integer if ¢ is even or can be made so by choice of sign of 7 if ¢ is 
odd. Hence we have Lemma 13. 

Lemma 14. Let f satisfy (12) and R be such that fy + R and 
0<R<m—3. Then fy = R—1, or R—2, or R—3B. 

Write fi = (41, --+, en’), so that e = ax, wj = a+ --+ +e= w—5, 
and by (12) g S<wjit4, (<j =k—4<n—4—w7’). Also let t,h,i 
be such that ¢e—1 = wi+t+3, e—1l = weit?2, a—1 = wi1t+l, 
g—1liwill<j+t,h,i<n’). By Lemma 1, fp = 0,---, wv’ = m—3 
except N;= wiit1, M+1,M+2, M=witl, M+1, M=wiitl, 
and perhaps except N+ Aj+1, etc. But (e:,---, e¢) represents wi; = N;—1 
and (41, «++, én’) represents Aji;, etc. Hence if R is not represented 
by f, then R—1 or R—2 or R—3 is represented by fi. 





* Jones, Dissertation (1928), University of Chicago. 
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LEMMA 15. If f is of (12), A its any positive integer, 8 an integer 
0<8<A—7, then there are integers a, b, r such that (13) holds, a=b - 
(mod 2), a0 (mod 5) or b+0 (mod 5), OS r<m—3, and fy=—r ¢f 
m>3 but r=—0 if m = 3, andb=&8, &+1, ---, or B+7, and a is 
positive. 

First, if m = 3, there are integers g and e such that A = 3g+-+¢, 
where g > 0 und e = 0, 1 or 2. Ife —0, take b = 8, a = 29+, 
r =o, unless 8 2=0= 29+8 (mod 5). In this case write A = 3g+8 
=3(g—1)+4+4-3 and take b= 8+3, a= 2(g—1) +) = 29+4+1, 
r=0. Similarly }) = 8+1 or £+4 satisfy if 9 = 1, while ) = £+2 
or 8+5 if oe = 2. 

Next, let m>3. There are integers g and ge such that A = mg+8-+e, 
where g>0 and O<e<m—1. If fi = o then OX 0 < m—83; and 
we can take b) = 8, a=2g+b, r=—o if a or b is not divisible by 5. 
But if 8 = 0 = 29g+8 (mod 5) write A = mg +8+s+e—s, s = 1, 2, 3, 
or 4. By Lemma 14 one of e—1,---, a—4 is represented by /,: take r 
as this value and the corresponding 4+s for b. Again, if f, +e then 
e = m—2, m—1 or 0O<e<m—3. If eo = m—1, take }) = £+2 
and r = m—3 unless 8+ 2 = 0 = 2g+8-+2 (mod 5). Now since m>3, 
as = 2, 3 or 4 in (12) and f, = m—5, m—6 or m—7 respectively. Hence 
if 2+2 = 0 = 29g+4+2 (mod 5) write A = mg+4+s+m—(s+]1), 
s = 4, 5,6, and take b = 8+4, 8+5, 8+6 according as a, = 2, 3, 4. 
The cases e = m—2 and 0<e<m-—83 present no new difficulties. 

To prove Theorem 5, let a, b,r be asin Lemma 15; hence A= r-+-b+ m(a—b)/2 
= 4ma+4tnb+r where n = 2—m<0, fi =r. As in Dickson’s paper, 
by the value m a= 2 A —nb—2r from this equation and since 0 <r<m—3, 
we find that if 


(16) b>(U1?—2n)/m, U = 8Am—m'*+4n?>0 

















then 4a < b*, and that b® < 5 aif (16) and 32 Am >—11m*?+60m— 60 and 






(17) b<(V#2—5n)(2m), V=40m(A—E)+25n? > 0, E=m—3. 





Now there will be at least d positive integers between the limits (16) and 
(17) on b if F=(V+4U— P*?*—16VU>0, P=n+2dm—2m>0 
and if the “reduced minor conditions” hold, namely A >52H, A> m/8 
and 32 Am > —11m?+60m—60. We use d = 8 so that there may be, 
within these limits on b, the eight integers 8, 8+-1, ---,8+7 necessary 
in Lemma 15. Then 


F/16 = 4mA[m(A— 387 m — 96)] + 2 m(947 m* + 882 m*— 1302 m —320); 
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hence F>0 and O0<#<A—7 if A => 387m-+96 since m => 3; then the 
reduced minor conditions and V+4U—P®* hold also. Hence when 
A => 387m+96 we have that (13) holds with a, b,r satisfying Lemma 15 
and 4a<b*<5a. Hence by (1) and Lemma 13 f= A when A = 387m + 96, 
This completes the proof of Theorem 5, 

5. Verification of initial cases. By Theorems 2, 3, 4 and 5 we have 
that (11) and (12) are universal except perhaps when 6m+4<A< L, 
where L = 44m+ 32, 158m+76, 387m+96 respectively. For (11), 
Table I of Dickson’s paper suffices to show that f= A within these limits. 
It is also shown by the following method which was used for (12) instead 
of constructing a table of sums by three, and twice a fourth, polygonal 
numbers. We shall need the integers between 0 and 2m-+1 represented 
by fz, and those between 0 and m—1 represented by f;. For f, we have 
already by the proof preceding Theorem 2 that 


(18) Ki = 0,-++,2m4+2. 
Lemma 16. If f satisfies (11) or (12) then 
(19) Se = 0,---,2m+1 
except m+1 and perhaps D = m+ wait Anti, where 


Gi = w-i—1, &Swu—2 (4c htk <n). 


First, let 2< w<m-+2 and (4) hold; then f= 0,---,w. If 
m+2< A<m+2+w—1, then ff = A—(m+2) when f= A and 
conversely. Now to find the numbers between 0 and w —1 not represented 
by fi, use the notation following (5). By (4) s < wji+:+2 (1 <j 
=k—1<n—1=v7’); leth be the values of 7 such that s, = wp1+2 
QQ <h<n’). Then ff = 0,---,w’ except perhaps wpi1+1+ Ahi, 
by Lemma 1; hence f = m+2,---, m+2-+w—1 except perhaps 
m+2+wat+An+e, Where anii = wat1, ae Sue liht+k—1<n-—}). 
Hence finally, if (4) hold then f= 0,---, wand m+2,.--,m+2+w—l1 
except perhaps m+ 2-+ wart Andi, Where an = wa-itl, ae < wer 
(2<h+k<n). Now to prove Lemma 16, apply the preceding to ft 
derived from / satisfying (11) or (12); for then fg = (cq, ---, cn’) satis- 
fies (4). Since the weight w” of fZ is m, fi + m+1. By the preceding, 
So = m2, ---, m+2+w"—1 = 2m+1 except perhaps m+2+wy_1+ Apiys, 
where c,h = waatl, og < wis (2<h +7 <n"); but this is precisely D 
of Lemma 16. 

LemMA 17. If f satisfies (11) or (12) then 
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except E = wa1— 2+ Anis, where 
Gh = wWr-i—1, ae < wei— 2 (4<h+k<n). 


Write fs = (d,, ---, dn’) so that dj = ax, wi = we—3 (1S j = k—3 
<n—3 =~7). By (11) or (12), dG < wjit?2 (li <j <7). Hence 
by Lemma 1, if h are the values of j such that d, = wpnit+2 (li<h<n’), 
Ss = 0,--+, w’ except perhaps wri+1-+Apsii. Thus fp = 0,---,m—1 
except perhaps wp42—2-+ Anis where dnis = wnate—1, ax < wei— 2 
a <h+k—3 < n—83). But this is precisely L of Lemma 17. 

We prove next that f= A when /is of (11) and (12) and 6m+-4<A<10m+5 
= p(5). Since p(4) = 6m-+ 4, by (18) we have f= 6m+4,--.-, 8m+6. 
Again, by (19) we have f = 7m+6 = 6m+4+m-+2,---,9m+7 
except perhaps 8m+7 and 7m-+6+ D=8m+6+ wait Anu, A>4. 
But f= 8m+7 = 2(8m+3)+m+2+m—1 since m —1 is the weight 
of fs. Again, f= 8m+6+ wn-1+ Anti = 2(8m+3)+2(m+ 2)4+ waa—4-t Angi 
if h—-1 = 4 by the kind of argument used following Lemma6. There 
remains h = 4; but then a, = 2 and f= 8m+6+u4,+ 4; = 8m+9+4; 
= 6m+4+2(m+2)+1+4;. Finally, by (19) we have f = 9m+7 
= 6m+4+38m+3,---,10m+7. : 

Similarly it has been verified that f = A, where p(x)<A<p(x#+1) 
and « = 5,---,s and s = 11 if / satisfies (11) with a, = 1, s = 20 
if f satisfies (11) with a; = 2, and s = 29 if / satisfies (12). Since 
44m -+32<55m+11 = p(1l1), 158m+76<190m+20 = p(20) and 
387 m + 96 < 406m-+29 = p(29) when m => 3, except that 
387 m + 96 < 409m -+ 32 merely when m = 3, we have that f= A when 
6m+4<A<Z when it is verified that f = (1,1,1,2) represents 
406 m + 29, ---, 409m-+ 32. 


NORTHWESTERN UNIVERSITY. 





POISSON’S INTEGRAL AND PLURISEGMENTS 
ON THE HYPERSPHERE.* 


By Nat EpMmonson. 


1. Introduction. In a recent paper,t Bray and Evans have obtained 
necessary and sufficient conditions that a function u(M/), harmonic at all 
interior points M of the unit sphere S, be given by the formula 


(1) u(M) = f 7S AF). 


In this formula, F(s) is a bounded additive function of segments on the 
surface of unit sphere S. The properties of such functions have been 
developed for two dimensional rectangular regions by Maria,t whose results 
hold without modification for segments and plurisegments either on the 
sphere or on the hypersphere. It is the purpose of the present paper to 
extend the results of Bray and Evans to n-dimensional space. 

1.1. The rectangular equation of the hypersphere for n-dimensions is 


atat+...+a2 = RP; 
a possible set of its parametric equations are the following: 


(4%, = Reosh, 
% = RKsin 6, cosy, 


) Xs R sin 6, sin 6, cos 63, 


FH sin 6; sin 0, --- Sin On—2 COS Oy—1, 
R sin 6, sin 0. --+ Sin @,—2 SiN On—-1; 


7S 8 5 





O < On-2 <= wt, 
0 s On-1 < 27. 

* Received January 28, 1929. Presented to the American Mathematical Society, Sep- 
tember 7, 1928. 

+ Bray and Evans: A Class of Functions Harmonic within the Sphere, Amer. Journal 
of Math., 49 (1927), 153. 


t Maria: Functions of Plurisegments, Trausactions Amer. Math. Soc., 28 (1926), 448. 
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The measure of the surface of the hypersphere is obtained by generalizing 
the ordinary three dimensional formula 


R 
A, = {fA dx dy 


An = |. f 2ae, aes din—-1, 
—— ” 
n—l 


the field of integration being defined by the inequality 


to the form 


“_ me catego §- seein 
k T— X% rn—1 


> 0; 
x» is given by the expression 
ty = (R*— a2 — a2 —... — a2_,)*. 
On changing to polar coérdinates and integrating with respect to each 


variable between the corresponding limits of integration the measure of the 
surface of the hypersphere is found to be 


A, = Ian r. . » [sinn-2 6, sin”—* 6, --- Sin On» dO, --+ dOn~2 

(3) 
— 2 fRnr-1 nv? /T (F) 

9} ° 


The element of this measure is 


(4) dA, noe Re sin”? @, ill sin 6n—2 dé, didi a On—-1. 


For the unit hypersphere the measure is 


. 1 gana p (| 
(5) i= Oe ir ($). 


Poisson’s integral becomes in the case of the hypersphere 
2 


1 R?—r 
(6) u(M) = a Ju ae. 


1.2. By a cap in meant a configuration defined on the surface of the 
hypersphere by the inequalities 
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f ( 


A; < A, 
03 < As, 


IA WA 
» [Bo |B 
WA WA 


o BII> 
| 
IA WA WA | 


Oi 
0; 
Gi41 S 


Gia S Bi-s, 
6 SS Bi, 
GAS 7, 


By 
Bs 
Bia 
0 

0 


WA WA IA | 


On—2 S 
O6n—1 < 2 mu. 


0 On—2 Ww, 


A configuration defined on the surface of the hypersphere by the in- 
equalities 








WA WA 
oo. 
IA WA 


8, 6; B:, By a 3 A, 


(9) }. ; (10) {. 
Bn—2 S On-2 S Bn—2, Bn-2 S %-2 S Bn—2, 


0 On—1 < 22, Bn < On—1 < Bn—2, 








will be called a proper segment. In (7) and (8), 0< Be<he< 1, 
k= 1,-+-,(¢@— 1); in (9) and (10), O0< Ae < Ae <a, k = 1,---, (n — 2), 
while in (10), Bn—1— Bn—1 <2. In (7) and (8), 4; and 8; may be chosen 
close to 0 and a, respectively, thus ‘making the measure of the caps 
arbitrarily small. No configurations other than these caps and proper 
segments will be considered. 

The boundaries of these caps and proper segments are (m — 2)-dimen- 
sional spreads in space of n-dimensions, the hypersphere itself being an 
(n —1)-dimensional spread in n-dimensional space. Each one of these 


(n — 2)-dimensional codrdinate spreads is defined by two equations: 

(11) EE = ji, i. = Bx or Br. 

The spreads which bound the caps are obtained by taking k — 1, 2, .--, (¢— 1), 
and adding to this set the equation 

(12) Rk = 5; = Bi 

in the case of (7), or the equation 

(13) R= 1, i= Bi 


in the case of (8). The boundary of the proper segments is obtained by 
taking k = 1, 2,---, (n—2) in the case of (9), and taking k — 1, 2,.---, 
-+-,(m—1) in the case ef (10). 
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It will be noticed that within and on the boundaries of the proper 
segments the correspondence between the rectangular codrdinates and the 
polar codrdinates is one-to-one, and that the bounding (m — 2)-dimensional 
spreads cut each other orthogonally. There are points within and on the 
boundaries of the caps where the one-to-one correspondence breaks down. 
Furthermore, the codrdinate spreads may cut each other at angles other 
than right angles in the interior of the caps. The purpose of introducing 
the caps is to remove such angles. Thus the hypersphere S is completely 
covered by caps and proper segments, and the caps and proper segments 
fit together to form an orthogonal system. 

In order to examine the nature of the boundary of a proper segment s, 
the points of the boundary to be known as vertices of s will first be defined. 
Each vertex is defined by equations of the form 


R=1, Oc = Be or fe, k=1,2,---,(n—1). 


These equations show that through each vertex there pass (n—1) mutually 
orthogonal one-parametered coérdinate spreads or curves, each such curve 
having equations of the form 


R = i, 6; = Bi, or Bi,, k = 1,2,---, (nm — 2). 
A portion of each curve lies on the boundary of s. It is seen from these 
defining equations that each one-parametered curve can be regarded as 
the set of points common to (n—2) orthogonal 2-parametered coérdinate 
spreads, each of which has defining equations of the form 


R=1, 6 =, or &, k= 1,2,---,(#—8). 


k 


As a result of the continuation of this process, it is finally found that an 
(n —3)-dimensional spread, defined by equations of the form 


-= 1, 6, = 4, or Bi, k = 1,2, 


is the set of points common to two orthogonal (m —2)-dimensional spreads 
of the type (11). 

There is now sufficient material at hand for the definition of lattices 
on the hyperspere. By a lattice is meant a system of caps and proper 
segments covering S, the caps and segments thus being the meshes of 
the lattice. Each mesh is to be in diameter <2d(n—1)"*, where d is 
an arbitrarily chosen number. In constructing the lattice, the following 
system of caps will first be set up: 
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(1). 2 caps: 
0< 6; SB, a — By 0; a, 


0 6; m1, 0<= 6 <7, 


0 < Oni1< 27, 0S AuAi<2n, 

where f; is chosen so small that |aj|<d, 7 
(2). A number of caps: 

pl A S ApH, Ips 

0 92 As, a—B, < A 

0 < 6 , 0 Os 


>1. 


i,pit; 


IA WA WA 
be 


x . 
- a 
. 


0 On—2 S Tw, 0 

0 Onra<2a, 0 

where 4, is chosen so smail that |2j|)<d, 1 >2; (@:,») is a set of values 

of 6, dividing the interval (4,, «—,) into sub-intervals such that the 
corresponding sub-intervals on the x, axis are each in length < d. 

(3). A number of caps: 

Ip S < 91, pit; Pip 6; 

O29 S 92 92, p41; O2, p Ae 

0 = 4s < Bs, m—Bs < Os 

° <4 Sa 0 <6 


\ A 


no 
3 


Ss > 
= 3 
i ae 
/\ W/\ 
3 


| 


91, pti; 


62, p41 >] 


WA WA WA A 


? wt, 


fo) . On—2 Ww, O <= On—2 
0 O0n—1 2a, 0 > 6n—-1 
where 4; is chosen so small that |aj)<d, i>3; (@1,p), (@0,p) are sets of 
values of 6,, 6, respectively dividing the intervals (4,, ~—A,), (82, —As) 


into sub-intervals such that the corresponding sub-intervals on the 2,, 2, 
axes are each in length < d. 


II/\ 


Ww, 


22, 


> 
< 


/\ 


(n — 2). A number of caps: 
91, A. S Oi pti, S O1,p4i, 
O29 ZS % O2,p-+1; 92, p+1,; 
On—s, p a On-3 On—3, p+; : <= On—s, pti, 
0 Bn-2, > Ww, 
0 . 22, s 2a, 


» 
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where (6x,»), k = 1, 2,---, (~— 3), have the same significance as in the 
previous cases. 

The remainder of the surface of the hypersphere is covered by the 
proper segment: 


A, A; mn — By, 
By 62 7 — Be, 


Bn—2 < On—2 . © — Bao, 


0 On—1 <. Qa. 


This may be divided into sub-segments, where the (6,,») have the same 
significance as before: 

91, p Ss 4 : Ai,p-+H, 

92,» 2 02, p41; 


On—2, p An—2 re On—2, p+1; 


On—-1, p : On—-1 = On-1,p-+1- 


If « and 2’ are any two points within or on the boundary of a cap or 
a proper segment of this system 


x; —ai|<.2d § = 1,8, +++, @. 


am Bo (ai — x)*})?< 2d(n —1)"”. 
Hence the diameter of any cap or segment of the system is in diameter 
<2d(n—1)? 


In particular, the number d may be a member of a decreasing sequence 
having zero for its limit: 
lim dm = 0 
mo 
With each d» there is associated a lattice G» of order m, and the meshes 
of Gm+i are obtained by sub-dividing the meshes of the lattice Gm. The 
resulting set of lattices forms a net G on S for the given system of axes. 
DEFINITION: A plurisegment is a finite or denumerable set of segments 
no two of which have an interior point in common. If p, and py are two 
plurisegments, p, is contained in p, if every segment of p, is contained 
in a finite number of segments of ps. The two are equivalent if each is 
contained in the other. If p, and ps have no interior points in common, 
pitpe is the plurisegment composed of the segments of p, and of pg. 
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1.3. A short resume of the properties of bounded additive functions of 
segments will now be given. /'(s) is a bounded additive function of 
segments s if it is defined for every finite plurisegment and if when p,; and 
p, are two finite plurisegments which have no interior points in common, 


(14) F(pit+p2) = F(~1)+F (pe). 


The positive variation function P(s) of F(s) is defined as the upper 
bound of F(s) for all finite plurisegments contained in s; P(s) is non- 
negative, additive, and bounded for finite plurisegments. Similarly, N (s) is 
the upper bound of —F(s), and 


(15) F(s) = P(s)— N(s). 
T(s), the total variation function, is defined by 
(15’) T (s) = P(s)+N(s). 


The extension of the definition of P(s) and N(s) to plurisegments composed 
of a denumerable infinity of segments is unique if it is made by means 
of the additive property. The details of this extension may be found in 
the paper of Bray and Evans, already referred to.* Consequently, F'(s) 
is uniquely defined for infinite plurisegments. 

The non-negative function F'(s) is said to be without point values if 
F'(s) becomes infinitely small as the diameter of s approaches zero. 

In particular, the foregoing discussion may be applied to the plurisegments 
of a net G and to functions which are defined, bounded, and additive only 
on those plurisegments. 

1.31. The fundamental tool of the present investigation is the Stieltjes 
integral defined with respect to a bounded additive function of segments. 
This integral, which is the limit of a Riemann sum, may be defined in 
two ways, according to the hypotheses regarding F'(s) which are given 
below: 


K 
(16) J.P) aPC) = tim D H(P) Fd, 


] 
d=0 


K 
(17) J) aF 6) = tim YAP) FO, 


where S = 2s; = sj, diameter s; < 6, diameter s; < 6, and P; is a point of 
si, Or s;, respectively. In case F(s) is defined as a bounded additive function 
of segments for all caps and proper segments having a given system of 
rectangular axes, (16) and (17) are equivalent to each other, but if F(s) 





* Bray and Evans, loc. cit., pages 156-157. Maria, loc. cit., page 449. 
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is a bounded additive function of segments defined only on the meshes of 
a net G, (17) defines the integral. 

The integral just defined satisfies the properties (C), (A), (LZ), (M) of 
Daniell’s S-integral.* The result of this is that its definition may be 
extended to any function A(P), bounded on the hyperspheres and measurable 
in the Borel sense, the fundamental unit of measure being the segment. 
If h(P) = jim hx(P), where the hx(P) are bounded in their set and have 


S-integrals, the S-integral of h(P) is the limit of that for hx(P). In 
particular, if h(P) is the limit of a sequence of continuous functions bounded 
in their set, its S-integral is the limit of the integrals of these continuous 
functions. 

1.32. The metric density of the points of a proper segment at a point P 
will now be considered. Various positions of P with respect to the seg- 
ment will be discussed. First suppose that P is a vertex of the segment. 
Through P pass (2-—1) one parameter curves mutually orthogonal to each 
other at P. This orthogonality follows from the character of the parametric 
equations of the hypersphere. 

If 6; be the parameter generating one of these curves, 6; may vary in 
two directions with respect to P: in one direction such that the corre- 
sponding points on the curve lie on the boundary of the segment, the 
opposite direction being such that the corresponding points do not lie on 
the boundary of the segment. The first one of these directions will be 
taken as the positive direction on the curve. Similar reasoning holds for 
all the curves passing through P. 

A new system of rectangular axes is now selected in the following 
manner: the point P and the origin O determine the new 2, axis, the 























-_—_— 
direction OP being the positive direction. The x2, 73, ---, a are taken 
parallel to the positive directions of the one parameter curves 4,, 43 +--+ @n—1 
through P and intersect at the origin. The hypersphere is now referred 
to this new system of axes by means of the parameters W,, W.,---+, Wp. 
There can be formed two regions on the hypersphere: 






















i 1 
S"%sA, —#*s We S pth, 8 SY Sate, 

ih me - 1 
2:02 Wy,< &, "Shag %°"s éStisz-*. 











lf 4, is sufficiently small, all points of the segment in the neighborhood 
of P are contained in o, and o, is contained in the segment. The segment 
will be denoted by s. In fact, to each ¢, there corresponds a A, such 


*P. J. Daniell, A General Form of Integral, Annals of Math., 19 (1918), 279-294. 
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that this is true. Therefore a sequence ¢,, such that lim ¢, — 0 can be 


m—e 


taken, and to each member of this sequence there corresponds a 8» such 
that there exists the above relation between o,, o, and s. 
The measure of the cap of class (1) (see 1.2), pole at P, is 


8 
f sin”-? w, dy, [sims Wed We -+- sin Wn-2 d Wn_2 fra Wn-1- 


The metric density of the segment s at the point P will be the limit of 
the ratio 
ae 7 +.6 — 


f, sin"? w, dy, f- ,. Sin’ Syd -- < sin Yn2dtnof AWy—1 


3 ne ae eS 
‘ . . « . 
f, sin’? w, dw, sin”—* w, du, -- . {sin Wyo d Yao fp dWy-1 


as m approaches infinity. This limit is found on evaluation to be 2'-”. 
In fact, the limit is the same if ¢, is replaced by —ém and the metric 
density is contained between the two values, since 








7 1 a 
si sg é, > by € > 


lim f sin*@d0 = lim | sin” 6d@ =| sin* 6dé@. 
m=o J—, m=o YE» 0 

Since 2”~—' segments may have P as a vertex, the sum of the metric 
densities is 1. : 

If P is a point of a one parameter curve determined by (n—2) (m— 2)- 
dimensional bounding spreads, the segment s may be split into two segments 
having P as a common vertex. The metric density of each segment at P 
is 2'-", and, as a result, the metric density of s at P is 2*-". The con- 
tinuation of this process to the various types of bounding spreads yields 
a series of values 0, 2'~”, 2?-”,.-., 2-1, 1, according as P is outside s, 
a vertex, on a one parameter spread, on a two parameter spread, ---, on 
an (n—2) parameter spread, interior to s. Thus the metric density of s 
may be regarded as a point function which takes on a finite number of 
values. It will be denoted by g(P,s), and will be shown to be the limit 
of a sequence of continuous functions, bounded in their set (see section 2). 
Therefore its S-integral exists, and is the limit of a sequence of integrals 
of continuous functions. 

1.33. If F(s) is a bounded additive function of segments, the quantity 


(18) Fs) = [ a(P, )a Fy) 


is also a bounded additive function of segments on 8. If the ddentity 
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(18’) F(s) = f, a(P, s)d F(s) 


is valid for all segments on S, the possible discontinuities of F'(s) are 
said to be regular. If F(s) is defined only on the segments of a net G, 
the discontinuities of F(s) will still be said to be regular if (18’) holds 
for every segment of the net. The word segment is used to refer to both 
caps and proper segments and will be used in this sense from now on. 

It is useful at this point to have a definition of the expression segment 
of continuity. 

DEFINITION: A segment s is said to be a segment of continuity for F(s), 
a bounded, additive function of segments, if for every sequence {s,} such 
that lim s, — s, 

n=eo 
lim T(s,) = T(s), 
uo 
where 7'(s) is the total variation function associated with F(s). 

Since only a denumerable infinity of the values of 6;, 7 = 1, 2,---,(m—1), 
can give rise to segments of discontinuity, it is possible to form a net G, 
all segments of which are segments of continuity for F(s). Moreover, 
on a segment of continuity for F(s), F,\(s) = F(s). 

THEOREM: Jf F(s’) is bounded and additive on a net G and if F,(s) is 
given by the definition 


(19) Fe) = Joa. s)d F(s,), 


then, h(P) being any bounded function measurable Borel, 


(20) [na @) = [nPaPre). 


And F,(s) has regular discontinuities. In particular, the system of rect- 
angular axes which correspond to the segments s need not be the same as 
that for the net segments s’. 

To prove this theorem, let h(P) be continuous on S, and divide S into 
segments s with respect to any system of rectangular axes. This system 
of axes can be the system with respect to which the net G is defined, 
but this is not necessarily the case. The diameter of each segment s of 
the sub-division is taken to be less than 6, and the function 


hg(P) = D, h(P) @ (2, 81) 


is set up, P; being a point of s; It now follows from the definition of 
F, (s) that 


Dih(P) Fs) = [ng (P) AFC). 
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Since lim hy(P) = h(P) uniformly, the limit on the right side is unique, 
and the limit of the Riemann-Stieltjes sum on the left is uniquely defined. 
It satisfies the postulates (C), (A), (L), (M) of the S-integrals,* and 
consequently, 


I, h(P) aF, (%) = f, h(P) d F(s)) 


for all functions measurable Borel and bounded. In particular, )(P) may 
be taken equal to q(P, s), 


(21) JiaP, 9 Fil») = fa? ) dF) = KO. 


Therefore F,(s) has regular discontinuities. 

THEOREM: If F'(s) has regular discontinuities, its positive and negative 
variation functions, and hence its total variation function, have regular 
discontinuities on any segment on S. 

The proof of this theorem is similar to the proof in the three dimensional 
case, and therefore will not be given here.7 

DEFINITION: A set of functions F'x(s), additive and bounded, are of 
uniformly limited variation if their total variation functions are bounded 
in their set. A sequence of bounded additive functions Fx(s) approaches 
F(s) on the net G if lim Fx (sim) = F' (Sim) for every mesh sim of the net. 

The Helly-Bray theorem will now be stated: If the sequence Fx(s), 
additive and of uniformly limited variation for all k, approaches F(s), 
bounded and additive, on the net G on S, then 


(29) Jim [{A(P) dF ele) = [ny aF), 


where h(P) is a continuous function of P. Moreover, if hx (P) approaches 
h(P) uniformly 


(22’) lim f. hm(P) dF x(sp) = f. h(P) dF(s,). 
K=a 7S s 
m= 
Again the proof presents nothing new. 
2. Necessary and sufficient conditions. Inrropuctory THEOREM: 
Given the function u, harmonic within the unit hypersphere, a set of 
necessary and sufficient conditions that there exists on the surface of the 
unit hypersphere S a bounded additive function F'(s) of segments such that 


I Ht we J, 1? ri) 
( ) Al, > MP” B/) 
is the following: 


* P. J. Daniell, loc. cit. 
+ Bray and Evans, loc. cit., page 160. 
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(a) There exists a sequence of values of r, r,<12<1s, +++, lim 7 = 1, 
such that for any segment s, F(ri, s), defined by — 


F(r, 8) =Jj. s u(M)dM 


approaches a limiting value as r; approaches 1; here o(7;, 8) represents the 
central projection of s on S;,, a hypersphere of radius ri, and center O. 
(b) F(vi, s) is of uniformly limited variation as a function of segments 
Sor all i. 
The function F'(7;, s) is evidently a bounded additive function of segments, 
since it is defined by an integral which certainly exists. In order to prove 
the necessity of condition (a), consider the point function 


SE i 
o(P; 7,3) = = OM 
ene ie » MP” 
which is continuous in P for every 7; and is bounded as a function of P, 
s, and r;. Its boundedness with respect to 7;, as 7; approaches 1, is 
demonstrated as follows: For a given value of 7;, the integrand of the 
above integral is positive. Hence, the following inequality is true: 


9 


1 Lo #9 a= fl "ree 
oe { 2 ae ad M ~. oe j reat a. d M 
An Jew, s) MP An Js, MP 


na—l1 euntes 2 i. * = * 
r"; (1 r?] { sin’? 6, d 6, in 


sin’? @,d 0, --- 


o {i+ ri— 2r, cos 6,)"” 


An e 0 


7t 271 
. f sin On—2 d On—2 { d On—1 > Be 


This result shows that p(P; 7;, s) is bounded for all values of r. 

The point P is now taken as a vertex of the proper segment s. A new 
system of rectangular axes is set up precisely in the same way as in the 
definition of the metric density, and the hypersphere is referred to this 
new system of axes by means of parameters w;, i == 1, 2,---,n—1. 
The integral defining p(P; r;, s) is divided into two parts, one part being 
taken over an arbitrarily small part of the segment s in the vicinity of P. 
If this arbitrarily small region be denoted by o’(7;, s), the remainder of 
the integral is taken over the region [o(r, s) - o’(7, s)]. This latter part 
disappears as 7; approaches unity. Therefore 


ae 1—r? 
lim p Pr vi, 3) = lim —,;- —— dM 
ices” ( 8) i=eo An fo MP" 
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The following series of inequalities is seen to be true: 








ie ; 4) S 4 
{1 rj] I ( 2 f sin”? 6, d@, f- z sin”~* 6, d 0 4 
2 ani? o [1+ r7—2r, cos 6,)"? Je pe 


246 7 he ) 2 
: "gin Opa. 06 f . dae Ss J 1" ay 
+. SIN Gn—2 - a a ee ———— 
ao n n—2 = ai = A. o'(r, 8) MP" 


.(n ; 
{1 ae r?] I (=) f sin” 2 6; d 6;  & j sin”-* 4q d@ eee 
2"? 0 [1+rj— 2r, cos 6,” Aili 


1 4 
€ axe anny 


a 2 
rs SIN On—2 d On— sf d On—1. 


sf 


”ar(3) sin”? 6,20, Se 
iy Err, cos oP I sin”—* 6, d 0, --- 


c oe ("ae a> | Lies re 
veo] SiN On—2 d On—2 , * nat H > Fr (r,s) MP” 














— 2 3) = 7 
= ll Ar (S J sin”? 0, d 0, 2 
0 


f. sin” * 0, d 0, --- 


= 2 a"? [1 + 7? — 2r, cos 6,)"? 


es SiN On—2 dGn- “fe dOn1+ L. 


Here H and L are quantities which arise from the presence of ¢ in the 
limits of integration and can be made arbitrarily small by taking 4 small 
enough. It is to be remembered that the first inequalities given above 
are valid for sufficiently small values of 8. Consequently, by a direct 
calculation of the value of the integral,* if P is a vertex of a proper segment, 
lim p(P; 7;, 3) = 2*. 
r=1 
If P lies on a one parameter curve boundary, a two parameter spread 
boundary, and so on, a series of values 2?-”, 2°-",..., 2-°, 2-1, 1, is ob- 
tained. The value 1 corresponds to a position of P interior to the seg- 
ments. If P is exterior to the segment s, lim p(P; ri, 8) is zero. There- 
r= 


fore p(P; ri, s) has as its limit as 7; approaches 1 the metric density 
function qg(P, s). Thus q(P, s) is the limit of a sequence of continuous 
functions, bounded in their set (see 1.32). 





*The computation of the integral Se {sin 6,/[1 +r? — 21, cos 6,]"*} d@, involves 
merely a finite number of integrations by parts. 
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The application of the Helly-Bray theorem now yields the following 

result: 

lim F(7i, s) = lim u(M)dM = lim am [= 1 a FG) 
O(r;, 8) 


r=1 r,=1 J 6(7;, 8) r,=1 
lim [,r(P; ri, 9) dF) = faP, 0) dF) = KO. 


In this formula F,(s) is the bounded additive function of segments as- 
sociated with F(s) and coincident with F(s) on all segments of continuity 
for F(s). Moreover, F,(s) possesses regular discontinuities, as has already 
been seen. 

The necessity of condition (b) follows directly from the properties of 
the Stieltjes integral: 


2 |F (rs, §)| S sr + fa M j= =" ar 


< asi 


2.1. The sufficiency of conditions (a) and (b) is demonstrated by con- 
sidering an arbitrary fixed point M) interior to S and to S,, and expressing 
the harmonic function «(M)) by means of the Poisson’s integral over S,.. 
There exists the identity 











(My) 1 f wr uM) am—=— ;. ci ys 
el hae Ne 
(23) a cecal 

wes ‘i An J, , Mo MM" SF *s), 


where the segments s are arbitrary segments having a given system of 


rectangular axes. 
Let F(s) = jim F(r;, s). Then F(s) is an additive function of segments, 


by definition. Tt is bounded, for if p> s is any plurisegment, 
|\F(p)| = Tim | 2, P(r, 8,.) | <6, 
‘= 





The application of the Helly-Bray theorem now gives the result 


lim — f. i" aH arf. =") a P(e) 
jin HE Ju, Meat? PH) = ae Se ape 


and the theorem is proved. 
It is to be noticed that the above results are valid regardless of the 
manner in which r approaches 1 


by (b). 
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2.2. It will be shown that condition (b) of the introductory theorem 
implies condition (a). By definition, 


F(ri, 8) =f,,..vanam 


and by hypothesis, 
T (ri, 8) =|, | w(t) adM< K, a pos. const.; 
Ty 


i. e., the functions F(7;,s) are of uniformly limited variation (see 1.32). 
In particular, the last inequalities holds if s—= S. The auxiliary theorem 
will first be proved: 

THEOREM: The hypothesis that the set of functions F(ri, 8) are of uni- 
formly limited variation with respect to ri, O<ri<l, ts sufficient for the 
existence of a sequence {ri}, ri<riza, limi = 1, such that F(ri, 8) ap- 

i= 0 
proaches a definite limit F(s) on all the meshes of a given net G; F(s) is 
a bounded additive function of segments of the net. 
The hypothesis of the theorem is expressed analytically as follows: 


Fed 
(24) > | Fri, 3)| < Tei, s)<K, 
j=1 


in which K is a positive constant, and 7(r;, 8) is the total variation 
function of F(ri, 8). This condition holds for any mode of dividing S 
into » caps and proper segments. 

A sequence {ri}, 7i< rissa, lim 7% = 1, may be selected from the inter- 
val (0,1). The corresponding sequence of numbers F(7;, s,) possesses 
both an upper limit F(s,) and a lower limit F'(s,), because of (24), s being 
any proper segment or cap on S. If F(s,) = F(s,), the sequence {F(r;, s,)} 
is convergent and no further work is necessary so far as s, is concerned. 
If F(s,) +F(s,), a subsequence {ra} of {ri} can be so selected that 

lim F(ra, 1) = F(a). 
t Fie} 

A second segment s, is taken on S. The number sequence {F(7;, s-)} 
has, as before, the bounds F'(s,) and F(s,). A subsequence {rie} of {ri} 
is so selected that 

iim Fre, 82) = F'((s82), Y12 = "ry. 


In general, to the segment s» there corresponds the subsequence {rim} 
selected from {7i,m—1}, so that 
Jim F (rim, 8m) = F' (Sm), Yim < Yi+1,m; 
and also so that 
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a T1,m—1 a ee re "1,2 = Tits 







= 12,m—1 + = Pee, 











= 13,m-1 = Fas, 









Ym—1,m = Tm—-1,m—1> 


Thus there is found for any denumerable infinity of segments s», a sequence 


{ri}, where rj = ra, such that ri41>7i, limr; = 1, and 
108 
















(25) lim F(ri, 8m) = F(Sm). 


In particular, the segments may constitute the meshes of the successive 
lattices Gm of a given net G. Moreover, the limit functions are bounded 
additive functions of segments, since the functions F(rj, sm) are bounded 
additive functions of segments. This statement completes the proof of the 
auxiliary theorem.* 

Since u(M) is harmonic, the application of Poisson’s Integral yields the 
results: 


t. fe . oes : 1 i re — Y / ’ 
fr: Fir, 8) —= J, “6 u (M) aM = = . ez § Fava u (M jd M dM 









= lim p(M’; ri, r; s)u(M’) aM’, 
i= 00 S, 





where 7;>r and 






ae Lf #=? 
re ene oe i | aM. 
p( ia he s) An o(r,s) MY ne 





Hence we may write 
F(r, s) = lim J, p(M; ri, 7; 8) AF (ri, sv) 
i= ; r 





= Jive; 1, r; s)d F(s)). 


The Stieltjes integrals are formed with respect to the net G of the theorem 
just proved. The last result is a consequence of the Helly-Bray theorem 
(see (22)), since p(M’; vi, r; s) approaches p(P; 1,7; 8) uniformly. Hence 











lim F(r, s) = 
r=1 
by the definition of the generalized Stieltjes integral, since the function 
q(P,s) is the limit of the sequence of bounded continuous functions 













* This method of proof, suggested by Professor G. C. Evans, was developed for the 
circle by C. H. Dix and submitted as part of a thesis for the degree of Master of Arts at 
the Rice Institute. 
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p(P;1, 7; 8). Therefore condition (a) is satisfied for any segment s and 
for any sequence {r} which has 1 for a limit. Consequently the following 
theorem summarizes the results obtained: 

THEOREM: A necessary and sufficient condition that u(M), harmonic 
within the unit hypersphere S be given by the formula 


| 
w uM) = ar | ar AF) 


or by the formula : 
1 lf 
(IT) at (M) = AL \- d F (8p) 


in which F(s) ts a bounded and additive function of segments and the 
integrals are evaluated on the basis of a net G of segments s and on all 
segments s, with the same system of codrdinates, respectively, is that 


(b) T(r, Sr) =|. u(M)| dM 


remain bounded as r approaches 1 over a denumerable set of values, or, in 
Fact, in any way. 
The function 


F(r, s) =f, wanam 
has as a limit F,(s) as r approaches 1, for every segment s and 
(26) lim F(r, s) = lim Jv (P; 1, r; s)d F (sp) = Jae, s) d F(sy) = F,(s) 


is identical with F(s) on all segments of continuity and has regular 
discontinuities. 

An obvious consequence of this theorem is the corollary: 

A necessary and sufficient condition for (I) or (II) is that u(M) be the 
difference of two functions harmonic and not negative within the unit sphere. 

3. Behaviour of u(M) in the neighborhood of the boundary. 
In (I) and (II), u(M) is defined by means of a bounded additive function 
of segments having a given set of axes. By the theorem of 1.33 it is 
seen that (I) and (II) can be replaced by 


1 i—,r* 
(27) u(M) = x VP" dF, (wp), 
n JS 


where F,(w) is a bounded additive function of segments defined relative 
to an arbitrary system of rectangular axes. It is to be remembered that 
F,(w) has regular discontinuities. The following theorem will now be 
stated. An outline of its proof will be given. 
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THEOREM:* Let F,(s), a bounded additive function of segments on S having 
regular discontinuities, have a unique derivative at A, and let M,, Mg, ---, 
be a sequence of points interior to S such that lim M;= A. Then 

t=00 


lim u(Mi) = f(A), 


where f(A) denotes the derivativet of F,(s) at A, if the ratio 6;/(1 —1ri) remains 

bounded, 0; being the angle between OM; and OA, and 1; the distance OM;. 
The function F;,(s) will be written for the segments s constructed relative 

to any system of axes 

(28) F,(s) = of(A)+ 9(s), 

where o is the measure of s, and g(s) is a bounded additive function of 

segments having regular discontinuities and a zero derivative at A. 


Because of (28), u(M) can be written 
—— | 


7 
(28’) u(Mi) = f(A)+ +f aa dg (sp). 

If F(s), an arbitrary bounded additive function of segments, has a zero 
derivative at a point A, the same is true of its positive and negative 
variation functions. This follows from the definitions of the positive and 
negative variation functions. Consequently, the g(s) of (28) can be assumed 
to be non-negative. Moreover, the derivative is zero independently of the 
regular family of segments chosen for its calculation. 





— 
A system of rectangular axes is now selected so that OA determines 
the x, axis and the remaining axes are disposed of arbitrarily, so long as 
they are orthogonal to each other. A cap of the first class is now set up: 


fi 
P2 


IAA 
WA IA 


0 
0 
(29) Cs t. ; 
Pn—2 
Pn—-1 
where the gy; are the parameters by which S is referred to the new system 


of axes, 
An M; such that 6;<a'/2 is now selected. If Aj is the projection of 


os 
M; on S, a system of axes is set up in the following way: OA; determines 
the positive direction of the x, axis, while the remaining orthogonal axes 
are arbitrarily disposed of. A cap of the first class is now taken relative 
to this system of axes: 


oo: 


IA IA 
AIA 





2a, 


+ See Bray and Evans, loc. cit., page 173. 
7 For the definition of the derivative, see Maria, loc. cit., pages 459 and 471. 











POISSON’S INTEGRAL ON THE HYPERSPHERE. 


0 < W < ai, 

0 ~< We mu, 

(30) ee 
0 < Wn—-2 wy 

‘ 0 < Wn 2a ’ 

The ratio mC/mc remains less than a constant as @’ is made arbitrarily 
small. Therefore, the caps c having A either as an interior point or as 
a boundary point are members of a regular family of segments w. The 
regularity is always defined relative to caps C. 


If @’ be taken sufficiently small, F'(w) can be written for the caps 
{ci}, if {c)} denotes all of those caps having A; either as an interior point 


or a boundary point, 
F(a) = [f(A)+ul@]¢, 


where o is the measure of ¢,, and (cj) is a quantity which becomes 
arbitrarily small with «’. Otherwise there would be a regular family on 
which the derivative would not be zero. 

The problem is now one of showing that the upper limit of the integral 
on the right of (28’) can be made arbitrarily small by taking «’ sufficiently 
small. If this integral be denoted by J, J can be evaluated with respect 
to a net on S. Moreover, since as 7; approaches unity, the caps c; have C 
as a limiting configuration, J may be replaced by 





Pm tf oP Gone 
— A x » i) pe g (wy). 


For the caps {ci}, g(w) is written 
g (ci) = hil), 
where h;(¥,) satisfies the inequalities 
hi(Y) = ni(Y1)-o(y), 6; 
hil) < ni(Gi) - o(4)), 0 
It is now not difficult to show that 
lim J’ <6 


for «’ sufficiently small. In fact, the proof is similar to that of the three 
dimensional case. Hence 

lim u(Mi) = f(A). 

[ — ) 


Tue Rice InstITvurE, 
Houston, Texas. 














NOTE ON KERNELS OF POSITIVE TYPE.* 


By CAROLINE SEELY. 


In an earlier papert we showed that if a kernel K(s, ¢) with more than 
one characteristic constant is such that an infinite number of its iterated 
kernels are of positive type with respect to all linear combinations of the 
fundamental functions ®;(s) and 4¥;(s), then the two sets of fundamental 
functions each form an orthogonal set, or, more precisely, 


(1) fou) O;(s)ds = 0, [ m0) w;(s)ds = 0, igh d. 


Kernels satisfying the above hypothesis will be said to satisfy Condition A. 
In_a later papert we showed that if K(s, ¢) is such that an infinite 
number of its iterated kernels are of positive type with respect to all 
linear combinations of its principal functions, then there are no principal 
functions other than the fundamental functions, and the poles of the 
resolvent are simple. Kernels satisfying this hypothesis are said to satisfy 
Condition B. It was shown in that paper that Condition B is not a ne- 
cessary condition for the kernel itself to be of positive type; an example 
was given of a kernel with some principal functions not fundamental func- 
tions, but itself of positive type with respect to all functions developable 
in Fourier series. In the present paper we shall give an example to show 
that Condition A, also, is not necessary in order that K(s, ¢) shall be of 
positive type with respect to all Fourier series. Consider the kernel 







K(s, t) = (sins+ sin 2s) (sin t+ 2 sin 2¢ — sin 32) 
(2) +k(sin s+ sin 3s) (sin t — sin2¢-+ 2sin3?#) 
= @,(s) WH, (t) +k @,(s) 4, (4). 


In the interval (0,27), it is clear that ®,(s) and ®,(s) are fundamental 
functions corresponding to the characteristic constants 4, = 1/(37) and 
4, = 1/(3ka) respectively, and #,(s) and #,(s) the fundamental functions 
of the kernel K(t, s) corresponding respectively to the same characteristic 
constants. Also 





* Received February 12, 1929. 

+ Annals of Math., (2), 20 (1919), 174. 

{ Annals of Math., (2), 29 (1928), 313-318. 
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J, °,() O() ds = #40, 


(3) 27 
f. Ys, (s) Wi, (s)ds = —3a +0, 


so that K(s, ¢) does not satisfy Condition A. We shall prove that for 

a proper choice of the constant k, K(s,¢) is of positive (not positive 

definite) type with respect to any function developable in a Fourier series. 
That is, for some choice of k, if 


(4) G(s) = Di fi sin ist+ Do dj cos js 

is any function represented by a Fourier series, we shall show that 
27 

(5) f. K(s, t) G(s) G(t) => 0, 


the choice of k being independent of the function G(s). 

Substituting the values of K(s, t) and G(s) from (2) and (4) in (5), and 
multiplying both members of (5) by the positive constant 1/7*, we see 
that (5) is equivalent to 


+ {" [(sin s + sin 2s) (sin¢ + 2sin2¢— sin3?) 
‘ e 0 


+ k(sins + sin3 s) (sin ¢ — sin2¢+ 2sin3 4] 
: < (2 asinist+ D>), djcosjs)(> > csinit+ >, djcosjt)dsdt 
(6) = (e+ eg) (er + 2¢, — €3) +k (Gq + es) (1 — + 2 65) 
= &(1+ +2284 2ke+e,¢,(8—h) + ¢,¢(8k—1)—c,¢,(1+%) 
= Q(q, C2, 633k) = 9. 


We can show that the quadratic form Q(c,, ce, ¢,; k) is singular, since the 
determinant A;,* a function of k, vanishes identically, and that there- 
fore Q can be reduced to a quadratic form in two variables. In fact, we 
shall proceed to show directly that by means of the non-singular trans- 
formation 

a= at &—4, 
(7) % = 4+2a+6, 

a=at ate 

| —1 


r i | = 340, 
1 I 


of determinant 


* Kowalewski, Einfiihrung in die Determinantentheorie, 1909, p. 220. 
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the form Q can be so reduced. Applying the transformation (7) to Q as 


given by (6), we have 
Qa, @,,k) = A+h Cit+ea—oa)?+ 2(4+ 20+ 0)" 
+ 2k ey + co + 9)? + (3 —k) (4 + — es) (ci + 205+ 8) 
+ (3k —1) (e¢ +4 — &) (a +4 o) 
— (1+) (ci + 203 + 3) (4 +. + 69) 
= (44+4b e'+(124+2Ke'+0-2'+0-c6 
+0-e¢+(14+6h 4 = Q (a, 0; k). 


(8) 


We shall now show that Q’ (and hence also Q) is of positive type for 
suitable choice of k. This will be the case if A, and A, for Q are 
positive for some value k, of k.* In fact, 


A, =4+4k>0 for k>—1. 
Also 
4+4k 74+3k| 


(9) : A, = | 


— _}?2 oes, 
+3 ine OO ees 


and since the zeros of the quadratic form in the right member of (9) are 
7+ (48)? and the quadratic is negative for large k, it is positive between 
these zeros. For any value of k, therefore, between 7-+(48)'” and 
7 — (48)"?, the kernel (2) is of positive type. 

We therefore have the following theorem: 

There exist kernels of positive type, with respect to all functions developable 
in Fourier series, which are such that at most a finite number of their 
iterated kernels are of positive type with respect the set of linear combinations 
of the fundamental functions of the original kernel. 


* Kowalewski, loc. cit., p. 238. 













NOTE ON THE EXPANSION OF HARMONIC FUNCTIONS 
IN THE NEIGHBORHOOD OF ISOLATED 
SINGULAR POINTS.* 


By G. E. RAyNor. 


1. Introduction. In the theory of analytic functions of a complex 
variable there are a number of theorems which have analogues in the 


theory of harmonic functions; that is, of functions which satisfy Laplace’s 
. 07 u 


equation a4 +- 5 oe 0. For instance, if f(z) is an analytic function 


of the complex variable z in the neighborhood of a point P, and C a circle 
which lies entirely in this neighborhood and has P as a center, then /(z) 
may be expanded in a Taylor’s series valid within C and the coefficients 
of this series are determined by the values of f(z) on C. The same theorem 
holds true if we replace the analytic function f(z) by a harmonic function 
u(x, y) where now, of course, the Taylor’s series is a double series in 
x—X and y— yp» where wz and y are the codrdinates of P+ 

Now, if f(z) is analytic in the deleted neighborhood of P, that is, in 
a neighborhood of P but not at P, the above Taylor’s series must be 
replaced by a Laurent series. Thus, if C, and C, are two circles in this 
neighborhood and with center at P, f(z) may be expanded in a Laurent 
series valid in the region bounded by C, and C, and the coefficients of 
this series are determined by the values of f(z) on C, and C,. However, 
for the purpose of determining the coefficients, the two circles may be 
replaced by a single circle C lying in the region enclosed by them.{ 

That no theorem strictly analogous to this holds for a harmonic function 
u(xz,y) if P is a singular point does not seem to be very clear in the 
literature. If we set up a system of polar codérdinates (7, y) with P as 
pole, Goursat§ shows that u(x, y) may be developed within the region C,, C, 
in the form 


u = Ag+ By logr+ D [(Anr™ + Bm r-™) cos my 
m=1 
+ (Cpr + Dm r-™) sin mg] 


* Received February 18, 1929. 

+ Goursat, Cours d’Analyse Mathématique, vol. 3, 3rd ed., p. 169. Osgood, Lehrbuch 
der Funktionentheorie, vol. 1, 2nd ed., p. 659. 

t Of course, C may be replaced by a more general curve, but this consideration is not 
of importance here. 

§ Loc. cit., p. 190. 
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and shows that the coefficients An, Bn, Cn, Dm may be determined by 
the value of uw on C, and C,. Notice that here two circles are used to 
obtain the coefficients. Osgood* states that wu may be put in the form 





2) 
(1) u = klogr+ Zz r” (a, cOSNO+ by sin n 6) 
—* 






and then asserts that the coefficients are given by the equations 


“ 


ae 1 _ 1 . vis 
v4 9 = _—~—C-—— / GOS = —--- ie - 3 
y (2) an = RR J. Ucosndd6, ly aR” Jo Usinnéodé, n+O 





1 “271 a : 
do = oF Jo Ude—klog Rk, k a constant, 











where # is the radius of a circle C, lying between C, and C, and U re- 
presents the values of w on this circle. If these equations were correct 
we should have « determined in the annular region bounded by C, and C, 
by its values on the circle C;. To show that this is impossible consider 
ug the two functions a,(7, 6) =r sin @ and u(r, 6) = r sin 6+ (r/R—R/r) 
i cos @. By using Laplace’s equation in polar codrdinates it is easily verified 
that these two functions are harmonic in the region C,, C;. Now, on the 
circle C;, that is when 7, = R, m= ue and hence equations (2) would 
give the same values of the coefficients a,, b,; n+0O for ue as for um, 
while the a) would differ at most by a constant (actually zero). However, 
the difference w.—«w — (r/R— R/r) cos 6 is not a constant in the 
region C,, C,. Thus, this example shows that a harmonic function is not 
determined by its values on a single circle in the neighborhood of an 
isolated singular point. 

The purpose of the remainder of this note is to obtain a new trigono- 
metric expansion analogous to (1) for an harmonic function in the neigh- 
borhood of an isolated singular point, and such that the constants appearing 
in the coefficients of the terms are obtained in terms of the values of the 
function and of its normal derivatives on a single circle. We shall also 
derive a theorem as a consequence of this expansion. 

2. Let F(x, y) be a single valued function harmonic everywhere in 
a deleted neighborhood N of a point P, but not necessarily at P. Let C;-be 



















, ‘ . — 1 
a circle lying entirely in V and with P as center, and set - I. : 
é ‘4 
where 0F/dn is the normal derivative of F' on C, taken in the direction 
of the interior normal to C,. Then in C,, F may be put in the form? 












* Loe. cit., p. 660. 
+ G. E. Raynor, Isolated singular points of harmonic functions. Bull. Am. Math. Soc., 
vol. 32 (1926-27), p. 537. 













EXPANSION OF HARMONIC FUNCTIONS. 


(3) F(x,y) =e log + O(@, y)+V@, y), 


where r is the distance from P to (x, y), ® a function harmonic in C,, 
except at P (unless == 0), and V is harmonic in C; including P. Also @ is 
continuous in and on C, except at P, and on C, is everywhere zero, and 


(4) {. Ods = 0, 
where (2 is any circle interior to C; and concentric with it.* 

On any circle such as C,, since by hypothesis ® is harmonic, if we 
set up a system of polar coérdinates with P as pole, 0@@/0@ exists and 
® is of bounded variation and hence satisfies the conditions for expansion 
in a Fourier series. Hence on C,, ® may be written 
i) 


~ 1 ; 
(5) O(r, 0) = > ao+ (ad, cos nO + by, sin n4), 
= 1 


a= 
where 


7 


l ee pe 
(6) a =— Oded; a= AF DOcosn6de; bh= if Osinn6dé. 
a 1 It a TJ—1 


Tt eJ —7 


From (4), a = 0, and evidently a, and b, are functions of r. 
Since ©® satisfies Laplace’s equation 


1 a@ 0° @ 
or ty ort oe ~ ° 
in C, we have from (6) , 


ay 1 dap 1 [* rye .1 3 =| 
= — ~-+ ———]| cos node 
+ ae a eet Pe cos nbd 


= 1 |— J oO | cos node, 
—TI 


1 r?> 06? 


If this last integral be integrated by parts twice we find its value to be 


r (ly. 
Hence a» satisfies the equation 


da, , 1 da n® Popes” 

dr? r dr es 
Two particular solutions of this equation are 7” and +~”. Hence the 
general solution is 


*Since V has no singular point in C; its expansion in a trigonometric series is well 
known (see Osgood, loc. cit., p. 656) and we shall not be further concerned with it here, 
but merely with that of ®. A single series for F may then be obtained by combining 
the expansion of V with that of ® given in the sequel, equations (16) and (17). 
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an ' 
lh, = yn +a,1" 





where «, and «), are constants. Since lim @ (r, 6) = 0 we see from (6) that 


rr, 














Bh a Z 
in(y) = - a ri = 0 
1 
and hence 
r Cn 
3& hy =—=-_ pn . 
ee 1 
4 Thus 
: 1 yt 
ct i (7) in = Gn ( ye ae =| 
dt . . . 1 
fk and similarly we obtain 
oe 1 ype 
gi (8) bn = Bn ta os — a 
; ; yh cm 
i Hence @ may be put in the form 
= 2, / 1 ‘Si ; 
2 (9) O(r, 0) = » ry — a (ay cos 6+ B, sin @). 
- n=1 1 
x From (3) we have for 0<r< 7, 
. ; oF c aM oV 
10 — = ~—A— — + —_ 4+ —. 
(10) or r $ or or 












Since F is by hypothesis, harmonic on C,, 6F/@r on C, exists and is 
continuous, and is continuous with its values for r<7,. The function V 
may be written as a Poisson integral and this integral may be expressed 
as the sum of a constant and the potential of a double layer.* Since the 
values of V on C, are the values of F and F is harmonic on (C, the density 







exists and is 





of the double layer is analytic on C,, and hence lim 
rr, or 


continuous on C,.+ The term —c/r is also continuous in and on C;. Hence 
from (10) we have also that 







lim 


et 


a@(7, 9) 






exists and is continuous on C,. If we interpret the differentation in (10) 
as a directional derivative in the direction of the radius of C, from the 
center outward, the directional derivative in the opposite direction will 
be equal to the former except for a change in sign. Hence, if we indi- 
cate by 8@/0n the derivative of ® along a radius of C, and directed 













* Goursat, loc. cit., p. 183. 
+ Ency. d. Math. Wissen., II, 3, 1, p. 206. 
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a@ _ o@ 


: : ® ., 
toward P, Sn Hence since lim = exists, so does also 


ar i. 


lim ee. and we shall indicate the last limit by the symbol 6®, /dn 


an 
rr, : 
which in the sense of Goursat* we shall speak of as the normal deriva- 


tive of ® on C, in the direction of the internal normal. 
If now we write ® in the form 
1 ° 
@ o~eum> 
ay ae 


® will be continuous everywhere interior to C,, except perhaps at P. 
Hence for 0< r <7, 


(12) Vir, 0) = ° 


1 


From the above discussion concerning 2@/@n and by a simple appli- 
cation of the law of the mean it follows from (12) that 

2 9@. 
(13) lim 4 (r,0) = "3 dias 


rr, a On 
Now from (6), (7), and (9) we have 


1 a 1 od RS 
Gn (-; lain a] nee a (=. — ") # (r, 0) cosn Ode 
1 —1 1 


\ wv 


or, dividing by (1/r — r/r?), 


- 4 yf et ky 
an Dh es ee ane - f V(r, @) cos nodé. 


_ 25 —4 
f=" 7 i yet = _n 


Now the limits of the two sides of this equation as ;~7,r, exist and we 
have by (13) 


7] 


a 
: cos node 
y n—1 


or 


(14) ‘ cosnOda. 


re {- 0 MD, 


2na Jn On 


Similarly 


rn a be MD, ; 
(15) —— sinnddé. 
e 1 


Pn on 


* Loe. cit., p. 179. 
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These two results show that the coefficients «, and 8, in the expansion 
of ® depend only upon 7, and the values of the normal derivatives of 
@ on C;. 

Now, from (9), (14), and (15) we see that ® may be written in the form 


(16) oO — > 1 (" rs (*)"| (7” cos n 6 -+ 0, sin n 4) 
n=1 n r ry! ge 
where 
7) ae EO D,,. i. a r a 9 ®,. : , 
(1 ) Yn on ee A . COS 266 6; n = as ae Fa: sinnédé. 


This is the series we set out to obtain. 

If the variable of integration in (17) be changed from 6 to @ and we 
substitute the resulting values of y, and 0, in (16) we find after a slight 
reduction, 


‘ oo ~\n fae \R ““~ O@, 
(18) @O(r, 6) = ah D | (*2) — (=) { niet cosn (a — 0)da. 


2an= ni\r ) Ja On 


Since the integral in (18) is bounded, the series 


, &li/r\ - 6®,. 
+] ate ~ mee a 
(19) on = . = J« cos n (a Oda 


is convergent for »<7, and since the series in (18) is convergent it follows 
that 


. 0 fy» \n (°F OD, 
(20) rom 2 5 (“) i cos n(a— @)da 
is also convergent. If we set 
r, 1 0®,. r 
gn(0) = aa t = cos n(«@—é)de@ and ra = 0 


then (19) may be written 


“ . o” 
(21) G(oe, 0) = eo on gn 69) 
n=1 | 
and (20) as 
| o. o~” 
(22 a(+,e) = > ©" 4), 
) oe 4 n=1 9 ( ) 


(23) 
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The series (19) or its equivalent (21) may be summed as follows. 
Consider the series 
o” cos nH 
n=1 n ; 


This is the negative of the integral with respect to » of the imaginary 
part of 
ais = 1+24+274+..-, lzi<|, 2 = e(cosy+ising). 


1 
Hence 
i ee oe sin 
aE 1— 2ecos¢+ oe? - 





5 log (1 —2ecosy+ 0”). 


The constant of integration can be seen to be zero as follows. Set y = 0 
and (24) gives 


co oe” 2 Teall et: at . 
a =F el— te +e 


= —log(1—e). 


But this is equivalent to the well known expansion for log(1—e). Setting 
y = a—@ in (24) we have 


(25) > — ccsele 0) ee 5 log — 20 cos (a — 6) +0). 


Now the series on the left of ro is uniformly convergent with respect 
to @ for fixed r<r,. Also @®,/@n is bounded and hence if we multiply 


a@ 
each term of the series in (25) by L. anna the resulting series may be 
$2 n 


integrated term by term and we get 


Q nis "1 1 00. ] 1 a 2 
7(e, 0) = —7 Oy -~» og [1 — 2¢ cos (« — 0)+ 9*] de. 
We may now state the 
THEOREM. A single valued function F'(r, 0) harmonic in the deleted 


neighborhood N of an isolated singular point P may be expressed in the form 
Fir, 0) = V(r, 6)+ clog : -L a(t 0| — G (o, 0) 


where V is harmonic everywhere within a circle C, lying in N and is given 
by Poisson’s integral* 


* Goursat, loc. cit., p. 183. 
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1 WI 5 ie r? 


V (r, 6) — Qn Pe : “4 r rer” 2rr, cos (a ar 6) i e 





da 








Uw J—a 





' 1 F) goo 
where r, is the radius of Cy; ¢= cf, oes and G(@, 6) is given by 
Z C 





the integral 





0@ 


=m ’ 
Go, 0) = — reg 3 a log [1 — 2¢@ cos (« — 6)+ J] d« 





where 90 = r/r, and 








1 is) " ies 
a(t. 6) = > - Jm (8) 


m=1 m 





where 








& gm (0) = . f chen! cos m(a — 6) da. 
i! : 2a Jn On 





If on the right of (26) we replace @ by its equal 7/7, we find after 
a slight reduction and using the relation* 












: : f a @,. 
-., ga = 0 
i nt On 
2 that 
= 3 
Go, 6) = a _ log [r? — 2r,r cos (a — 6)+7*J] da. 








An —2 On 









The above integral is of the type which occurs in the solution of the 
Neumann problem for the circle.? 






*G. E. Raynor, On the integro-differential equation of the Bécher type in three space, 
Bull. Amer. Math. Soc., vol 32, p. 654. 
+ Goursat, loc. cit, pp. 239-40. See p. 183 for notation. 
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A CERTAIN CLASS OF POLYNOMIALS.* 


By Morgan Warp. 


Contents. 


1. Definition of a Regular Sequence of Polynomials 

2. Fundamental Properties of Regular Sequences ............ 2.200602 cece eeeeuee 
3. Harmonic Sequences 

4. Condition a Harmonic Sequence be Regular 

5, 6. Properties of the Simplest Regular Sequence 

7. Definition and Properties of Cyclic Sequences 

8. Additional Properties of Cyclic Sequences 


1. The remarkable properties which a sequence of polynomials 
Yo(x), Vila), Yo(@), --- 


of degrees 0,1, 2,--- in x possesses when the two functional equations 


ay, y Y vy 
S70) — ¥4(@),  Ya(—#—1) = (—1 Fx@) 
x 

are satisfied have been systematically developed by N. Nielsen. It is of 
some interest to consider sequences of polynomials satisfying the more 


general equations 


(1) a%o) _. ¥,1(@), 


(2) nlax+b) = t, Yn (x), 
where a,b are any complex numbers. Such a sequence we call a regular 


sequence. The main properties of regular sequences are as follows: 
2. If a is not a root of unity, there is only one regular sequence; namely 


(n = 0, 1, 2, ---) 


If however, a is a root of wnity, say a primitive mth root, there exist an 
infinite number of regular sequences. Let 


(ko + hy t+ hy P+ ++ -)e™ == Ko(x)+ Ky (x) t+ Ky (x) P +--- 


” Received February 4, 1929. 
+ Traité Elémentaive des Nombres de Bernoulli, Paris 1923. 
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be the generating function of any such sequence. Thenifrain<(r+1)a, 
k,n may be expressed as a linear function of ko, kn, ken, +++, kra 





kn — > ken Hy—sn, 


s=0 





a where Hj, Hi, H2,--- depend only on aandb and are independent of the 
; particular regular sequence [Kn(x)] we have selected. Moreover, if a is a 
given mth root of unity, all possible solutions (1) and (2) are obtained by 








| giving ko, ka, ken, --+ the proper values. 
ti 3. We now proceed to the proof of these results. A sequence of 
4 polynomials 






H, (x), Hi (x), He(x),--- 






P of degrees 0,1,2,--- in 2 which satisfies (1) is said to be harmonic.* 
on The following properties of harmonic sequences are easily proved.* 
(i) If [Hn(x)] is a harmonic sequence, there exists a sequence of constants 










> Rn, ***, 






[hn]: ho 9 h, 9 hg, ee 












such that for all values of n, 
i Ito x” hy x™™ igo? | 
paps ete PSs Bsa ’ a= hy. 
7 n! T (a —T)! T jm —2) +hn, Hn(O) ’ 









We denote such a sequence by [Hy (x), hal. 
(ii) Ift 





H(ax, t) = Ho(x)+ A, (x) t+ Hy (a) f+-- -, 
h(t) =— lo thtth@+..-. 








are the generating functions of the sequences [H,(x)], [hn] 


H(x, t) = &* hit). 






(iii) If b is any constant, 






x Ay (b) 
> 


x" Hn—-2(b) 


a” HA, b 
4. a0) 1.4 SiO) 


n! 





Hy, (x -+- b) = H,(b)+ 





















(iv) Let [Kn(x), kn] be a second harmonic sequence. Then there exists 
a unique ordinary sequence [e,| such that for all values of » 







Kn(a) = 9 Hy (a) + ey Hy—1(x) +--+ + on Ho (2). 

* Nielsen, 1. c., chap. III, section XI. 

+ This property of harmonic sequences is substantially due to Appell: Annales de l’Ecole 
Normale, (2) 10 (1880), 119-120. 
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4, We pass now to regular sequences. If in (2), a = 0 or 1, the 
sequences are trivial, so that we shall exclude these cases in all that 
follows. It is clear that for any sequence [Z,(x)] satisfying (2) 


(3) tT, = a", Ln(b) = a"Ll,(0) (n = 0,1,2,--- 
Now suppose [H,(x)] is a harmonic sequence for which 


Hy, (6) =— a” H,,(0) (n 0, ay 2 
Then by (iii) and our hypothesis 


H,(ax-+3) = -> Hy—o(0) a= = > a* Hy o(0) a= & 


Silt +h = roa 


by (i). Hence we have proved 
THEOREM 1. The necessary and sufficient condition that a harmonic sequence 
[Hn (x), hn] be regular is that 


(4) H,(b) = a" H,(0) (n = 0, 1,2, --- 


5. lf we expand the left side of (4) by (i), we obtain 


(5) : —— a” lip (n 
so that ; 
ho 


b ho 
1! 


+ hy 


bh, 
1! 


b? ho 
2! 


Bho . bh 


- ~ 


Vin, EO. Se. ly ‘Uh, 
r (r—1)! © (—2)! + a — sabes a 1! thr = avh,, 





If we assume a* + 1 (1 < k < r) we can solve the first ++ 1 of these 
equations for h, in terms of ho, a, b by determinants. We thus obtain 
after a few simplifications 

z 
(6) he ee hob A, (a) 


(a —1)(a®?—1) --- (a"—1)’ 











46 


where 4, (a) is given by 

















1 
ir 1—a 0 0 dy ee 0 | 
1 1 | 
1 1 1 
A, (a) sea cbhe ae ee 
4 1— a" | 

oS 1 ia ] Be: et ae 
ir! @—D! (—2)! (—3)! § 2! 1! 





Moreover this value of h, is unique. We find by solving for ho, A; and he, 
provided a® + 1 






hig A® 
0! ’ 


hy A? hy A? 
ee Ae Be 











he = 






' where 


(7) 


Hence let us assume 
(8) 
From (5) and our hypothesis 






















k hy bei 


k 
1 
ine ' == = — 
(a — Nhe = 2 Gti hy? > Edin ni@aiy’ 
Then : 
(k-+1)! (a — 1) (aH —1) Iiegs = fo PH 4 hey (a —1)k1-7 
r=0 4 
= ho FHA (ak+1—1), 













so that by (7) and (8) 






ig i , Ap AHH 
I wn G40 
i ‘gh Thus by induction (6) holds for all values of r, provided a is not a root 


of unity. On comparing (6) and (8) we deduce 
THEOREM 2. The determinant A,(a) has the value 





A, (a) = (1+a)(1+a+a’).-.(ita+a*+ ---+a’)/r! 
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Moreover 4, (1) = 1, 4,(0) = 1/r, and 4, (a) vanishes if a is any primitive 
ath root of unity (2 <a <1). 
6. From (8) and (i) it follows that 


(9) Hye) = Porat = Be tay, 
If (9) holds, 
= Epa), East) = nt (ax+b-+ — = a" Hy (2), 


d Hy (x) 
dx 


so that (9) is a regular sequence whether or not ais a root of unity. On 
collecting these results, we have 
THEOREM 3. A sequence [Hn(x)] satisfying the two functional equations 


(1) a¥o@) _ ¥, 16), 


(2) Yn(ax+ b) = a" Yn (a), 
is always given by 


(8) hy = 


(a + 0,1), 


ho Qn 
n! 
ho (a+ a)" 


(9) Hy (x) = oa 


? 


where Ji is an arbitrary constant, and 
(7) 


Moreover if a is not a root of unity, this solution of (1) and (2) is unique. 

7. The first result stated in section 2 is now proved. The regular 
sequences for which a is a root of unity are of much greater interest. 
It will be convenient in studying them to define H,(2) to mean the poly- 


erY 


nomial which gives the simplest regular sequence and to define 


a cyclic sequence of order a to mean any solution of (1) and (2) for which 
a is a primitive ath root of unity. Then 
(10) = 1 


when and only when r = 0 modz. 
THEOREM 4. If [Ky(x), kn] is a cyclic sequence of order a then Ky(x) 
may be uniquely represented in the form 


(11) Ky (x) = ay Hy (x) + @n Hna(x) + --- + Grn Hn—a (x) 
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where ty, @n,+-+, @rn are constants, and rm < n<(r-+1)a.. Moreover 
every sequence of the form (11) is a cyclic sequence of order 1. 

For since [K,,(x)] and [H,,(~)] are both harmonic sequences, there exists 
by (iv) a unique ordinary sequence [@,] such that 


Ky (x) = a H,, (x) + ay An-1 (x) + +++ + @y Hy (x). 


Hence the first part of the theorem will be proved if we can show 
a, = 0, r£0moda. Now 


n 


n 
Ky(ax+b) = > An-+(ax+b) = 2 a,a*" Hy, _(2x), 
r=0 


r=0 


Ki (axe+ b) = a" Ky (x) = ait a” Hy—r (a). 
r=0 


ir 
Write x+4=y so that Hy_,(x) = vee —\h Then we have identically 


Se ne 8 Peey 
(n—r)! (n—r)! 


r=0 r=0 


in y 


so that by equating coefficients of corresponding powers of y, 
a,y(a”" —1) = 0 (ry = 0,1, 2,---, m). 


(11) now follows from (10). The last part of the theorem is obvious from 
(9) and (10). ; 
If we write in (11) first 7 — —A and then « — 0 we obtain 
THEOREM 5. For any cyclic sequence [Kn(x)] of order x, 
K,(— 4) = 0, n = 0 moda, 


== p, n = 0 moda, 
4 OE ss ee 
(n — 2)! (n—rza)!’ 


n! 
where rm i n<(r+1)a and n = 0, 1, 2, «+. 
We have from (12) 


bo = ay, 


kn 


(12) a” Ky (bd) — K,,(0) =— es = 


tty A 


an 


set oan, @2n >, 
“Sat * Gar” * wae to 
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Hence a, @,, @2,--+ are uniquely determined in terms of ko, kn, kon, --- 
Since (12) gives k, fox all values of m in terms of a, @7, G27, +--+ We 
have proved 

THEOREM 6. Jf [Kn(x), kn] is any cyclic sequence of order a and if the 
values of ko, kn, ken, --- are given, then all the other kn are uniquely determined. 

8. We shall now give the explicit expression for k, as a function of 
ko, ka, ken, --+ proving the last result in section 2. It is convenient to 
borrow a definition from the calculus of generating functions. 

Given any sequence of constants 


(en): Coy C1iy C2, *°° (co + 0), 
the sequence 
[cn]: 0, Cty C2, += 
determined by the equations: 
Co = 1 
CoCn +e Cn-at (2 Cn—2 + +++ + Cn C0 =0 (n=1, 2, 3,---) 


is called the znverse of the sequence [c,]. It is clear that the generating 
functions c(t), ¢(¢) of the two sequences are reciprocals of each other. 
Assume that ko +0, and consider the expression 





= a 
Ag?) = SE nts et net eet 
at Gee 
On clearing of fractions, we have the following set of equations to 
determine wo, Un, Wen, -*- 


k 0 
kn 





kon = 


Since these equations become identical with the equations (12) on replacing 
u by @ we have proved 

THEOREM 7, The generating function of the sequence a, Gq, @on,+-- in 
Theorem 5 is given by 
K(z") 


ae 


2 ERLE DOM LU ET RECA, 


: 
ei 
= | 
- 
a 
.8 
y 
_ 
| 
' 
‘ 

| 


See 2 Rts aes oor PED. 
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where 


K(e) = = knn2™, 





So 1 1 
H(e*) = =, Tanyt jer nn — 7 {ake 4 ga%he 1 ar + eae}, 


ni 
The reciprocal of H(z”) generates the sequence inverse to [rl 






since by (8) 





jna 





he on = (nx)! 
ate we write 

ie ee 
i nd Ae) 


If 7 = 2, a= b= —1, the case Nielsen has studied’, 


! Z ‘ E,2* 
H' (2) = sech > = K+ RT 







= H' (2) = hithee*thine™4+ ---. 









E, 24 


apt 





a 









where Ey, E:, E,,--- are Euler’s numbers. 
i Moreover it is clear that 


(14) ann = kina ho + kKn—na hn + as + kohnn. 






Let [Ax' (x), hi] denote the cyclic sequence defined by 
Ai(e+a"  hn(a+ayr-* 1 Viorg (a0 + AH—2" 
n! (n— a)! (n —2zn)! 


lira (x + ay"—"™ 
(n— rz)! 









-- 


n (x) = 






 * 





? 














where as usual rw#< n<(r+1)a. Then by (12), if [Kn(x), &] is any 


cyclic sequence 





" ™ , , —s 
1 ; Og ABS ¥ Y Ken his—nn A” sil 
= 7, — 


~ &, (n—sn)! (n— sm)! 
















t=0 s=t 








on substituting from (14) for @s, and changing the order of summation. 














Now 
4 Nis—on An—en ‘> hin An—ti—un H ” (0) j ” 
—_—_— = — $< = oY == Re-én; 
=: (n—sn)! = (n—ta—un)! on — 
2 
be Furthermore if 





Hi’ (#*) e* = Ho(x)+ Hi(x)t+ Hz(x)P+---. 











* Nielsen, 1. c., chapter VI. 
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Then 


, / —n , w—171 


n! + (n— 2)! 5 Neti (n—rz)! 





= Hj’ (a@—d). 


Hence we have proved 
THEOREM 8. If [Kn(x), kn] is any cyclic sequence of order a 


kn — p> ksa En—sa(A), 


where rmin<(r+1)a, 4= _~. and the generating function of the 


1 
polynomials Hy(x) is 
mete [ent + eat +... 4 eat}, 
CALIFORNIA InsTITUTE, PASADENA, CALIFORNIA. 
October 29, 1928. 
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FORMULAS FOR THE FITTING OF POLYNOMIALS 
TO DATA BY THE METHOD OF 
LEAST SQUARES.*. 


By Haroup T. Davis anp Voris V. LATSHAW. 


1. Introduction. While the method of least squares rests, perhaps, upon 
the soundest statistical theory of any of the methods used in fitting curves 
to empirical data, the great difficulty of employing it even in comparatively 
simple cases has stood as a barrier to its general application. Karl Pearson 
in his second memoir on curve fitting in Biometrikat makes the significant 
remark: “.... it seems to me that the method of least squares must for 
practical purposes be laid on one side even for parabolic curves except 
in the simple cases of those of the first, second and third orders. But 
if the method of least squares be of small practical use even in this one 
of the simplest cases of curve fitting, it may be questioned whether it is 
not better to adopt the uniform process of moments throughout.” 

The object of the present study is to remedy this difficulty for the case 
of polynomial curve fitting by deriving explicit formulas for the coefficients 
for the case of polynomials from the first to the seventh degree inclusive. 
To facilitate the application of these formulas tables are included, computed 
to ten significant figures, for the calculation of the coefficients in the cases 
of the straight line, the parabola and the cubic. 

The problem was originally undertaken as the result of a suggestion 
made by Pearson that the almost insuperable numerical difficulties which 
bar the way to the application of the method of least squares in all but 
the simplest cases would be removed if the first minors in the symmetric 
determinants whose elements are the sums of the powers of the natural 
numbers were once calculated. The contribution made by this paper is 
the determination of the explicit formulas for these minors. The calculation 
was made possible by two very fortunate empirical discoveries: (a) that the 
symmetric determinant whose elements are the Bernoulli formulas for the 
sums of the powers of the natural numbers is completely factorable into 
rational factors, and (b) that each first minor of the determinant contains 
as a factor the first minor of lowest degree. Because of the complicated 
law of formation of the Bernoulli sums these theorems have not been 


* Received February 23, 1929. Presented to the American Mathematical Society, 
November 29, 1929. 
+ Biometrika, vol. 2 (1902-3), p. 12. 
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proved for the general case, but they have been verified by explicit cal- 
culation for the cases useful to the present paper. 

The first part of the paper is devoted to the determination of formulas 
for fitting the first three polynomials when the range of data is from 
x=1tox2=—p. The second part considers the slightly less general case 
where the range of data is from «—-—yp to x=p and the number of 
items is odd. This slight loss of generality will, in general, offer no diffi- 
culty in application since the omission from or the extrapolation to the 
series of a single item usually has slight influence upon the coefficients. 
It is to be observed, however, that the apparent loss of generality is not 
real since the transformations given in equations (15) and (16) permit one 
to use the formulas applying to data over the range (— pp, p) to calculate 
the least square polynomial for data over the range (1, p). 

2. Fitting polynomials to data. Let us consider the data to be 
given as a series of equally spaced items: 





i] | A 2 wR hm * 


x | 1 LHe Le Ms 











where 24; -— 2; is constant. 
Under this assumption it is obvious that we can, without loss of 
generality, replace the 2-series by the set of integers 1, 2, 3, 4, ---, p. 
The normal equations of Gauss derived from the polynomial, 


y= d+ aa+ A227 + ee +an,x", 
are then easily seen to be the following:* 


$0 + 81 A + 8 de ose + Srdn 


(1) Sidot+ S2titssd2 + +++ +8n41dn = 


Sno + 8n4141 + 8n42de+ +++ + Son dn 


where m, = >> yi” is the r-th moment and s, = 17+ 27+ 3"+ ... +p’ is 
i=1 


expressed as a polynomial of degree r+1 in p.7 

Because of their subsequent usefulness the explicit values of the 
polynomials representing the sums of powers of the natural numbers are 
given below for the first seven values of y and for the even values to 


* See H. L. Rietz: Handbook of Mathematical Statistics, (1924), p. 66. 
7 See N. Nielsen: Traité des nombres de Bernoulli, Paris (1923), chapter 16. 
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y = 14. In making the calculations for , = 12 and r = 14 a useful 
formula due to R. 8S. Underwood was employed.* 


S = ps %=p(ptl)/2; s.=p(pt+1)(2p+1)/6; s5 = {p(p+1)/2}?; 
Ss = p(pt+1)(2p+1)Bp* + 3p —1)/30; 
8 = p*(p+1)*(2p?+ 2p—1)/12; 
s& = p(p+1) (2p +1) Bp*+ 6p*—3p + 1)/42; 
ss = p(p+1)(2p+1)(5p* + 15p* + 5p* — 15p* — p? + 9p —3)/90; 
Sio = p(pt+ 1) (2p+1) Bp* + 12p" + 8p*— 18p* — 10p* + 24p* 
+ 2p*—15p + 5)/66; 
sis = p(p+1)(2p+1) (105 p'+525 p*+525 p*— 1050p'— 1190 p°+2310p® 
+ 1420 p*— 3285 p* — 287 p? + 2073 p —691)/2730; 
Sia = p(pt+1) (2p+1) Bp" + 18p" + 24p” — 45p*® — 81p* + 144p' 
+ 182 p*— 345 p> — 217 p* + 498p* + 44p*?— 315p + 105)/90. 

























In the formulas for the even powers we shall designate by the symbol 
pen the polynomials of the numerators, after the common factor p (p+ 1) 
(2p-+1) has been removed. Thus we shall have, 


















































Be (2) Pe = 13. my = 8p? +3p—1; po = Bp*+6p*>—3p+1; 

a ete. 

' Let us designate by D,+: the determinant, 

P | 8 8 82 cee Sn 

a Sn S8n+1 S8n+2 S2n 

Fe It is interesting to note that for the first three values of n the 
« determinants are factorable as follows: 

B Dz, = p?(p?— 1)/12; Ds = p*(p?—1)*(p?— 4)/2,160; 

r. D, = p*(p?—1)*(p?— 4)? (p? — 9)/6,048,000. 

be It is also important for the success of the present method to notice 
a - that the first minor of lowest degree in p in Dy+i, which is, in fact, Dn, 
i. is contained as a factor in each of the other minors. 

iat We notice further that the determinant D,4,;, because of its symmetry, 
‘ey contains only (n-+1)(m-+ 2)/2 distinct first minors and hence the deter- 








* Amer. Math. Monthly, vol. 35 (1928), p. 424. 
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mination of the coefficients in the normal equations (1) depends in the case 
of the straight line upon three parameters, for the parabola upon six 
parameters and for the cubic upon ten. We shall designate the minor 
of the element of the 7th row and jth column by the symbol Dj- 

With these observations we can proceed to the explicit calculation of 
the coefficients of system (1) for the first three cases. 

Case 1. The straight line, y = a +a,2. 

Making the abbreviations A = D,;/Daz, B= — Di/Dz, C= Days! Dae, 
it is clear that the solution of the normal equations becomes, 


a = Am+ Bm, 
(3) a, = Bm+Cm, 
where A = 2(2p+1)/p(p—1), B = —6/p(p—1), C = 12/p(p?—1). 

Values of A, B, and C have been recorded in Table I to ten significant 
figures for the range from p = 2 to p = 240. 

Case 2. The parabola, y = a9 +a,2+ 4,2". 

Making the abbreviations A = D,,/D,;, B = — D,:/Ds, C = D,s/Ds, 
D = Dxy/Ds, E = — Dys/D;, F = Dss/Dz, the solution of the normal 
equations may be written, 

a = Am+Bm+Cm,, 
(4) a = Bmo+ Dm, + Em, 
ag = Cm+Em+ Fm, 


where we have 
= 3(3p*+3p+2)/p(p—D(p—2), B= —18(2p+1)/p(p—1)(p— 2), 
C = 30/p(p—1)(p—2), D = 12(2p+1)(8p+ 11)/p(p*— D(p? — 4), 
E = —180/p(p—1)(p?—4), F = 180/p(p*—1)(p*—4). 


These functions have been tabulated in Table II to ten significant figures 
for the range from p = 3 to p = 120. 

Case 3. The cubic, y = ag +a,24+ agx*+ az’. 

Employing the same notation as in the preceding case, i. e., abbreviating 
the ten minors by the first ten letters, the solution of the normal equations 
may be written 


ay = Am+Bm,+Cm-+ Dms;, 
& = Bm+Em+Fm+ Gm, 
Az Cm + Fm, + Hm, +] mz, 
ag = Dm t+Gm+TI m+ msg, 


where we have explicitly, 


(5) 
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or 
or) 








8(2p +1) (p?+ p + 3)/p(p— 1) (p—2) (p —3), 

— 20(6 p?+ 6p + 5)/p(p —1) (p — 2)(p — 3), 

120 (2p + 1)/p(p — 1) (p — 2) (p — 3), 

— 140/p(p — 1) (p — 2)(p — 8), | 

= 200(6 pt + 27 p®+ 42 p?+ 30p + 11)/p(p?— 1) (p?—4) (p*?— 9), 
== — 300(3 p+ 2) (3p + 5)/p(p —1) (p?— 4) (p?— 9), 

= 280(6p* + 15p + 11)/p(p? —1)(p?—4)(p?—9), 

= 360(2p + 1)(9p + 13)/p (p?—1) (yp? —4) (7? —9), 

= — 4200/p (p — 1) (p*— 4) (p?— 9), 

2800/p (p? — 1) (p? — 4) (p?— 9). 


! 


SSN QRyweSOWyh 






+ These functions have been tabulated in Table II] to ten significant 
* figures for the range p = 4 to p = 60. 

; 3. Fitting polynomials to an odd number of items. When the 
data are given over a range consisting of an odd number of equally 
spaced items the problem of fitting a polynomial is considerably simplified. 
Be Suppose that there are 2p-+1 items. Choosing the central item as the 
% origin of the system of codrdinates, it is clear that the sums involving 
the odd powers of the integers will vanish and the system of normal 
equations will be replaced by two, one of which determines the coefficients 
with even subscripts and the other the coefficients with odd subscripts. 
These systems of equations are respectively, 



















(2p +1) do + 289g + 28 agt----:: = M, 





(6) 2 Sey +2842 +28 ag t------ = M,, 
) 

2 84 Ao + 286 G2 +28 i: = M,, 
and , 

2 Ss a; -}- 2 84 dg + 28 (ig teeseees pa M,, 

2 8 dy + 2 85 dg +2 8¢ ls + Saeen® —— M;, 





(7) 











2 8 a + 28 dg +2819 a5 + eeeenes = 





where the moments 1; are computed for the range from —p to p. 
If we designate by d,1;: the determinant of system (6), 










| 


2 Son 






¢ Os Qe 
2 82 2 8 es 2 82n+2 


2 San 
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and by 6, the determinant of system (7), 


2 8 28 +++ 28en 
2 8, 28 +--+ 2S8mnte 


é, = 


? 


"28n 2Sente--- 28n—2 
we find by explicit calculation the following factors: 


dy = p(p+1)(2p+ 1)? (2p + 38) (2p—1)/3*.5, 
d; = 4p* (p+ 1)? (p+ 2) (p—1) (2p—1)* (2p—3) (2p + 1° 
(2p + 3)? (2p+5)/3*. 5* 7°, 
16p* (p + 1)* (2p + 1)* (2p + 3)° (2p—1)* (p —1)* (p+ 2)? 
(2p —3)* (2 p + 5)* (p+ 3) (2p + 7) (p—2) (2p—5)/ 
3°. 5* 7%. 11% 13; 
2 = p?(pt+1) 2p+ 1)? (2p +3) (2p—1) (p—1) (p+ 2)/3-5* 7, 
= 4p*(p+ 1) (2p +1) (2p +3)? (2p— 1)? (p—1)* (p+ 2), 
(2p + 5) (2p—3) (p —2) (p+ 38)/3° 5*. 7%. 11, 
= 16p*(p+1)* (2p+1)* (2p + 8)° (2p—1)* (p—1)* (p+ 2)’ 
(2p + 5)* (2p—3)* (p— 2)? (p+ 3)? (2p + 7) 2p—S) (p —3) 
(p+ 4)/3°%. 5% 7% 11%. 13%. 

Since the minors do not exhibit the same regularity found in the above 
determinants, the calculations for each case are given separately. Here 
as in the preceding problems the minor of lowest degree in p is found 
to be a factor of all the remaining minors. 

Case 1. The straight line, y= a+ aq 2. 

Since systems (6) and (7) each degenerate into a single equation, the 
values of the two coefficients are obviously, 


(8) ay = M)/(2p+1), a, = 3M,/p(p+1) (2p+1). 


Case 2. The parabola, y = a) +a,x2+ agz”*. 

It will be observed that each case involves one set of equations from 
the preceding case. Here the formula for a is identical with that for 
the straight line. 

Designating by A, B, and C the following expressions, 


A=8p/P, B=—15p,/P, C= 45p)/P, 


where po = 1/p(p+1), P= (2p—1) (2p+3) (2p+1), and pg, m are 
defined in (2), we have for the determination of the coefficients of even 
subscript the equations, 
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a = AMo+ BM, 
(9) gx BLOM, 


The coefficient a, is determined from formula (8). 

Case 3. The cubic, y = a9 + a, 2+ aga*+ aga’. 

For the cubic the coefficients a and a, are calculated from formulas (9). 
The coefficients of odd subscript are computed from the formulas, 


a= A’ M, a B’ Ms, 


(10) ag = BM,+C' Ms, 


where we use the abbreviations, 
A’ — 5* p,e/P, B= —5-7Tp,/P, C’= 5*-7 p/P, 
P= p(p+1) (2p4+1) (2p+3) (2p—1) (p—1) (p +2); ps, a, peo, 
defined by (2). 
Case 4. The quartic, y = ao+ a 2+ ag2*°+ agx2°+ a2*. 
The coefficients of odd subscript are calculated from (10); those of even 
subscript from the equations, 


a = AM,+BM.+CM,, 
(11) a = BM+DM,+EM, 


a = C My -b EM, 7 FM,, 
where we use the abbreviations, 


A=656F,/4P, B= —S.7P,,/4P, C= 16-68P,,/4P, 
D= 5.147 P;,/PP’, E=—15-105P,,/4PP’; F=15-735P,3/4PP, 
P = (2p—1) 2p —3) (2p +1) (2p+3) (2p+5), 

P’ = p(p— 1) (p+1) (pt+2);) Pu = 15pg — 35p, — 14 py, 

Pix = 294—T pe, Pis = Pr; Po, = 4p, —44+T pro, 

Px, = 2p, — 3pre. 


Case 5. The quintic, y = do + a, 27+ ag2*+ aga? + ayatt+ asx’. 
The coefficients of even subscript are calculated from (11); those of odd 
subscript from the following equations, 


a, = AM,+BM4+C'M,, 
(12) a = BM,+DM,4+E' M,, 
ag = C’ M,+ E’ M,+ F’ M,, 


where we use the abbreviations, 
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A= VPH/4P, Bo = —3-TP/4P, C! = 3-7-11Pis/4P, 

D! = 7-3°-5* Px/4P, E’ = —3.5.7°-11Po3/4P, F’ = 34.79.11 Pos/4 P; 
P = p(p+1)(2p+1)2p+3)(2p—1)(p—1(p+2)(2p+5)(2p—3)( p—2)( p+3); 
Pi = 25 pio — 70 ps + 105 pg + 140, — 84 pro; 

Pio = 18pg—105p6+91p4+70p.; Pis = 15p.—35p,— 14 py; 
Px == 12pe—28p, +77 ps; Pes = 2p,—Tpe; Pox = pe. 


Case 6. The sextic, y = dy+a,x2+ dga*+ agu®t+ aga*+ asx*+ agz®. 
The coefficients with odd subscripts are calculated from equations (12); 
those with even subscripts from the following: 


do = AM+BM,4+CM,4+ DM, 
Ag BM,+£M,+FM,+ GM, 
a, = CM,+FM.+HM,4IM,, 
dg = DMot+GM,+IM,4+IM, 


| 


(13) 


where the coefficients of the moments are, 


A=6.7P,/4P, B= —8.5.7R/4P, C= 8-5-7°-11R,/4P, 
D=—3.-5.7-11-138P\4/4P’, B= 3*.7? Poy/4P, F = —3*.5-7.11 Pos/4P, 
G = 38-7°.11.13Py,/4P, H = 3-.5*.7*.11° Pss3/4P, 
I= —3*.5.7%.11.18R,/4PR J = 8*.7*.11°-13,/4P, 
P = p(p+1) 2p+1) 2p+3)(2p—1)(p—1) (p+ 2) @p—3) 2p+5) 
(p+ 3) (2p + 7) (p — 2) (2p—5); 
P’ = (2p +1) (2p+3) (2p — 1) 2p—3) 2@p+5)(2p+7) 2p—5H); 
Py, = Tpg— 105 pe +168 p,+114p.; Piz = S5pg—30p,+ 66 pre; 
Ps = Ps — Ips; Py = Pe; 
Ps. = 135 po — 648 ps + 2610 pg — 1096 p, + 1473 pe; 
Ps3 = 27p,— 270 pe + 483 p,— 454 pe; Pog = Spg— 20,417 pr; 
P33 = Po— 4p4 + 16pz; Py = Pa— Spr; Puy = Pe- 


Case 7. The septic, y = do+-a,a°-+ agxu?-+ aga*®+ aya*+-aga®+-agx§ +a". 
The coefficients with even subscripts are calculated from equations (13); 
those with odd subscripts from the following: 


a, = A'M,+B'M,+C'M,+D'M,, 
dg = BM, +F'M44+F Mo+@'M;, 
ds = C'M,4+F'M,+H'M,4]' Ms, 
a, = D'M,4+@0'M,4+IM4I'M, 


| 


{| 


(14) 
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where the coefficients of the moments are, 







A' = 3°P/4P, Bi = —3%.7-11Pe/4P, C0’ = 3*-7-11-13 Pe/4P, 
D! = —3*.5.11-13Pu/4P, E’ = 3°.5.7-11? Pe/4P, 
F = —3*.7°.11?-13 Py/4P, G = 3°.5-7-11-13 Pu/4P, 
H’ = 3°.7.11-13? Pe/4P, J’ = —3°-5.7-112-13 Pu/4P, 






J’ = 3°.5.117.13* Pi,/4 P; 

P = p(p+1)(2p+1) (2p +3) (2p —1) (p—1) (p+ 2) 2p +5) (2p — 3) 
(p — 2) (p+ 3) (2p + 7) (2p — 5) (p— 38) (p+4); 
Phi = 1225 p44 — 630 pys + 130,095 po — 144,144 ps — 115,962 pg 
+ 635,964 p, — 347,016 ps, 
Pp = Piz — 525 pro + 1554 pg — 4220 pg + 1032 py + 5130 pro; 
Pis = 5 pio — 36 pg + 219 pg — 236 py — 228 pr, 
Pis = Tps— 105p5 +168 p,+114p., 

Peo = DBpro — 36 pp +240 p¢—312p,+582p2, Pos = ps—15pe+42p.—M0 ps, 
P= Spe—30p,+66p,, Pss=po—6p.+33p2, Pss—=pr— Mp2, Pss= po. 


4, Examples. The following examples iliustrate the use of the tables 
and the formulas. ; 

Example 1. In an experiment with the growth of learning, a group of 
students was required to trace at intervals of time a star shaped figure 
which was shielded from direct vision and observed only through its image 
in a mirror. The following scores were obtained :* 




































































| Circuit No. | Score CireuitNo.; Score ||CircuitNo.| Score Circuit No. Score 
| @ | ® | ®@ (y) (x) yY | © | & 
| | REESE DS eae ew 

1 5.0 | 16 25.7 31 | 30.2 | 46 33.5 | 
2 11.4 || 17 25.5 32 | 30.0 | 47 | 82.7 | 
fo. 14.4 | 18 27.6 33 | 681.2 | 48 34.7 | 
rn a 15.9 || 19 27.0 34—C«| «81.4 || 49 | 84.0 
5 18.0 20 26.7 35 3 33.6 | 
4 | 20.0 || 21 27.5 36 «=| 30.6 | 51 | 35.0 | 
i be 20.6 | 29 28.6 37 | 32.3 | 52 | 33.6 | 
teh eae 21.8 || 23 27.5 38 | 31.1 | 53 | 34.0 | 
| y 22.1 || 24 28.7 39 33.6 || 34.9 | 
10 22.0 | 25 27.0 40 31.8 | 56 85.1 | 
ee 93.1 | 26 | 29.0 41 33.1 | 56 | 36.0 | 
= 23.9 | 27 28.6 42 32.8 57 || «85.0 | 
i. & 24.5 || 28 31.0 43 84.1 | 58 | 36.3 | 
| 14 24.8 | 29 29.8 44 33.0 | 59 | 35.8 | 
| 16 25.4 | 30 30.4 45 34.0 | 60 | 35.3 | 

















* Data furnished by G.S8. Snoddy; see Journal of Applied Psychology, vol. 10, March, 1926. 
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From these data the moments are found to be 
m = 1713.5, m, = 58,349.8, mz, = 2,447,533 .0, 
mg = 113,179,642.6. 
From Table I for z = 60 we find 


A = .0683 6158 192, B = — .00169 4915 254, 
C = .0000555 7099 194. 
Using these values in equations (3) we obtain as the least square straight 
line, 
y = 18.24-+ .3383 2. 


Similarly from Table II and formulas (4) we compute as the least square 


parabola, 
y = 13.60+ .7870 x — .007355 2°; 


and from Table IJI and formulas (5) the least square cubic, 
y = 11.59+ 1.1671 2 — .02281 z* + .0001689 z*. 


These three curves together with the original data are graphed in 
Fig. 1. 





30 





Fig. 1. 


Example 2. The following data, given by E. T. Whittaker and C. Martin, 
show the observed magnitudes of the variable star R. W. Cassiopeiae over 
a period of 14.81 days.* 


* Monthly Notices, R. A. S., vol. 71 (1911), p. 511; also Whittaker and Robinson, The 
Calculus of Observations, (1926), p. 280, 
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: | : 
Magnitude | Magnitude | 

Be I eo. 
9.20 | 8.02 10.88 
9.52 8.64 10.95 
9.64 9.26 11.10 
9.72 9.88 11.12 


9.89 10.49 11.03 








9.98 11.11 ) 10.80 
10.05 11.73 10.64 
10.21 12.35 10.53 
10.36 12.96 ‘ 10.53 
10.48 13.58 10.42 








10.62 14.19 9.66 
10.67 14.81 9.20 
10.75 


In order to fit the seventh degree equation to the data eight moments 
are computed. These are 
My = 257.95; M, = 40.74; M, = 12,861.22; Ms = 2,443.62 
M, = 1,176,876.10; M; = 189,775.14; Ms, = 128,930,997 .22; 
M, = 16,575,989.22. 


For the calculation of the coefficients we need the following values: 


Ds = 1, py = 467, pe = 72,541, ps = 18,740,121, 
Pio = 1,739,169,905, pis = 9,395,370,152,777, pr, = 41,347,063,871,205. 


From these numbers the values of Pj and Pj are calculated to be, 


123,642,612; Pi, — 44,954,617,963,414,896: 
348,761; Ph = 8,511,122,464,740; 

458; Pi = 8,036,981,208; 

1: i= 123,642,612: 

222 833,160,418; Pe = 8,038,469,887 ; 
486,622,304; Py = 17,671,530; 
358,382; P&, 348,761; 

70,689; Ps = 69,772; 

461; Pu = 458; 

1; PU i. 
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Substituting these values in the formulas for A, B, C,--- and A’, B’, C’,--- 
we obtain as the coefficients of the moments in equations (13) and (14) 
the following: 
= 1.942 728 127x100" ; A’ = = 3.500 205 663 x 10 ; 

—1.150 776 715x 10 ; B —1.530 798 652 x 10-° ; 
1.662 345 586 x 10~* ; c’ 1.879 176 343 x 10-5 ; 

—6.740 640 244 10~" ; D — 0.688 324 875 x 10-7 ; 
1.224 214 850 x 10-° ; E’ 0.795 183 408 x 10-+* ; 

— 2.100 557 062 x 10° ; F’ — 1.060 518 397 x 10-° ; 

9.254 160 569 x 10-8 ; G’ 4.077 298 452 x 10-* ; 

3.915 919 775 x 107’ ; H' 1.484 557 926 x 10-8 ; 
—1.810 859 646x10-°; J = —0.588 982 989 x 10-™; 

8.641 846 466 x 10-?; J’ = 2.388 265 393 x 10-*. 


WN Rye O The 


Substituting these values in equations (13) and (14) we readily compute 
the eight coefficients from which we obtain the following least square 
septic: 

y = 10.84+1.10537 X —1.30045 X*— 1.72690 X*+ 1.02239 X* 
+ 1.50968 X°— .63242 X® — .59514 X’, 


where we use the abbreviation Y¥ = 2/10. 








Fig. 2. 
This equation, together with the least square parabola, 


y = 10.85+ .03134 2 — .0102597 z’, 


is graphed in Fig. 2. 
5. Transformation of the formulas. It would appear from the 
derivation of the formulas in Section 3 that there exists an essential 
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restriction in the assumption of an odd number of items in the data. That 
this is not the case is seen from the fact that we may pass from the 
formulas of Section 3 to those of Section 2 by means of a simple transformation. 

Thus, letting x refer to the formulas derived for the range from —p to 
+p with M, as the corresponding moments, and letting x’ and m, refer 
to the range from 1 to p’, we may pass from the formulas of Section 3 
to those of Section 1 by means of the transformation, 


(15) x = x —(p'+1)/2, 
provided we calculate the coefficients using the following values, 


p = (p’—1)/2, 


" 
Myr-1 


r(r—1) ct) Myr—-—— --- +(—1Y a ~| mo. 


2! 2 


These transformations are obtained by shifting the origin from 2 = 0 
to x == —p—1 and simultaneously shrinking the range (—~p, p) into the 
range (1, p’) by letting 2p-+1 = p’. 

As an example, let us compute the parabola of Example 1, Section 4, 
by means of the formulas (8) and (9). 

Since p’ = 60, m) = 1713.5, m, = 58,349, m, = 2,447,533.0 we first 
calculate, 

p 59/2 = 29.5, 
M 1713.5, 
M, 58,349.8 — (30.5) 1713.5 = 6088, 
Mz = 2,447,533 .0 — 2 (30.5) 58,349.8 + (30.5)? 1715.5, 
= 482,178.6. 


Using these values we easily find, 
& = 30.7707, a = .3383, a, = —.007355, 
and hence the least square parabola is, 
y = 30.77 + .3383 (a — 30.5) — .007355 (a — 30.5)’, 


which, when coefficients are collected and compared, is seen to be identical 
with that previously obtained. 
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TABLE I. 


and the first significant figure.) 


(The numbers in parentheses denote the number of ciphers between the decimal point 

















-714 2857 143 
-607 1428 571 
.527 7777 778 
-466 6666 667 


.418 1818 182 
.378 7878 788 
.846 1538 462 
.818 6813 187 
.295 2380 952 
.275 0000 000 
-257 3529 412 
.241 8300 654 
.228 0701 754 
.215 7894 737 


.204 7619 048 
.194 8051 948 
.185 7707 510 
.177 5362 319 
-170 0000 000 
-163 0769 231 
.156 6951 567 
.150 7936 508 
-145 3201 970 
.140 2298 851 


.135 4838 710 
.131 0483 871 
.126 8939 394 
.122 9946 524 
-119 3277 311 
-115 8730 159 
-112 6126 126 
.109 5305 832 
.106 6126 856 
.103 8461 538 


-101 2195 122 
(1) 987 2241 580 
(1) 963 4551 495 
(1) 940 8033 827 
(1) 919 1919 192 
(1) 898 5507 246 
(1) 878 8159 112 
(1) 859 9290 780 
(1) 841 8367 347 
(1) 824 4897 959 


| 
' 


bi tdddl 


"142 8571 429 
"107 1428 571 


— (1) 833 3333 333 
— (1) 666 6666 667 


— (1) 545 4545 455 
— (1) 454 5454 545 
— (1) 384 6153 846 
— (1) 329 6703 297 
— (1) 285 7142 857 
— (1) 250 0000 000 
— (1) 220 5882 353 
— (1) 196 0784 314 
—(1) 175 4385 965 
— (1) 157 8947 368 


— (1) 142 8571 429 


) 129 8701 299 


— (1) 118 5770 751 
—(1) 108 6956 522 
— (1) 100 0000 000 
— (2) 928 0769 231 
— (2) 854 7008 547 
— (2) 793 6507 937 
— (2) 738 9162 562 
— (2) 689 6551 724 


— (2) 645 1612 903 
— (2) 604 8387 097 
— (2) 568 1818 182 


— (2) 534 7593 583 © 


— (2) 504 2016 807 
— (2) 476 1904 762 
— (2) 450 4504 505 
— (2) 426 7425 320 
— (2) 404 8582 996 
— (2) 384 6153 846 


— (2) 365 8536 585 
— (2) 348 4320 557 
— (2) 332 2259 136 
— (2) 817 1247 357 
— (2) 303 0303 030 
— (2) 289 8550 725 
—(2) 277 5208 141 
— (2) 265 9574 468 
— (2) 255 1020 408 
— (2) 244 8979 592 








- 100 0000 000 
(1) 571 4285 714 
(1) 357 1428 571 
(1) 238 0952 381 
(1) 166 6666 667 
(1) 121 2121 212 


(2) 909 0909 091 
(2) 699 3006 993 
(2) 549 4505 495 
(2) 489 5604 396 
(2) 357 1428 571 
(2) 294 1176 471 
(2) 245 0980 392 
(2) 206 3983 488 
(2) 175 4385 965 
(2) 150 3759 398 


(2) 129 8701 299 
(2) 112 9305 477 
(3) 988 1422 925 
(3) 869 5652 174 
(3) 769 2307 692 
(3) 683 7606 838 
(3) 610 5006 105 
(3) 547 3453 749 
(3) 492 6108 374 
(3) 444 9388 209 


(3) 403 2258 065 
(3) 366 5689 150 
(3) 334 2245 989 
(3) 305 5767 762 
(3) 280 1120 448 
(3) 257 4002 574 
(3) 237 0791 844 
(3) 218 8423 241 
(3) 202 4291 498 
(3) 187 6172 608 


(3) 174 2160 279 
(3) 162 0614 213 
(3) 151 0117 789 
(3) 140 9443 270 
(3) 1381 7523 057 
(3) 123 3425 840 
(3) 115 6336 725 
(3) 108 5540 599 
(3) 102 0408 163 
(4) 960 3841 537 
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A B 


(1) 807 8431 373 — (2) 235 2941 176 9773 756 
(1) 791 8552 036 — (2) 226 2443 439 (4) 853 7522 411 
(1) 776 4876 633 — (2) 217 7068 215 (4) 806 3215 610 
(1) 761 7051 013 — (2) 209 6436 059 4) 762 3403 843 
(1) 747 4747 475 — (2) 202 0202 020 (4) 721 5007 215 
(1) 733 7662 338 — (2) 194 8051 948 4) 683 5269 993 
(1) 720 5513 784 — (2) 187 9699 248 (4) 648 1721 545 
(1) 707 8039 927 — (2) 181 4882 033 (4) 615 2142 484 
(1) 695 4997 078 — (2) 175 3360 608 (4) 584 4535 359 
(1) 683 6158 192 — (2) 169 4915 254 (4) 555 7099 194 








| 
| 





(L) 672 1311 475 — (2) 163 9344 262 (4) 528 8207 298 
(1) 661 0259 122 — (2) 158 6462 189 4) 503 6387 903 
1) 650 2816 180 — (2) 153 6098 310 (4) 480 0307 220 
(1) 639 8809 524 — (2) 148 8095 238 ) 457 8754 579 
(1) 629 8076 923 — (2) 144 2307 692 4) 437 0629 371 
(1) 620 0466 200 —(2) 139 8601 399 (4) 417 4929 548 
(1) 610 5834 464 — (2) 135 6852 103 4) 399 0741 480 
(1) 601 4047 410 — (2) 131 6944 688 ) 381 7230 981 
(1) 592 4978 687 — (2) 127 8772 379 4) 365 3635 367 
(1) 583 8509 317 — (2) 124 2236 025 ) 849 9256 408 


(1) 575 4527 163 — (2) 120 7243 461 (4) 335 3454 058 
(1) 567 2926 448 — (2) 117 3708 920 (4) 321 5640 877 
(1) 559 3607 306 — (2) 114 1552 511 4) 308 5277 058 
(1) 551 6475 379 111 0699 741 (4) 296 1865 976 
(1) 544 1441 441 (2) 108 1081 081 (4) 284 4950 213 
(1) 536 8421 053 (2) 105 2631 579 (4) 273 4107 997 
(1) 529 7334 245 — (2) 102 5290 499 (4) 262 8949 997 
(1) 522 8105 228 ) 999 0009 990 (4) 252 9116 453 
(1) 516 0662 123 (3) 973 7098 345 (4) 243 4274 586 
(1) 509 4936 709 (3) 949 3670 886 (4) 234 4116 268 


(1) 503 0864 198 3) 925 9259 259 ) 225 8355 917 
(1) 496 8383 017 3) 903 3423 668 217 6728 595 
(1) 490 7434 617 ~ (3) 881 5750 808 ) 209 8988 288 
(1) 484 7963 282 860 5851 979 4) 202 4906 348 
(1) 478 9915 966 840 3361 345 195 4270 080 
‘1) 473 3242 134 . 820 7934 337 (4) 188 6881 457 

) 467 7893 611 (3) 801 9246 191 (4) 182 2555 952 

) 462 3824 451 (3) 783 6990 596 (4) 176 1121 482 

) 457 0990 807 3) 766 0878 447 ) 170 2417 433 
(1) 451 9350 811 749 0636 704 164 6293 781 


) 446 8864 469 (3) 732 6007 326 4) 159 2610 288 

) 441 9493 550 — (3) 716 6746 297 (4) 154 1235 763 

) 437 1201 496 3) 701 2622 721 4) 149 2047 387 
(1) 432 3953 329 — (3) 686 3417 982 4) 144 4930 102 
1) 427 7715 566 — (3) 671 8924 972 ) 189 9776 036 
(1) 423 2456 140 ) 657 8947 368 ) 135 6483 993 
(1) 418 8144 330 3) 644 3298 969 ) 181 4958 973 
1) 414 4750 681 63i 1803 072 127 5111 732 
(1) 410 2246 959 — (3) 618 4291 899 123 6858 380 
1) 406 0606 061 — (3) 606 0606 061 (4) 120 0120 012 
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A 


B 





(1) 401 9801 980 
(1) 397 9809 746 
(1) 394 0605 368 
(1) 390 2165 795 
(1) 386 4468 864 
(1) 382 7493 261 
(1) 379 1218 480 
(1) 375 5624 784 
(1) 372 0693 170 
(1) 368 6405 338 


(1) 365 2743 653 
(1) 361 9691 120 
(1) 358 7231 353 
(1) 355 5348 548 
(1) 352 4027 460 
(1) 349 3253 373 
(1) 346 3012 084 
(1) 343 3289 874 
(1) 340 4073 494 
(1) 337 5350 140 


(1) 334 7107 438 
(1) 331 9333 424 
(1) 329 2016 527 


(1) 326 5145 555 
(1) 8323 8709 677 
(1) 321 2698 413 
(1) 318 7101 612 
(1) 316 1909 449 
(1) 313 7112 403 
(1) 311 2701 252 


(1) 308 8667 058 
(1) 306 5001 157 
(1) 304 1695 147 
(1) 301 8740 882 
(1) 299 6130 459 
(1) 297 3856 209 
(1) 295 1910 691 
(1) 293 0286 681 
(1) 290 8977 166 
(1) 288 7975 334 


(1) 286 7274 569 
(1) 284 6868 445 
(1) 282 6750 714 
(1) 280 6915 307 
(1) 278 7356 322 
(1) 276 8068 021 
(1) 274 9044 823 
(1) 273 0281 302 
(1) 271 1772 175 
(1) 269 3512 304 


— (3) 594 0594 059 
— (3) 582 4111 823 
— (8) 571 1022 273 
— (3) 560 1194 922 
— (8) 549 4505 495 
— (3) 539 0835 580 
— (3) 529 0072 298 
— (3) 519 2107 996 
— (3) 509 6839 959 
— (3) 500 4170 142 


— (3) 491 4004 914 
— (3) 482 6254 826 
— (3) 474 0834 387 
— (3) 465 7661 854 
— (3) 457 6659 039 
— (3) 449 7751 124 
— (3) 442 0866 490 
— (3) 434 5936 549 
— (3) 427 2895 599 
— (3) 420 1680 672 


— (8) 413 2231 405 
— (3) 406 4489 907 
— (3) 399 8400 640 
— (3) 393 3910 307 
— (3) 387 0967 742 
— (3) 380 9523 810 
— (3) 374 9531 309 
— (3) 369 0944 882 
— (3) 363 3720 930 
— (3) 857 7817 531 


— (3) 352 3194 363 
— (3) 346 9812 630 
~(3) 341 7634 997 
— (3) 336 6625 519 
— (8) 831 6749 585 
— (3) 326 7973 856 
— (3) 322°0266 209 
— (3) 317 3595 684 
— (8) 312 7932 437 
— (3) 308 3247 688 


— (3) 303 9513 678 
— (3) 299 6703 626 
— (3) 295 4791 687 
— (3) 291 3752 914 
— (3) 287 3563 218 
— (3) 283 4199 339 
— (3) 279 5638 803 
— (3) 275 7859 901 
— (3) 272 0841 647 
— (3) 268 4563 758 


(4) 116 4822 365 
(4) 113 0895 500 
(4) 109 8273 514 
(4) 106 6894 271 
(4) 103 6699 150 
(4) 100 7632 819 
(5) 979 6430 181 
5) 952 6803 662 
(5) 926 6981 744 
(5) 901 6522 778 


(5) 877 5008 775 
(5) 854 2043 940 
(5) 881 7253 310 
(5) 810 0281 485 
(5) 789 0791 446 
(5) 768 8463 461 
(5) 749 2994 051 
(5) 730 4095 041 
(5) 712 1492 665 
(5) 694 4926 731 


(5) 677 4149 844 
(5) 660 8926 677 
(5) 644 9033 290 
5) 629 4256 491 
5) 614 4393 241 
(5) 599 9250 094 
5) 585 8642 670 
(5) 572 2395 166 
(5) 559 0339 893 
(5) 546 2316 842 


(5) 533 8173 277 
(5) 521 7763 354 
(5) 510 0947 756 
(5) 498 7593 362 
5) 487 7572 920 
(5) 477 0764 754 
(5) 466 7052 476 
5) 456 6324 725 
(5) 446 8474 910 
5) 437 3400 975 


(5) 428 1005 180 
5) 419 1193 883 
5) 410 3877 343 
5) 401 8969 536 
5) 393 6387 970 
(5) 385 6053 522 
(5) 377 7890 275 
(5) 370 1825 370 
(5) 362 7788 863 
(5) 355 5713 587 
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A 


(1) 267 5496 689 
(1) 265 7720 460 
(1) 264 0178 879 
(1) 262 2867 329 
(1) 260 5781 315 
(1) 258 8916 460 
(1) 257 2268 496 
(1) 255 5833 266 
(1) 253 9606 719 
(1) 252 3584 906 


(1) 250 7763 975 
(1) 249 2140 173 
(1) 247 6709 839 
(1) 246 1469 400 
(1) 244 6415 373 
(1) 243 1544 359 
(1) 241 6853 041 
(1) 240 2338 181 
(1) 238 7996 619 
(1) 237 3825 270 


(1) 235 9821 
1) 234 5981 232 
(1) 233 2302 729 
(1) 231 8782 805 
(1) 280 5418 719 
(1) 229 2207 792 
(1) 227 9147 406 
(1) 226 6235 003 

225 3468 081 

224 0844 196 


121 


222 8360 958 

(1) 221 6016 028 
(1) 220 3807 122 
219 1732 003 

(1) 217 9788 484 
216 7974 426 

(1) 215 6287 735 
) 214 4726 362 
213 3288 304 
212 1971 596 


) 211 0774 318 

(1) 209 9694 590 
) 208 8730 570 

) 207 7880 455 

) 206 7142 480 
205 6514 914 

(1) 204 5996 063 
(1) 203 5584 269 
(1) 202 5277 905 
(1) 201 5075 377 


— (3) 264 9006 623 
— (3) 261 4151 272 
— (3) 257 9979 360 
— (3) 254 6473 135 
— (3) 251 3615 417 
— (3) 248 1389 578 
— (3) 244 9779 520 

(3) 241 8769 653 

(3) 238 8344 877 
— (3) 235 8490 566 


— (3) 232 9192 547 
— (3) 230 0437 083 
— (3) 227 2210 861 
— (3) 224 4500 973 
— (3) 221 7294 900 
—(3) 219 0580 504 
— (3) 216 4346 007 
—(3) 213 8579 983 

-(3) 211 3271 344 
— (3) 208 8409 328 


(3) 206 3983 488 
(3) 203 9983 680 
(3) 201 6400 054 

— (3) 199 3223 042 
-(3) 197 0443 350 
(3) 194 8051 948 
(3) 192 6040 062 
3) 190 4399 162 

3) 188 3120 959 

3) 186 2197 393 


1620 626 
1383 037 
1477 211 

(3) 178 1895 937 
— (3) 176 2632 197 
— (3) 174 3679 163 
— (3) 172 5030 188 
— (3) 170 6678 803 
— (3) 168 8618 710 
— (3) 167 0843 776 


~ \ep) 182 
3) 180 


165 3348 030 
163 6125 654 
161 9170 984 
160 2478 501 
6042 823 
9858 713 


- (3) 
— (3) 
— (3) 
— (8) 
— (3) 158 
— (3) 156 
— (3) 155 3921 061 
— (3) 153 8224 888 
— (3) 152 2765 342 
— (3) 150 7537 688 


( ' 





(5) 
(5) 
(5) 
(5) 
(5) 
(5) 
(5) 
(5) 
(5) 


(5) 
(5) 
(5) 
(5) 
5) 


{ 


ooo Cc 


aa 


AAMAS SIS 


_— 


348 
341 
335 
328 
322 
316 
310 
304 
298 
292 


287 
282 
277 
272 
267 


) 262 
) 257 
) 253 
) 248 


244 


) 239 


235 


) 231 
) 297 
) 223 


220 
216 
212 
209 


) 205 


202 
199 


(5) 195 
(5) 192 

) 189 
(5) 186 


KKIAKIKNA AAS 


a ae 


183 
180 
177 
174 


) 172 


169 
166 


) 164 


161 
159 
156 
154 
152 


) 150 


5535 
7191 
0622 
5771 
2583 
1005 
0986 
2477 
5431 
9801 


5546 
2622 
0988 
0607 
1439 
3449 
6602 
0863 
6201 
2584 


9980 
8362 
7701 
7969 
9140 
1188 
4089 
7820 
2356 
7676 


3758 
0582 
8127 
6373 
5303 
4897 
5138 
6009 
7493 
9574 


2237 
5466 
9248 
3567 
8411 
38765 
9617 
5954 
2765 
0037 


030 
206 
546 
787 
868 
832 
734 
550 
096 
945 


354 
188 
855 
240 
639 
709 
389 
885 
581 
010 


800 
636 
211 
190 
170 
642 
957 
293 
621 
677 


930 
554 
404 
986 
438 
501 
498 
315 
379 
635 


531 
999 
438 
692 
044 
191 
233 
662 
342 
501 














FITTING OF POLYNOMIALS. 





B C 


(1) 200 4975 124 — (3) 149 2537 313 (5) 147 7759 716 
(1) 199 4975 617 — (3) 147 7759 716 (5) 145 5920 903 
(1) 198 5075 355 — (3) 146 3200 507 (5) 143 4510 301 
(1) 197 5272 868 — (3) 144 8855 404 (5) 141 3517 468 
(1) 196 5566 714 — (3) 143 4720 230 (5) 139 2932 262 
(1) 195 5955 482 | —(3) 142 0790 907 (5) 1387 2744 838 
(1) 194 6437 784 — (3) 140 7063 459 (5) 1385 2945 633 
(1) 193 7012 263 | —(3) 139 3534 002 (5) 133 3525 361 
(1) 192 7677 586 |  —(3) 138 0198 749 (5) 131 4474 999 
(1) 191 8432 445 — (3) 1386 7053 999 (5) 129 5785 781 








9275 559 — (3) 135 4096 141 (5) 127 7449 189 
0205 669 | —(3) 184 1321 649 (5) 125 9456 947 
9 1221 543 |  —(8) 132 8727 079 (5) 124 1801 009 
2321 969 — (3) 131 6309 069 (5) 122 4473 553 
3505 760 — (3) 1380 4064 334 (5) 120 7466 976 
4771 748 | —(3) 129 1989 664 (5) 119 0773 884 
6118 792 | —(3) 128 0081 925 (5) 117 4387 087 
7545 766 | —(8) 126 8338 054 (5) 115 8299 593 
9051 569 — (3) 125 6755 058 (5) 114 2504 599 
0635 118 |  —=(8) 124 5330 012 (5) 112 6995 486 








2295 352 (3) 123 4060 058 (5) 111 1765 818 

(1) 181 4031 226 — (3) 122 2942 399 (5) 109 6809 327 
) 180 5841 716 — (3) 121 1974 306 (5) 108 2119 916 
179 7725 817 (3) 120 1153 107 (5) 106 7691 651 
178 9682 540 (3) 119 0476 190 (5) 105 3518 753 

(1) 178 1710 914 (3) 117 9941 003 (5) 103 9595 597 
) 177 3809 988 (3) 116 95465 047 (5) 102 5916 708 

) 176 5978 824 (3) 115 9285 880 (5) 101 2476 751 
175 8216 502 (3) 114 9161 112 (6) 999 2705 325 

) 175 0522 119 (3) 113 9168 407 (6) 986 2929 931 


(1) 174 2894 786 (3) 112 9305 477 (6) 973 5392 044 
173 5333 632 ) 111 9570 085 (6) 961 0043 649 

) 172 7837 798 (3) 110 9960 041 (6) 948 6837 961 
172 0406 441 (3) 110 0473 203 (6) 936 5729 391 

) 171 3038 734 ~- (8) 109 1107 474 (6) 924 6673 509 
(1) 170 5733 862 (3) 108 1860 801 (6) 912 9627 009 
) 169 8491 025 ~— (8) 107 2731 174 (6) 901 4547 677 

) 169 1309 435 (3) 106 3716 626 (6) 890 1394 359 
(1) 168 4188 320 — (3) 105 4815 232 (6) 879 0126 929 
(1) 167 7126 918 — (3) 104 6025 105 (6) 868 0706 262 





Soe ee 


>. 
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TABLE II. 


(The numbers in parentheses denote the number of ciphers between the decimal point 
and the first significant figure.) 





Sy 


5.000 0000 00 


Pp 


7.750 0000 00 
4.600 0000 00 
3.200 0000 00 
2.428 5714 29 


1.285 7142 86 


1.946 4285 
1.619 0476 
1.383 3333 


1.206 0606 
1.068 1818 
-958 0419 
.868 1318 
.793 4065 
- 730 3571 
-676 4705 
-6§29 9019 
.589 2672 
.553 5087 


.521 8045 
.493 5064 
-468 0971 
.445 1581 
.424 3478 
.405 3846 
.388 0341 
.872 1001 
.857 4165 
.843 8423 


.331 2569 
.319 5564 
.808 6510 
-298 4625 
- 288 9228 
.279 9719 
.271 5572 
.263 6320 
.256 1549 
. 249 0890 


.242 4015 
.236 0627 
.230 0461 
.224 3279 
.218 8865 
.213 7022 
.208 7573 
.204 0356 
.199 5223 
.195 2040 


71 
19 
33 


06 

18 

580 
681 
934 
429 
882 
608 
859 
719 


113 
935 
203 
028 
261 
154 
880 
221 
298 
645 


522 
516 
264 
668 
419 
888 
716 
531 
404 
688 


009 
178 
874 
976 
398 
398 
235 
152 
621 
816 


-910 7142 857 
.678 5714 286 
-525 0000 000 


.418 1818 182 
.340 9090 909 
.283 2167 832 
.239 0109 890 
-204 3956 044 
.176 7857 143 
.154 4117 647 
.136 0294 118 
-120 7430 341 
.107 8947 368 


—(1) 969 9248 120 
— (1) 876 6233 766 
— (1) 796 1603 614 
— (1) 726 2845 850 
—(1) 665 2173 913 
—(1) 611 5384 615 
—(1) 564 1025 641 
— (1) 521 9780 220 
— (1) 484 4006 568 
— (1) 450 7389 163 


— (1) 420 4671 857 
— (1) 393 1451 613 
— (1) 368 4017 595 
— (1) 345 9224 599 
—(1) 325 4392 666 
-— (1) 806 7226 891 
— (1) 289 5752 896 
— (1) 273 8264 580 
—(1) 259 3281 541 
— (1) 245 9514 170 


— (1) 233 5834 897 
—(1) 222 1254 355 
—(1) 211 4901 548 
— (1) 201 6007 248 
— (1) 192 3890 063 
— (1) 183 7944 664 
— (1) 175 7631 822 
— (1) 168 2469 935 
— (1) 161 2027 790 
— (1) 154 5918 367 


1.250 0000 00 
.500 0000 000 
.250 0000 000 
.142 8571 429 

(1) 892 8571 429 
(1) 595 2380 952 
(1) 416 6666 667 


(1) 303 0303 030 
(1) 227 2727 273 
(1) 174 8251 748 
(1) 1387 3626 374 
(1) 109 8901 099 
(2) 892 8571 429 
(2) 735 2941 176 
(2) 612 7450 980 
(2) 515 9958 720 
(2) 438 5964 912 


(2) 375 9398 496 
(2) 8324 6753 247 
(2) 282 3263 693 
(2) 247 0355 731 
(2) 217 3913 043 
2) 192 3076 923 
(2) 170 9401 709 
(2) 152 6251 526 
(2) 136 8363 437 
(2) 123 1527 094 


(2) 111 2347 052 
(2) 100 8064 516 
(3) 916 4222 874 
(3) 835 5614 973 
(3) 763 9419 404 
(3) 700 2801 120 
(3) 643 5006 435 
(3) 592 6979 611 
(3) 547 1058 103 
(3) 506 0728 745 


(3) 469 0431 520 
(3) 435 6400 697 
(3) 405 1535 532 
(8) 377 5294 473 
(3) 352 3608 175 
(3) 329 3807 642 
(3) 308 3564 601 
(3) 289 0841 813 
(3) 271 3851 498 
(3) 255 1020 408 





FITTING OF POLYNOMIALS. 





A B | Cc 





-191 0684 274 | —(1) 148 3793 517 > (3) 240 0960 384 
.187 1040 724 —(1) 142 5339 367 (3) 226 2443 439 
.183 3006 062 | —(L) 187 0272 347 (3) 213 4380 603 
.179 6484 438 —(1) 131 8335 752 | (3) 201 5803 903 
.176 1387 460 —(1) 126 9296 741 (3) 190 5850 962 
.172 7633 478 — (1) 122 2943 723 | (3) 180 3751 804 
.169 5146 958 —(1) 117 9084 074 (3) 170 8817 498 
.166 3857 921 —(1) 113 7542 131 (3) 162 0430 386 
.163 3701 437 —(1) 109 8157 433 (3) 153 8035 621 
.160 4617 183 | —(1) 106 0783 168 (3) 146 1133 840 


.157 6549 041 | —=(1) 102 5284 801 (8) 1388 9274 799 
-154 9444 738 — (2) 991 5388 683 (3) 182 2051 824 
.152 3255 521 — (2) 959 4318 954 (3) 125 9096 976 
-149 7935 868 — (2) 928 8594 470 (3) 120 0076 805 
.147 3443 223 — (2) 899 7252 747 (3) 114 4688 645 
.144 9737 762 — (2) 871 9405 594 (3) 109 2657 343 
.142 6782 173 — (2) 845 4232 335 (3) 104 3732 387 
.140 4541 464 — (2) 820 0973 741 (4) 997 6853 699 
.138 2982 784 — (2) 795 8926 595 (4) 954 3077 452 
.136 2075 265 — (2) 772 7438 801 (4) 913 4088 418 


.134 1789 870 — (2) 750 5904 995 (4) 874 8141 020 
.132 2099 262 — (2) 729 3762 575 (4) 838 3635 144 
.130 2977 683 — (2) 709 0488 134 (4) 803 9102 193 
.128 4400 839 — (2) 689 5594 224 (4) 771 3192 645 
.126 6345 798 — (2) 670 8626 435 (4) 740 4664 939 
.124 8790 896 — (2) 652 9160 740 (4) 711 2375 533 
.123 1715 653 ,  —=(2) 635.6801 094 (4) 683 5269 993 
.121 5100 689 | —(2) 619-1177 243 (4) 657 2374 993 
.119 8927 655 — (2) 603 1942 741 (4) 632 2791 133 
-118 3179 163 — (2) 587 8773 126 (4) 608 5686 465 


.116 7838 725 — (2) 573 1364 276 (4) 586 0290 670 
-115 2890 696 — (2) 558 9430 894 (4) 564 5889 792 
-113 8320 219 — (2) 545 2705 128 (4) 544 1821 486 
.112 4113 177 — (2) 532 0935 309 (4) 524 7470 719 
-111 0256 151 — (2) 519 3884 783 (4) 506 2265 870 
.109 6736 369 — (2) 507 1330 858 (4) 488 5675 200 
-108 3541 676 — (2) 495 3063 824 (4) 471 7203 642 
.107 0660 494 — (2) 483 8886 054 (4) 455 6389 881 
.105 8081 786 — (2) 472 8611 180 (4) 440 2803 705 
. 104 5795 029 ~ (2) 462 2063 330 (4) 425 6043 582 


.103 3790 180 — (2) 451 9076 429 (4) 411 5734 453 

.102 2057 652 — (2) 441 9493 550 (4) 398 1525 721 

.101 0588 290 — (2) 432 3166 315 (4) 385 3089 407 
(1) 999 3733 401 — (2) 422 9954 343 (4) 873 0118 469 
(1) 988 4044 359 — (2) 413 9724 741 (4) 361 2324 254 
(1) 977 6735 722 — (2) 405 2351 624 (4) 349 9440 090 
(1) 967 1730 874 — (2) 396 7715 681 (4) 339 1209 984 
(1) 956 8956 449 (2) 388 5703 766 (4) 328 7397 433 
(1) 946 8342 163 — (2) 380 6208 519 (4) 318 7779 329 
(1) 936 9820 656 — (2) 372 9128 015 (4) 309 2145 949 
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B | C 





(1) 927 3327 333 — (2) 365 4365 437 (4) 300 0300 030 
(1) 917 8800 233 — (2) 358 1828 771 (4) 291 2055 911 
(1) 908 6179 892 — (2) 351 1480 526 (4) 282 7238 749 
(1) 899 5409 217 — (2) 344 3087 467 (4) 274 5683 785 
(1) 890 6433 372 — (2) 337 6720 368 (4) 266 7235 677 
(1) 881 9199 668 — (2) 331 2253 784 (4) 259 1747 875 
(1) 873 3657 455 — (2) 324 9615 840 (4) 251 9082 047 
(1) 864 9758 028 — (2) 318 8738 024 (4) 244 9107 545 
(1) 856 7454 533 — (2) 312 9555 003 (4) 238 1700 916 
(1) 848 6701 881 — (2) 307 2004 448 (4) 231 6745 436 


i) 840 7456 664 — (2) 301 6026 869 (4) 225 4130 695 
(1) 832 9677 080 — (2) 296 1565 462 | (4) 219 3752 194 
(1) 825 3322 855 (2) 290 8565 962 (4) 213 5510 985 
(1) 817 8355 180 — (2) 285 6976 512 (4) 207 9313 328 
(1) 810 4736 640 -— (2) 280 6747 534 4) 202 5070 371 
(1) 803 2431 153 — (2) 275 7831 611 (4) 197 2697 862 
(1) 796 1403 913 — (2) 271 0183 370 (4) 192 2115 865 
(1) 789 1621 334 — (2) 266 3759 385 (4) 187 3248 513 
(1) 782 3050 994 ~ (2) 261.8518 072 (4) 182 6023 760 
(1) 775 5661 587 | —(2) 257 4419 598 | (4) 178 0373 166 








\ 


TABLE II. Contin. 
D E F 


24.500 0000 0 — 6.000 0000 00 1.500 0000 00 
6.450 0000 00 — 1.250 0000 00 .250 0000 000 
671 4285 71 - ,428 5714 286 (1) 714 2857 143 
.369 6428 57 — .187 5000 000 | (1) 267 8571 429 
. 797 6190 476 —(1) 952 3809 524 (1) 119 0476 190 
.505 9523 810 — (1) 535 7142 857, (2) 595 2380 952 
.341 3419 913 — (1) 324 6753 247 (2) 324 6753 247 
.241 2878 788 — (1) 208 3333 333 (2) 189 3939 394 


.176 9230 769 | —(1) 139 8601 399 (2) 116 5501 166 
.133 6163 836 | —(2) 974 0259 740 | (3) 749 2507 493 
.103 3966 034 | —(2) 699 3006 993 (3) 499 5004 995 
(1) 816 6208 791 | —(2) 515 1098 901 | (3) 343 4065 934 
(1) 656 2702 004 — (2) 387 8474 467 | (3) 242 4046 542 
(1) 535 3641 457 — (2) 297 6190 476 | 3) 175 0700 280 
(1) 442 4664 603 — (2) 232 1981 424 3) 128 9989 680 
) 869 9045 408 — (2) 183 8235 294 (4) 967 4922 601 
) 312 3986 437 — (2) 147 4273 920 —7[f 737 1369 600 
) 266 2337 662 — (2) 119 6172 249 4) 569 6058 328 


(1) 228 74387 962 — (3) 980 7126 512 (4) 445 7784 778 
) 197 9813 665 — (8) 811 6883 117 (4) 352 9079 616 
(1) 172 5014 116 — (3) 677 5832 863 — 4) 282 3263 693 
(1) 151 2161 751 — (3) 570 0820 918 (4) 228 0328 367 
(1) 1383 2961 724 — (3) 483 0917 874 (4) 185 8045 336 
(1) 118 1013 431 ~ (3) 412 0879 121 4) 152 6251 526 
(1) 105 1324 155 — (3) 353 6693 192 126 3104 711 
) 939 9604 227 — (3) 305 2503 053 ) 105 2587 260 

) 843 7946 925 — (3) 264 8445 363 5) 882 8151 209 
760 3190 052 — (3) 230 9113 301 (5) 744 8752 582 





FITTING OF POLYNOMIALS. 





D 


E 


F 











(2) 687 5063 202 
(2) 623 7062 274 
(2) 567 5657 360 
(2) 517 9685 511 
(2) 473 9881 210 
(2) 434 8510 386 
(2) 399 9082 946 
(2) 368 6125 397 
(2) 340 4999 746 
(2) 315 1758 383 


(2) 292 3027 058 
(2) 271 5910 012 
(2) 252 7912 624 
(2) 235 6878 040 
(2) 220 0934 979 
(2) 205 8454 573 
(2) 192 8014 499 
(2) 180 8369 046 
(2) 169 8424 050 
(2) 159 7215 809 


(2) 150 3893 284 
(2) 141 7703 027 
(2) 183 7976 366 
(2) 126 4118 481 
(2) 119 5599 061 
(2) 113 1944 281 
(2) 107 2729 909 
(2) 101 7575 353 
(3) 966 1385 069 
(83) 918 1112 910 


3) 873 2157 636 
(3) 831 2007 378 
(3) 791 8388 239 
(3) 754 9238 396 
(3) 720 2685 374 
(83) 687 7026 069 
(3) 657 0709 132 
(3) 628 2319 429 
(3) 601 0564 283 
(3) 575 4261 288 


(3) 551 2327 489 
(3) 528 3769 754 
(3) 506 7676 204 
(3) 486 3208 558 
(3) 466 9595 297 
(3) 448 6125 539 
(3) 431 2143 553 
(3) 414 7043 829 
(3) 899 0266 648 
(3) 384 1294 093 


— (3) 202 2449 186 
— (3) 177 8937 381 
— (3) 157 1009 636 
— (3) 189 2602 496 
— (3) 123 8824 768 
— (3) 110 5705 440 
— (4) 990 0009 900 
— (4) 889 0469 417 
— (4) 800 6426 492 
— (4) 722 9612 493 


— (4) 654 4788 167 
— (4) 593 9182 768 
— (4) 540 2047 376 
— (4) 492 4297 139 
— (4) 449 8223 202 
— (4) 411 7259 552 
— (4) 377 5793 389 
— (4) 346 9010 176 
— (4) 819 2766 468 
— (4) 294 3485 086 


— (4) 271 8068 359 
— (4) 251 3826 043 
| —(4) 232 8415 203 

— (4) 215 9789 896 
— (4) 200 6158 908 
— (4) 186 5950 142 
—(4) 178.7780 507 
— (4) 1620430 386 
— (4) 151 2821 922 
— (4) 141 4000 490 





— (4) 182 3118 856 
— (4) 123 9423 585 
— (4) 116 2243 362 
— (4) 109 0978 914 
— (4) 102 5094 309 
— (5) 964 1094 200 
— (5) 907 5933 800 
— (6) 855 1588 885 
— (5) 806 4572 494 
— (5) 761 1740 348 


— (5) 719 0252 893 
— (5) 679 7542 009 
| —=(6) 643 1281 754 


| —(6) 608 9362 614 
— (6) 576 9868 784 
— (5) 547 1058 103 
— (5) 519 1344 299 
— (5) 492 9281 245 
— (5) 468 3548 987 
— (5) 445 2941 316 





(5) 632 0153 706 
(5) 589 0719 338 
(5) 462 0616 575 
(5) 397 8864 273 
(5) 344 1179 912 
(5) 298 8393 081 
(6) 260 5265 763 
(6) 227 9607 543 
(5) 200 1606 623 
(5) 176 3320 120 


(5) 155 8282 897 
(6) 138 1205 295 
(5) 122 7738 040 
(5) 109 4288 253 
(6) 977 8746 091 
(6) 876 0126 706 
(6) 786 6236 226 
(6) 707 9612 604 
(6) 638 5532 937 
6) 577 1539 385 


(6) 522 7054 537 
(6) 474 3068 006 
(6) 431 1880 006 
(6) 392 6890 719 
(6) 358 2426 621 
(6) 327 3596 740 
(6) 299 6173 287 
(6) 274 6492 180 
(6) 252 1369 870 
‘6) 231 8033 590 


6) 213 4062 671 
(6) 196 7339 024 
(6) 181 6005 253 
.6) 167 8429 098 
(6) 155 3173 195 
(6) 143 8969 284 
(6) 133 4696 147 
(6) 123 9360 708 
(6) 115 2081 785 
(6) 107 2076 105 


(7) 998 6462 352 
(7) 931 1701 382 
(7) 869 0921 290 
(7) 811 9150 152 
(7) 759 1932 610 
(7) 710 5270 263 
(7) 665 5569 614 
(7) 623 9596 513 
(7) 585 4436 234 
(7) 549 7458 415 
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D 








(3) 369 9646 447 
(3) 356 4878 950 
(3) 343 6578 863 
(3) 331 4362 805 
(3) 319 7874 352 
(3) 308 6781 844 
(3) 298 0776 407 
(3) 287 9570 144 
(3) 278. 2894 492 
(3) 269 0498 721 


(3) 260 2148 575 
(3) 251 7625 015 
(3) 243 6723 081 
(3) 235 9250 851 
(3) 228 5028 476 
(3) 221 3887 310 
(3) 214 5669 100 
(3) 208 0225 248 
(3) 201 7416 133 
(3) 195 7110 477 


(3) 189 9184 779 
(3) 184 3522 774 
(3) 179 0014 951 
(3) 173 8558 092 
(3) 168 9054 859 
(3) 164 1413 408 
(3) 159 5547 023 
(3) 155 1373 795 
(3) 150 8816 308 
(3) 146 7801 353 


(8) 142 8259 669 
(3) 189 0125 691 
(3) 185 3337 328 
(3) 181 7835 742 
(8) 128 3565 161 
(3) 125 0472 684 
(8) 121 8508 119 
(3) 118 7623 815 
(8) 115 7774 520 
(8) 112 8917 233 





E 


F 





— (5) 423 6354 702 
— (5) 403 2778 423 
— (5) 384 1285 755 
— (5) 366 1026 083 
— (6) 349 1217 842 
— (5) 3383 1142 182 
— (5) 318 0137 287 
— (5) 303 7593 254 
— (5) 290 2947 498 
— (5) 277 5680 597 


— (5) 265 5312 550 
— (5) 254 1399 396 
— (5) 243 3530 152 
— (5) 233 1324 043 
— (5) 223 4427 992 
— (5) 214 2514 341 
— (5) 205 5278 778 
— (5) 197 2438 460 
— (5) 189 3730 295 
— (5) 181 8909 382 


— (5) 174 7747 590 
— (5) 168 0032 257 
— (5) 161 5564 999 
— (5) 155 4160 633 
— (5) 149 5646 174 
— (5) 143 9859 930 
— (5) 1388 6650 668 
— (5) 133 5876 843 
— (5) 128 7405 900 
— (5) 124 1113 626 


—-(5) 119 6883 555 
— (5) 115 4606 418 
— (5) 111 4179 644 
— (5) 107 5506 894 
— (5) 103 8497 626 
— (5) 100 3066 709 
— (6) 969 1340 497 
— (6) 936 6242 563 
— (6) 905 4663 274 
— (6) 875 5933 604 


(7) 516 6286 221 
(7) 485 8769 184 
(7) 457 2959 232 
(7) 430 7089 510 
(7) 405 9555 630 
(7) 382 8899 060 
(7) 861 3792 371 
(7) 341 3026 128 
(7) 822 5497 220 
(7) 805 0198 458 


(7) 288 6209 294 


~ (7) 273 2687 523 


(7) 258 8861 864 
(7) 245 4025 308 
(7) 232 7529 158 
(7) 220 8777 671 
(7) 209 7223 243 
(7) 199 2362 081 
(7) 189 3730 295 
(7) 180 0900 378 


(7) 171 3478 030 
(7) 163 1099 278 
(7) 155 3427 884 
(7) 148 0152 984 
(7) 141 0986 957 
(7) 184 5663 486 
(7) 128 3935 804 
(7) 122 5575 085 
(7) 117 0369 000 
(7) 111 8120 384 


(7) 106 8646 031 
(7) 102 1775 591 
(8) 977 3505 652 
(8) 935 2233 857 
(8) 895 2565 744 
(8) 857 3219 737 
(8) 821 3000 421 
(8) 787 0792 070 
(8) 754 5552 728 
(8) 723 6308 764 








FITTING OF POLYNOMIALS. 


TABLE II. 


and the first significant figure.) 


(The numbers in parentheses denote the number of ciphers between the decimal point 




















9.000 
4.200 
3.000 
28 57 
71 42 
74 1 4 
66 6666 67 


8. 
6. 
4. 
3. 


3.136 3636 36 
2.676 7676 77 
2.328 6713 29 
2.056 9430 57 
1.839 5604 40 
1.662 0879 12 
1.514 7058 82 
1.390 5228 76 
1.284 5717 23 
1.193 1888 54 


1.113 6173 77 

1.043 7457 28 
-981 9311 124 
.926 8774 704 
.877 5494 071 
.833 1103 679 
.792 8774 929 
.756 2881 563 
. 722 8748 263 
.692 2459 405 


.664 0711 902 
.638 0700 779 
.614 0029 326 
.591 6637 916 
-570 8747 135 
-551' 4811 985 
-533 3484 745 
.516 3584 637 
-500 4072 899 
.485 4032 170 


.471 2649 353 
-457 9201 287 
-445 3042 703 
.433 3596 069 
.422 0342 965 
.411 2816 742 
-401 0596 249 
.891 3300 442 
382 0583 738 
.373 2132 002 





Pltd tid 


i mee oe 





UCP TATU 


REST Eat ee 


2.012 6262 63 
1.584 1750 84 
1.278 5547 79 
1.053 1135 53 
.882 1733 822 
. 749 5421 245 
-644 6078 431 
-560 1851 852 
.491 2710 698 
.434 2965 256 


-886 6610 972 
.B46 4342 675 
-812 1588 556 
.282 7184 892 
-257 2463 768 
-235 0613 155 
.215 6220 323 
-198 4940 985 
.183 3256 144 
.169 8291 066 


.157 7678 902 
-146 9456 804 
.137 1985 989 
.128 3889 656 
-120 4004 329 
-113 1341 425 
-106 5056 653 
-100 4425 478 
(1) 948 8233 172 
(1) 897 7094 503 


(1) 850 6138 705 
(1) 807 1264 779 
(1) 766 8881 506 
(1) 729 5833 303 
(1) 694 9338 345 
(1) 662 6936 708 
(1) 632 6446 706 
(1) 604 5927 982 
(1) 578 3650 185 
(1) 553 8066 290 


— 
. Pee 
Sake 


Sess . 
gasses | ~ 
CxBess 


& 


-348 4848 485 
.252 5252 525 
.188 8111 888 
.144 8551 449 
-113 5531 136 
(1) 906 5934 066 
(1) 785 2941 176 
(1) 604 5751 634 
(1) 503 0959 752 
(1) 423 1166 151 


(1) 359 2314 119 
(1) 307 5871 497 
(1) 265 3867 871 
(1) 230 5665 349 
(1) 201 5810 277 
(1) 177 2575 251 
(1) 156 6951 567 
(1) 189 1941 392 
(1) 124 2052 966 
(1) 111 2935 596 


(1) 100 1112 347 
(2) 903 7819 800 
(2) 818 6705 767 
(2) 743 9192 686 
(2) 677 9984 721 
(2) 619 6417 961 
(2) 567 7946 854 
(2) 521 5742 058 
(2) 480 2373 223 
(2) 443 1557 063 


(2) 409 7955 959 
(2) 379 7015 992 
(2) 352 4835 913 
(2) 827 8060 567 
(2) 305 3793 751 
(2) 284 9526 611 
(2) 266 3078 519 
(2) 249 2548 052 
(2) 233 6272 159 
(2) 219 2792 010 
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B | C 





| —(1) 630 7789 783 (2) 206 0824 330 

— (1) 509 1575 092 (2) 193 9237 233 

— (1) 488 8300 748 (2) 182 7029 796 

—(1) 469 6954 845 | (2) 172 3314 709 

— (1) 451 6622 441 (2) 162 7303 514 

— (1) 484 6474 629 (2) 153 8293 991 

, — (1) 418 5759 010 (2) 145 5659 350 
.314 8348 929 #-— —(1) 403 3791 375 | (2) 187 8838 947 
.308 7914 116 — (1) 388 9948 425 (2) 130 7330 278 
.802 9745 609 — (1) 375 3661 379 | (2) 124 0682 068 








TABLE III. Contin. 








E 





161.388 8889 — 70.833 3333 3 

41.349 2063 5 — 15.178 5714 3 

16.877 2045 9 5.324 0740 74 

.166 6666 667 8.580 0264 55 2.373 0158 73 

— (1) 833 3333 333 4.971 0197 21 1.224 0259 74 
— (1) 462 9629 630 3.143 1377 26 .697 4506 975 
—(1) 277 7777 778 2.116 1939 91 .427 3504 274 








—(1) 176 7676 768 1.493 9458 69 -276 8065 268 | 
—(1) 117 8451 178 1.094 5289 28 -187 3496 873 | 


— (2) 815 8508 159 .826 2015 762 .131 4102 564 
— (2) 582 7505 828 .639 1627 163 —(1) 949 4182 288 
— (2) 427 3504 274 .504 7428 516 — (1) 703 2727 621 
— (2) 820 5128 205 -405 6230 004 —(1) 532 1798 085 
— (2) 245 0980 392 -330 9110 194 — (1) 410 2167 183 
— (2) 190 6318 083 -273 5184 230 — (1) 321 3507 625 
— (2) 150 4987 960 .228 6944 150 — (1) 255 3453 598 
— (2) 120 3990 368 .193 1724 542 — (1) 205 4805 696 


— (3) 974 6588 694 .164 6555 270 —(1) 167 2357 222 
— (3) 797 4481 659 -141 4959 500 -~(1) 187 5028 480 
— (3) 658 7615 283 .122 4906 736 — (1) 114 1032 880 
— (3) 548 9679 403 -106 7472 070 — (2) 954 8288 534 
— (3) 461 1330 698 (1) 935 9387 258 — (2) 805 1529 791 
— (3) 390 1895 206 (1) 825 1854 435 — (2) 683 7240 720 
— (3) 332 3836 657 (1) 731 2608 280 — (2) 584 3730 556 
— (3) 284 9002 849 (1) 651 0827 916 — (2) 502 4485 670 
— (3) 245 6036 939 (1) 582 2231 745 — (2) 434 4044 597 
— (8) 212 8565 347 (1) 522 7513 012 — (2) 377 5093 574 


— (3) 185 3911 754 (1) 471 1189 217 — (2) 329 6393 894 
— (3) 162 2172 785 (1) 426 0746 079 — (2) 289 1284 434 
— (3) 142 5545 780 (1) 386 5993 829 — (2) 254 6587 224 
— (3) 125 7834 512 (1) 351 8578 323 — (2) 225 1798 979 
— (3) 111 4081 996 (1) 321 1606 298 — (2) 199 8487 873 
— (4) 990 2951 079 (1) 293 9355 623 — (2) 177 9839 241 
— (4) 883 2361 (1) 269 7049 446 — (2) 159 0310 414 
— (4) 790 2639 (1) 248 0678 813 — (2) 142 5366 316 
— (4) 709 2112 (1) 228 6862 337 —- (2) 128 1275 351 
— (4) 638 2901 (1) 211 2734 458 | -—(2) 115 4950 665 








FITTING OF POLYNOMIALS. 











p D | E F 
41 —(4) 576 0179 059 (1) 195 5855 872 — (2) 104 3825 864 
42 — (4) 521 1590 577 (1) 181 4141 318 — (3) 945 7570 433 
43 — (4) 472 6791 454 (1) 168 5801 023 — (3) 858 9451 054 
4 — (4) 429 7083 140 (1) 156 9292 958 — (8) 781 8737 837 
45 — (4) 391 5120 194 (1) 146 3283 718 — (3) 713 2599 290 
46 — (4) 357 4674 960 (1) 1386 6616 307 — (3) 652 0134 174 
47 — (4) 327 0447 304 (1) 127 8283 489 — (8) 597 2046 543 
48 — (4) 299 7910 028 (1) 119 7405 642 — (3) 548 0381 072 
49 — (4) 275 3182 679 (1) 112 8212 277 — (3) 503 8306 506 
— (4) 253 2928 065 (1) 105 5026 561 — (8) 463 9937 685 


52 


55 
57 
59 








| 





— (4) 233 4267 040 
— (4) 215 4708 037 
— (4) 199 2088 563 
— (4) 184 4526 447 
—(4) 171 0879 069 
— (4) 158 8209 135 
— (4) 147 6755 863 
— (4) 187 4910 631 
— (4) 128 1696 351 
— (4) 119 6249 927 





(2) 992 2522 916 
(2) 934 3629 062 
(2) 880 8921 721 
(2) 831 4262 696 
(2) 785 5970 435 
(2) 743 0762 284 
(2) 703 5704 944 
(2) 666 8171 844 
(2) 632 5806 352 
(2) 600 6489 945 





























— (8) 428 0188 665 
— (3) 895 4651 013 
— (8) 365 9492 561 
— (3) 339 1372 874 
— (8) 814 7372 425 
— (8) 292 4933 039 
— (3) 272 1807 658 
— (3) 253 6017 829 
— (3) 236 5817 616 
— (3) 220 9662 884 





TaB_e III. Contin. 










































(4) 762 1897 299 





(3) 288 6370 726 | 





p G | H | I 
4 9.277 7777 778 | 31.500 0000 00 | — 4 166 6666 667 
5 1.638 8888 889 5.696 4285 71 | —  .625 0000 000 
6 .489 1975 309 1.728 1746 03 | — _ .162 0370 370 
7 .189 3148 148 -678 5714 286 = | §=— — (1) 555 5555 556 
8 (1) 867 0033 670 | .312 7705 628 = | —(1) 227 2727 273 
9 (1) 443 3221 100 | -161 0750 361 § —(1) 105 2188 552 
10 (1) 246 3739 964 =| = (1) 900 8496 503. «=| «2S — (2) 584 1880 342 
11 (1) 146 0113 960 | = (1) 536 1305 361 | — (2) 291 3752 914 
12 (2) 910 8175 775 | (1) 8835 7753 358 +=§ — (2) 168 3501 684 
13 (2) 592 4630 925 | (1) 219 1558 442 | ~—(2) 101 9813 520 
14 (2) 899 0698 844 | (1) 148 0504 789 | —(3) 642 7396 133 
15 (2) 276 8700 073 =§—sis (1): 102. 9770 883 §=6s_—--s§-s — (8) 418 9710 072 
16 (2) 197 0266 289 (2) 734 4485 750 | —(8) 281 1515 969 
17 (2) 143 8321 867 (2) 535 8457 172 | —Q(8) 198 4984 520 
18 (2) 106 8047 051 (2) 897 7468 180 | —(8) 136 1655 773 
19 (3) 802 0087 354 (2) 800 5508 423 «=| 4 —(4) 977 2649 092 
20 (3) 614 3455 464 (2) 230 5519 670 | — (4) 713 8282 815 
21 (3) 477 0563 504 (2) 179 2607 342 =£=8 —(4) 529 7059 073 
22 (8) 875 0317 824 (2) 141 0888 882 § —(4) 398 7240 829 
23 (8) 298 1318 199 | (2) 1122790253 = —(4) 304 0437 823 
24 (3) 239 4188 385 | (3) 902 5595 982 | —(4) 234 6016 839 
25 | (8) 194 0625 129 | (8) 782 2387 757 |= —(4) 182 9893 134 
26 | (3) 158 6457 484 | «= (3) 599 1052 098 «= | «Ss — (4) 144 1586 899 
27 (3) 180 7157 487 (8) 494 0142 871 | —(4) 114 6150 571 
28 (3) 108 4881 693 | (8) 410 8053 046 «=6| #—(5) 919 0331 771 
29 (4) 906 4889 024 (8) 843 0670 491 — (5) 742 7531 065 


— (5) 604 7060 644 
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G 


H 


I 











(4) 644 6143 698 
(4) 548 1597 365 
(4) 468 5267 177 
(4) 402 3883 293 
(4) 347 1491 475 
(4) 800 7691 346 
(4) 261 6333 886 
(4) 228 4549 781 
(4) 200 2018 476 
(4) 176 0413 887 


(4) 155 2980 924 
(4) 137 4209 637 
(4) 121 9582 775 
(4) 108 5378 981 
(5) 968 5184 014 
(5) 866 4408 821 
(5) 777 0093 339 
(5) 698 4326 605 
(5) 629 2039 812 
(5) 568 0508 727 


(5) 513 8951 063 
(5) 465 8199 257 
(5) 423 0433 383 
(5) 384 8962 284 
(5) 350 8043 493 
(5) 320 2734 532 
(5) 292 8769 663 
(5) 268 2457 390 
(5) 246 0594 916 
(5) 226 0396 541 





(3) 244 2553 521 
(3) 207 8215 248 
(3) 177 7226 042 
(3) 152 7092 964 
(3) 131 8062 464 
(3) 114 2462 443 
(4) 994 2153 905 
(4) 868 4748 736 
(4) 761 3518 525 
(4) 669 7069 867 


(4) 590 9918 365 
(4) 523 1265 867 
(4) 464 4052 586 
(4) 413 4217 613 
‘4) 369 0118 490 
(4) 330 2073 010 
(4) 296 1995 495 
(4) 266 3106 562 
(4) 239 9700 363 
(4) 216 6957 015 


(4) 196 0790 767 
(4) 177 7726 528 
(4) 161 4871 545 
(4) 146 9470 334 
(4) 133 9561 487 
(4) 122 3196 643 
(4) 111 8756 310 
(4) 102 4838 617 
(5) 940 2269 581 
(5) 863 8628 886 


— (5) 495 6983 299 
—- (5) 408 9511 222 
— (5) 339 4156 620 
— (5) 283 2960 613 
— (5) 237 7130 860 
— (5) 200 4645 968 
— (5) 169 8531 110 
— (5) 144 5604 783 
— (5) 123 5559 644 
— (5) 106 0282 578 


— (6) 913 3476 310 
— (6) 789 6349 360 
— (6) 685 0422 397 
— (6) 596 2650 055 
— (6) 520 6276 854 
— (6) 455 9534 388 
— (6) 400 4629 352 
— (6) 352 6952 975 
— (6) 311 4460 044 
— (6) 275 7178 590 


— (6) 244 6820 797 
— (6) 217. 6472 765 
— (6) 194 0346 002 
— (6) 173 3577 488 
— (6) 155 2068 121 
— (6) 139 2351 667 
— (6) 125 1488 019 
— (6) 112 6975 927 
— (6) 101 6681 399 
— (7) 918 7787 461 














.555 5555 556 
1) 694 4444 444 
(1) 154 3209 877 
(2) 462 9629 630 
(2) 168 3501 684 
(3) 701 4590 348 
(3) 323 7503 238 


(3) 161 8751 619 
(4) 863 3341 967 
(4) 485 6254 856 
(4) 285 6620 504 
(4) 174 5712 530 
(4) 110 2555 282 
(5) 716 6609 334 
(5) 477 7739 556 
(5) 325 7549 697 
(5) 226 6121 528 


TABLE III. Contin. 


J 


p 


J 





(5) 160 5169 416 
(5) 115 5721 980 
(6) 844 5660 620 
(6) 625 6044 903 
(6) 469 2033 678 
(6) 355 9473 824 
(6) 272 8929 932 
(6) 211 2719 947 
(6) 165 0562 459 
(6) 130 0443 149 


(6) 103 2704 854 
(7) 826 1638 832 
(7) 665 5209 059 
(7) 539 6115 453 
(7) 440 2094 185 
(7) 361 1974 716 
(7) 297 9879 141 
(7) 247 1119 288 
(7) 205 9266 073 
(7) 172 4036 712 











41 
42 
43 


44 | 
45 | 
46 | 


47 


48 | 
49 | 
50 | 
51 | 
52 | 


53 


| 54 | 
| 55 | 


56 


57 | 


58 
59 
60 


(7) 122 4240 211 
(7) 103 7942 787 
(8) 883 3555 638 
(8) 754 5828 774 
| (8) 646 7424 663 
| (8) 556 1985 210 
| 


| 
| (7) 144 9758 144 


(8) 479 8575 476 
(8) 415 2613 392 
(8) 360 4155 020 


(8) 313 6949 739 
(8) 273 7701 591 
(8) 239 5488 892 
(8) 210 1306 046 
(8) 184 7700 144 
(8) 162 8481 482 
(8) 143 8491 976 
(8) 127 3419 126 
(8) 112 9645 999 
(8) 100 4129 777 














SUR UNE GENERALISATION DU THEOREME DE ROLLE 
AUX FONCTIONS D’UNE VARIABLE COMPLEXE. 
APPLICATION AUX FONCTIONS ENTIERES 
DE GENRE ZERO ET UN.* 


Par J. Drzeuponne. 


L’intérét du théoreme de Rolle dans la théorie des fonctions d'une 
variable réelle réside dans sa grande généralité. Au contraire, si on 
essaie de l’appliquer 4 une fonction d’une variable complexe, on est obligé 
de supposer la fonction réelle sur l’axe rée}, ce qui restreint considérablement 
la portée du théoreme. II est d’ailleurs & peu prés évident a priori que 
cette restriction est en grande partie artificielle, car on congoit que si on 
déplace légérement les zéros de la fonction en dehors de l’axe réel, les zéros 
de la dérivée doivent subir également un léger déplacement, et par suite, 
le théoréme de Rolle doit pouvoir se généraliser d’une maniére convenable 
aux fonctions queleonques d’une variable complexe. 

Si on considére deux zéros d'une telle fonction, la premiére question 
qui se pose est la suivante: que faut-il entendre lorsqu’on parle d’un point 
»situé entre“ ces deux zéros? L’idée la plus naturelle consiste 4 prendre 
un domaine limité par une courbe fermée passant par les deux zéros, et 
& considérer les points intérieurs & ce domaine; la courbe la plus simple 
est évidemment le cercle ayant pour diamétre le segment joignant les deux 
zéros. C'est ce domaine qui a été choisi dans ce qui suit, et il résulte 
de la méthode employée que ce choix est justifié & posteriori. 

Ce mémoire est divisé en trois parties. Dans la premiére, j’examine 
d’abord un cas particulier trés simple ot on peut affirmer l’existence d’un 
zéro et un seul de la dérivée dans le cercle défini ci-dessus. Je passe 
ensuite au cas général, et montre comment on peut obtenir le nombre 
de zéros de la dérivée dans ce cercle. Comme application de ce résultat, 
je démontre le théoréme de Rolle pour une fonction réelle sur l’axe réel, 
ainsi que le théoreme de Laguerre pour les fonctions entiéres de genre 
zéro et un, A zéros réels et sans facteur exponentiel imaginaire; je 
montre de plus que ce théoréme s’étend dans certains cas lorsqu’il existe 
un tel facteur. 

Les deuxiéme et troisitme parties sont consacrées A l’application des 
résultats précédents aux fonctions entiéres de genre zéro; dans la deuxiéme 
partie, j’examine le cas des fonctions d’ordre positif, et dans la troisiéme, 


* Received February 6, 1929. 
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les fonctions d’ordre nul. Dans les deux cas, je montre que moyennant 
des hypothéses assez larges sur la distribution des zéros dans le plan, 
on peut étre assuré de l’existence d’un zéro et un seul de la dérivée dans 
chaque cercle ayant pour diamétre le segment joignant deux zéros consécutifs, 
& l'exception d’un nombre fini de ces cercles. 

M. Einar Hille, professeur 4 l'Université de Princeton, a bien voulu 
s’intéresser & mes recherches; je lui exprime ici toute ma reconnaissance 
pour les bons conseils qu’il m’a donnés pendant la rédaction de ce travail. 


i 

1. Considérons une fonction f(z) holomorphe dans un certain domaine (D) 
du plan de la variable complexe z. Soient z, et z, deux zéros de f(z), situés 
dans le domaine (D), et tels de plus que le cercle (C) ayant pour diamétre 
le segment 2, z2 ne contienne a son intérieur aucun autre zéro de f(z). 

Par une transformation de la forme z e” (e—2z), nous pouvons toujours 
nous ramener au cas oil 2; = +4, 2, = —A, 4 étant une quantité réelle 
et positive. 

es S@) = @—) gle) 
g(z) étant holomorphe dans (D) et ne s’annulant pas dans (C). Les zéros 
de f’(z) sont racines de I’équation 


Yee ee ae 
(2 i*) gs) +2e = 0. 


L’équation précédente s’écrit 
22+ 2d2u(z)—/4? = O. 
En résolvant cette équation du second degré en z, il vient 
e = 4[+(1+u?)?—u] = Fle). 


Nous allons chercher & quelles conditions cette équation posséde des racines 
intérieures au cercle (C). 

Supposons d’abord que les deux déterminations de F(z) soient uniformes 
dans le cercle (C), et de plus, que l’une de ces déterminations fasse corre- 
spondre au cercle (C) un domaine (I) intérieur 4 (C). Le nombre des 
racines de ]’équation z = F(z) intérieures 4 (C) est alors donné par l’intégrale 
de Cauchy 

1 (' F’(e)—1 1 
Oe at ae FO dz = On (are [F'(e) — 2]}<, 





F(z) étant pris avec la détermination précédente. 
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Or, lorsque le point P, d’affixe z, parcourt le cercle (C) dans le sens 
positif, le point Q, d’affixe F(@), décrit d’une maniére continue la frontiére 


de (1), et par suite le vecteur PQ se déplace de maniére continue. D’ailleurs, 


si PX est la normale extérieure en P au cercle (C), PX et PQ sont 
toujours de part et d’autre de la tangente en P. Si P varie de Py a P, 
sur le cercle, on a done 


larg PXtp, — m ms larg PQ}, Ss larg PX}, +m 


si P décrit tout le cercle, 


‘ore PXtc = 2x. 
Done, 


i larg PQtc < 3a. 


— 
Mais PQ revenant & sa position initiale, son argument a varié d’un multiple 
de 27”. Par suite, 


larg PQle = 
et 
% == 1. 


2. Cherchons & quelles conditions doit satisfaire la fonction g’(z)/q(z) 
pour que F(z) remplisse les conditions précédentes. 
Posons 
F(z) = Ut) = 4[404+ 2)? — uJ, 


les plans des variables U et z étant toujours supposés confondus par la 
suite. Lorsque U décrit le domaine (J) intérieur 4 (C), u décrit le do- 
maine correspondant A (1) par la transformation 


pet & ie 
«= 3(7-7): 


Cette transformation fait correspondre a l’intérieur du cercle (C) le plan tout 
entier de la variable u, coupé par le segment Z joignant les points +7 et —i. 
Lorsque U décrit le domaine (7), uw décrit done un domaine (4’) qui ne 
rencontre pas la coupure précédente. 

Réciproquement, si u(z) décrit un tel domaine, lorsque z décrit le cercle (C), 
les deux déterminations de U(u) sont uniformes dans (A4’), et de plus, 
lune d’elles décrit un domaine intérieur 4 (C). Les conditions requises 
pour F(z) sont done vérifiées. 
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Si on revient enfin 4 la fonction g’(z)/g(z), on voit qu’elle décrit un 
domaine (4) assujetti & la seule condition d’étre intérieur au plan coupé 
par les portions de l’axe imaginaire extérieures au segment joignant les 
points +7/4 et —i/d. 

Nous obtenons donc le théoréme suivant: 

I. Si la transformation Z = gq’ (e)/g(z) fait correspondre a Vintérieur 
du cercle (C) un domaine (4) tel que lon n’ait jamais simultanément 
X = 0, |Y|>1/A (en posant Z= X+iY) en un point de ce domaine, 
Véquation f’ (2) = 0 admet une racine et une seule a Vintérieur de (C). 

3. Etudions maintenant de plus prés ce qui se passe lorsque les conditions 
précédentes ne sont pas remplies. 

Nous supposerons d’abord que la correspondance entre les domaines (C) 
et (4) est biunivoque. 

Considérons le domaine (4’) décrit par uw. Sa frontiére coupe le 
segment Z en un nombre fini de points. Remarquons d’ailleurs que (4’) 
ne peut contenir le point « = 0, puisque par hypothése g(z) ne s’annule 
pas dans le cercle (C). En particulier, le segment Z ne peut pas étre 
tout entier intérieur au domaine (4’), 

Les segments de ZL intérieurs 4 (4’) sont de deux sortes (Fig. 1): 
ou bien, comme MN, leurs extrémités sont intérieures & L; ou bien, 
comme BR, une de leurs extrémités est confondue avec une extrémité 
de L. 

On peut alors, par des coupures convenable- 
ment choisies (par exemple, des droites paral- 
leles & Z et assez rapprochées), diviser (4’) en 
un nombre fini de domaines de trois espéces 
différentes, suivant que leur frontiére coupe L 
en 0, 1 ou 2 points. 

Soit U, = 4[(1 + w)"?—u] la détermination 
de U qui fait correspondre au plan des wu armé 
de la coupure LZ, Vintérieur du cercle (C). 
Cette transformation fait correspondre aux do- 
maines de premiére espéce des domaines in- 
térieurs 4 (C). 

Considérons un domaine de troisiéme espéce(V). 
On peut le décomposer en deux domaines (V;) 

Fig. 1. et (Vz) par la portion MN de la coupure L 
qui lui est intérieure (Fig. 1). 

Chacun de ces deux domaines étant intérieur au plan armé de la coupure L, 
la transformation U = U,(u) leur fait correspondre deux domaines (v,) 
et (v,) intérieurs au cercle (C). Mais aux deux bords de la coupure MN 
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correspondent deux ares différents m,n, et mym, de (C). D ailleurs, si 
u est un point de la coupure Z, on voit de suite que 


SO} = —agtu}. ai 


Done, les arcs mm et mz %- 
sont symétriques par rapport 
i l’axe imaginaire, et les droites 
mM, et Nz COupent cet axe 
en M’ et N’ donnés par 


3{m'} = —1~9{mM} 
SiN’} =—Ag{y}. 
Comme toute représentation con- 
forme conserve l’orientation, on 
voitsans peine qu’au domaine( V;) 
situé a droite de ZL, correspond 
le domaine (v,) situé dans le demi- 
cercle de droite, et la propriété 
analogue pour le domaine (V3). 

Si nous considérons enfin un domaine de deuxiéme espéce, en introduisant 
la coupure & deux bords BR, on le transforme en un domaine (W) intérieur 
au plan armé de la coupure L (Fig. 1). Comme précédemment, on voit que 
la transformation U = U,(u) fait correspondre & (W) un domaine (w) 
intérieur & (C), et limité, d’une part par la transformée de la courbe limi- 
tant (W) d’autre part par un are 7,72 du cercle (C), symétrique par 
rapport a l’axe imaginaire; la corde 7,r; coupe cet axe au point 7’ 
donné par 


(Fig. 2) 








Fig. 2. 


S{R} = —AG{R}. 


En définitive, nous avons décomposé (4’) en domaines tels que chacun 
d’eux ait pour image dans le plan des U un domaine intérieur a (C). 


at g (2) 1 ’ it 
) ‘ UT . : tet ee j : a 
D’ailleurs, la correspondance aa ke entre (4) et (C) étant biuni 


voque, & chaque domaine partiel de (4’) correspond un domaine partiel de 
(C), Yensemble de ces derniers recouvrant une seule fois tout le cercle (C). 

4. Ceci posé, pour avoir le nombre de zéros de f’ (z) dans le cercle (C), 
il suffit de prendre le nombre des zéros de /’ (2) dans chaque domaine 
partiel de (C) et d’en faire la somme. On a done 


Wee sh Pe Ghewrtk 
R= ons rf. F(2)—z dz, 








Peat pir wR Se Speyer ei 
P- Pu aS Due ee 


sr 
a 


was 


~s = mia i CG 
eke aoe fs ar alt 
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Cy désignant la frontitre du k* domaine partiel, parcourue dans le sens 
positif par rapport & ce domaine. 

Les coupures qui partagent (C) en domaines partiels sont de deux 
sortes, suivant qu’elles correspondent, dans le plan des uw, aux segments 
de la coupure Z, ou aux coupures artificielles que nous avons tracées dans 
la premiére décomposition de (d’). 

Lorsque l’on parcourt les frontiéres des domaines partiels de (4’), 
chacune de ces coupures artificielles est parcourue deux fois, dans des 
sens différents. Comme a un point d’une de ces coupures correspond un 
point et un seul du plan des U, il s’ensuit que les deux intégrales corre- 
spondant & chaque coupure artificielle ont pour somme zéro. On peut 
done négliger ces coupures dans |’évaluation de n. 

Supposons d’abord que (A’) se compose simplement d’un domaine de 
troisiéme espéce (V), coupant Z aux points M et N. Soient P et Q les 
points du cercle (C) correspondant respectivement 4 M et N dans la 


U 
; ) ‘ 
transformation ve a = x , P1Q la courbe correspondant au segment MN. 


On a 


rates doe Soot Snot Joust / 


QP et PQ désignant les deux arcs du cercle (C) d’extrémités P et Q, 
parcourus dans le sens positif. 

m,n, et myny ayant la méme signification que ci-dessus, nous ferons les 
hypothéses suivantes: 


SIM} < BIN}, HP} > FM}, F{QMB< GIN. (Fig. 2) 

On a 
1 F’@—1, _ => \@ 
4 no FO— dz = {ang Br)" 


R étant un point décrivant P/Q, r; le point qui lui correspond sur l’are 
de cercle m, 7. 
De méme 
1 ( F'@—- “il wl 
= i Lt. aed 3 dz = {arg Rr,| , 
t Jor Fle)—e2 9 


rg étant le point correspondant a FR sur l’are de cercle myn. Done 


; -* = PR \arg Rn, Ye larg Rr}? = {arg Rr — arg Rr;}° 


= (Or, Qn) a (Pins, Pm). 
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On a de méme 

1 F'(z)—1 i —>\P 

i Jo Fe)—e {arg Se, 
S étant un point décrivant l’arc de cercle QP, s le point correspondant 
sur la courbe n,m. 

Enfin . P@—1 om 
)— @ 

“a - Fi) =. = {arg Ss}*, 
S décrivant cette fois l’are de cercle PQ, s la courbe mn;,. A chaque 
point S de la circonférence (C), attachons un vecteur de la maniére suivante: 
S partant de Q et décrivant QP, & chaque point S correspondra le 

~~ 


vecteur Ss le joignant au point correspondant s sur la courbe ,m,. 


Smal 
Lorsque S arrive en P, ce vecteur a la position Pm,; le point S restant 
fixe en P, faisons déplacer de facgon continue le point s de m, en m;:, sur 


> 
la corde m,m, par exemple; la position finale du vecteur est Pm,. Le 


= 
point S décrivant alors PQ, on lui attache le vecteur Ss le joignant au 
point correspondant s sur la courbe mgn,. Enfin, S étant arrivé en Q, 


—_ 
le vecteur a la position Qn.; S restant fixe en Q, faisons déplacer s de 
fagon continue de my en »,, sur la corde mgn,. La position finale du 


os 
vecteur est Qn,, c’est-d-dire qu’il est revenu a sa position initiale. 

Nous avons done un vecteur ayant pour origine un point de la circon- 
férence (C), qui, lorsque ce point décrit la circonférence, reste constamment 
dirigé vers l’intérieur et revient & sa position initiale, en variant d’une 
facon continue. Par conséquent, d’aprés un raisonnement antérieur, la 
variation de son argument le long du cercle est 27. Or, étant données 
les positions respectives de P,Q, M’, N’, cette variation, d’autre part, 
est égale a 


arg Ss} — (Pins, Pm,| + \arg Se}? — (om, Qn). 


Nous avons donc la relation 


+f ++ {6 = 2a+ (Ps, Pm,| + (Qm, Qn] 
2 PQ a QP 


et finalement, il vient 


nn = 2+ (Pam, Pr) + (Qo, Oma) + (Qa, Om) — (Pong, Pm) 
= 4n, 
a 9. 
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Ce résultat tient 4 la position particuliére des points P et Q par rapport 
a M’ et N’. 

En considérant toujours le cas ott le domaine (4’) se réduit & un domaine 
de troisitme espéce, nous pouvons toujours supposer ¥{M’}< J{N’}, ce 
qui est une simple convention de langage. Si P et Q sont les points 
correspondant respectivement 4 M’ et N’, on peut avoir les cas suivants: 


1°) SP > RM}, H{a<F{N'}, 
c’est le cas précédent, et alors n = 2; 
2°) SPS MM), BMWs’), 


un raisonnement tout a fait analogue montre alors que » = 1; 


3°) BIPH< RM}, HQ BIN}, 
on a encore n = 1; 

4°) SP}< BM}, HBr’, 
dans ce cas n = 0. 

On peut poser n= 1+4, 6 étant égal A +1, 0 ot —1 suivant qu’on 
est dans l’un ou l’autre des quatre cas précédents. Nous dirons que 6 est 
Yindice de la coupure P/Q. Il résulte de la discussion précédente que 
lon a d'une facon générale 


og — .S1PI-3tM') 


a) 28 = _HQI—FN') 
" ~ TSPI—SOe — TSS” 





Si on examine de méme le cas ow (A’) est un domaine de seconde espéce, 
on aura encore quatre cas & considérer. Leur étude s’effectue de la méme 
fagon que celle qui vient d’étre détaillée. On constate sans difficulté que 
lon a encore n—1-+46, et que 6 est encore donné par la formule (1), 
en supposant, suivant les cas, que M’ est confondu avec — 27 ou N’ avec +i; 
dans le premier cas, on a évidemment 

S{P}—F{w’} 
IS{P}—F{M’}| 


HQ—SIN} _ 
I S{Qi— Bi} | 
quelle que soit la position des points P et Q. 
Les domaines de seconde espéce peuvent donc étre considérés, ainsi qu’il 
paraissait évident & priori, comme des cas limites des domaines de troisiéme 
espéce. 





= +1, 


et dans le second 
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Nous sommes maintenant en mesure d’examiner ce qui se passe dans le 
cas général ot: le domaine (4’) est quelconque. En décomposant, comme 
il a été dit, ce domaine en domaines partiels des trois espéces, et en se 
rappelant que la contribution des coupures qui séparent ces domaines est 
nulle dans l’évaluation de nm, on arrive finalement au théoréme suivant: 

II. La correspondance Z = g'(2)/g(z) entre.le cercle (C) et le domaine (4) 
étant supposée biunivoque, le nombre des zéros de f’ (2) & Vintérieur de (C) 
est donné par la formule 


(2) n = 1+> dx, 















le nombre 0% étant Vindice de la k* coupure du cercle (C); la valeur de 4, est 
Wailleurs donnée, pour chaque coupure, par la formule (1), et la sommation 
est étendue a toutes les coupures. 

5. On peut s’affranchir de la restriction imposée & la transformation 
Z = (2)/g(z). En effet, considérons, en général, la surface de Riemann 
définie par la transformation 






aie Ba 
. a ve 
















Lorsque le point z décrit le cercle (C), le point uw décrit un domaine (4’) 
sur cette surface, et il y a correspondance biunivoque entre les points de (4’) 
et les points de (C). Si dans chacun des feuillets, nous tragons la coupure L 
joignant les points +7 et —7, on pourra répéter, en général, pour la 
portion du domaine (4’) située dans ce feuillet, les raisonnements précédents; 
il peut toutefois se présenter un cas particulier, lorsque l’un des points +7 
ou —z est précisément un des points de ramification de la surface de 
Riemann. Les coupures L correspondant aux divers feuillets qui se ramifient 
en ce point ne forment plus alors qu’une seule coupure sur la surface de 
Riemann, et il devient nécessaire de considérer des portions du domaine (4’) 
s’étendant sur plusieurs feuillets. 

Le raisonnement conduisant au Théoréme II ne peut toutefois s’achever 
que si le domaine (4’) ne s’étend que sur un nombre fini de feuillets. 

Cette propriété résulte immédiatement du fait que la fonction g’ (2)/g(z) 
est holomorphe dans un domaine (D) comprenant a son intérieur le cercle (C), 
ainsi que nous l’ayons toujours supposé jusqu’ici. 

En effet, si § est un point intérieur au cercle (C) ou situé sur la frontiére, 
au point Z = g(&)/g (§) correspond un nombre fini de points z du cercle (C), 
sans quoi la fonction Gs) _-g ne serait pas holomorphe dans (D). 


g (2) 
D’autre part, nous allons montrer qu’il ne peut exister une suite infinie 


de points 2, 22,---, 2n,--- intérieurs & (C) ou sur sa frontiére, telle que, 
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N étant un nombre arbitrairement grand, on puisse trouver un point z, de 
cette suite de maniére que |’équation 


g(z) gn) _ 9 
9 (2) g (én) 
ait plus de N racines dans le cercle (C). 


En effet, s’il existait une telle suite, elle aurait au moins un point 
limite z, situé & V’intérieur de (C) ou sur sa frontiére. L’équation 





_ g&) _ J (&) be 
gz) ge) 





a un nombre fini %) de racines situées dans le cercle (C) ou sur sa fron- 
tiére. On a d’ailleurs 
rey gy’ (2) 
m= ari Jo ge)” 


(C) étant une courbe intérieure & (D), comprenant (C’) a son intérieur, 
et ne passant par aucun des zéros de (cz). 

Si dans l’intégrale précédente, on remplace z par §, § restant & l’intérieur 
d’un petit cercle (y) de centre z et intérieur 4 (C’), V’integrale est une 
fonction continue de § dans (vy); sa valeur étant un nombre entier, elle 
reste constante, et par suite le nombre des racines de |’équation 


g()_ g®) _ 9 
gz) = g (&) 


intérieures & (C), est égal & mo quelle que soit le point & intérieur a (y). 
Or, ceci est en contradiction avec l’hypothése, puisque dans (y) on peut 
trouver un point z, tel que l’équation 








f@) _ Jl) 9 
9 (2) g (Zn) 


ait plus de N racines intérieures & (C), quel que soit JN. 
Le nombre des racines de |’équation 


g' (2) os 

9 (2) ss Sta 
a done un maximum Np lorsque Z décrit le domaine (A); celui-ci s’étend 
done au plus sur Np feuillets, et la démonstration du Théoréme II s’achéve 
sans difficulté, en prenant garde au fait que les indices des coupures du 
cercle (C) seront calculés différemment lorsque la surface de Riemann admet 
l'un des points +7 comme point de ramification. 
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Remarque 1. Nous avons toujours supposé implicitement, dans les rai- 
sonnements précédents, que l’équation f’(z) = 0 n’avait pas de racines sur 
la circonférence (C). Si ce cas exceptionnel se produit, on exclut un petit 
are du cercle (C) ayant pour milieu la racine z considérée, et on le remplace 
par un demi-cercle de centre z intérieur 4 (C). On constate alors que la 
recherche du nombre de zéros de f’(z) dans la nouvelle aire ainsi délimitée 
dépend des propriétés de la dérivée de g’(z)/g(z) au voisinage du point Z. 

Remarque 2. On peut se demander pourquoi l’on a choisi le cercle (C) 
plutét que tout autre domaine dont la frontitre passe par les points + 2 
et —4A, pour caleuler le nombre des zéros de f’(z) dans le voisinage de 
ces deux points. La raison en est la suivante: l’équation dont on cherche 
les racines est de la forme 


z= O[y(e)}, 


yw (z) étant une certaine fonction holomorphe donnée, et ® une fonction 
telle que la transformation 
U = Olu) 


transforme le plan armé de la coupure Z en l’intérieur du cercle (C). Si 
on considére une autre coupure L’ joignant les points +7, au plan armé 
de la coupure L’ correspondra par la transformation précédente l’intérieur 
d’un autre domaine (C’); mais une fois la coupure choisie, le domaine oi 
l’on peut appliquer la méthode précédente est parfaitement déterminé. La 
seule condition imposée & la frontiére de (C’) est done de passer par les 


points +47 et d’étre invariante par la transformation 7 = — Le 


cercle(C) est évidemment la plus simple des courbes répondant a ces conditions. 
6. Nous allons appliquer le Théoréme IT tout d’abord 4 la demonstration 
du théoréme de Rolle pour les fonctions analytiques réelles sur l’axe réel. 


Soit donc 
Se) = ( —#*) 9), 


g(e) étant réelle sur l’axe réel, holomorphe et sans zéro dans le cercle (C). 
Le domaine (4’) décrit par le point « = g(z) [Ag’(e)]} est alors symétrique 
par rapport 4 l’axe réel. Il s’ensuit que chaque coupure de (4’) est symé- 
trique d’une autre coupure de (4’) par rapport a l’axe réel, ou bien est sa 
propre symétrique par rapport 4 cet axe. Mais ce dernier cas est im- 
possible, puisque alors le point « = 0 serait intérieur 4 (4’). Les coupures 
de (A’) sont donc en nombre pair et deux 4 deux symétriques par rapport 
& l’axe réel. Or, on constate immédiatement, d’aprés la formule (1) que 
les indices de deux coupures symétriques sont égaux. Le nombre des 
zéros de f’(z) intérieurs & (C) est done 
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nm = 1+2p 


p étant un nombre entier positif ou nul. Comme il y a un nombre pair 
de ces zéros qui sont imaginaires, on voit qu’il y a au moins un zéro, et 
en tout cas un nombre impair de zéros réels situés entre +2 et —4. C’est 
le théoréme de Rolle. 

On a supposé implicitement qu’il n’y avait pas de coupures singuliéres, 
c’est-a-dire que la surface de Riemann n’admettait pas les points +7 
comme points de ramification, et qu’il n’y avait pas de zéro de /f’(z) sur 
le cercle (C). Sil y a des coupures singuliéres, elles sont encore deux A 
deux symétriques par rapport & l’axe réel, et on pourra voir dans chaque 
cas particulier, que la somme de leurs indices est encore un nombre pair. 
De méme, si on suppose que f’ (A) et ’(—A) ne sont pas nuls, les zéros 
de f’(z) situés sur le cercle (C) sont deux & deux symétriques a l’axe 
réel, et on verra encore sans difficulté que leur contribution dans |’évaluation 
de m est un nombre pair. : 

Enfin, on a supposé que f(z) n’a ni zéros, ni poles a l’intérieur de (C). 
Si on suppose seulement que f(z) n’a ni zéros, ni poles sur |’axe réel, et 
un nombre fini de zéros et de pdles dans (C), ce nombre est pair, et les 
zéros et les péles intérieurs & (C) sont deux & deux symétriques. Or, un 
zéro ou un pole donne naissance & une coupure de (A’) comprenant le 
point 0 a son intérieur; ces coupures sont donc deux a deux symétriques, 
et leur contribution dans la valeur de m est un nombre pair. 

Le théoréme de Rolle est done démontré 4 condition que f(z) n’ait pas 
de points singuliers essentiels & l’intérieur de (C). On pourrait d’ailleurs 
se débarrasser de cette derniére restriction en entourant les points essentiels 
de courbes convenables, et en évaluant le nombre de zéros de /’ (2) com- 
pris entre ces courbes et le cercle (C); on invoquerait encore la symétrie 
par rapport a l’axe réel, ce qui permettrait d’établir le théoreme de Rolle 
dans toute sa généralité. 

7. Comme autre application du Théoréme II, nous allons étudier les 
fonctions entiéres de genre zéro et un, 4 zéros réels, et prenant des va- 
leurs réelles sur l’axe réel. Une telle fonction a la forme 


feo =e TI (1—Z Je, 


n 
les nombres k et a, étant réels, et la série >) a~* convergente. 
Soient dn, dnji1 deux zéros simples consécutifs de f(z). Avec les no- 
tations antérieures, on aura 


£9 —r¢ tpt 45 (+2), 


g (2) An An+1 2— Ap Ap 


















GENERALISATION DU THEOREME DE ROLLE. 91 


le signe >” signifiant que la sommation est étendue a tous les zéros, sauf 
fn et An+1- 

Je dis d’abord que la transformation « = u(z) entre (C) et (d4’) est 
biunivoque. En effet, si 2; et z, sont deux points de la circonférence (C) 
tels que R{z,} >R{z.}, et ap un zéro quelconque de g(z), on a 


nf! _}egi1_| 


4 —— Ap Vz, — ap! 
















et par suite 








jg’) fg’ (es)\ 
V9 (e:) <* Vg (zs)! : 













Comme d’ailleurs 3 {g'(2)/g(2)} +0 sauf pour z = a, et z= ay41, On en 
déduit que la frontiére de (A’) est une courbe continue sans point double. 
Par suite*, & un point de (A’) correspond un point et un seul de (C). 
Ceci posé, soit z= x+y un point de la circonférence (C), et supposons 
que ¥{z} = y>0. 
On a 











io I @) = = ! y "G 
g(e) hia tgl 










d’ott 





Flu} >o. 
Si le point z considéré est une extrémité de coupure, on a de plus 
O{U} = —AZFlu} <0. 


Inversement, si ¥{z}<0, on aura ¥{U}>0. Done, quelle que soit la 
coupure P/Q du cercle (C), on a toujours 


SIP} SB{M} <0 et FQ FIN} <0. 






Comme M’ et N’ sont toujours d’un méme coté de l’axe réel, on a done, soit 


SIPJ> RM}, S{Qh> BN}, 
soit 






Pi AC Ts ali a IN Nat gag no) He lig = 5 dint A Sas ila ak 





SIP}<BiM}, HQ < BN}. 


* Cf. par exemple Picard, Traité d’Analyse, t. II, 3¢ éd., p. 328, 
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Done, d’aprés la formule (1), l’indice d’une coupure quelconque du cercle (C) 
est 6 = 0, et par suite » = 1. Nous retrouvons ainsi le théoréme de 
Laguerre. 

Les difficultés relatives aux zéros def’ (z) situés sur la circonférence (C) 
ne se présentent pas ici, puisque l’on sait 4 priori que /’(z) n’a pas de 
zéros imaginaires. 

8. La propriété qui nous a conduit au théoréme de Laguerre va nous 
permettre d’aller plus loin. 


Considérons la fonction 
Fe) = &*f(2), 


« étant un nombre réel, et f(z) la fonction entiére précédente. En posant 
F(e) = (¢—4an)(@— anj1)G(z), on a 


5 RR 
GQ) Tg@* 


Autrement dit, le domaine (A) relatif 4 la fonction F(z) se déduit du 
domaine (A) relatif & f(z) par la translation @7, 

Soit P un point de la circonférence (C) correspondant a l'un des points wu 
ou la frontiére du domaine (A) relatif & f(z) coupe l’axe imaginaire. Si M’ 
est le point du plan des U correspondant 4 P, on a d’aprés ce qui précéde, 
¥{P}S{M'}<0. Relativement a F(z), P correspond au point pw’, déduit 
de mw par la translation «7, ott le domaine (4) relatif & F(z) coupe l’axe 
imaginaire. 

Supposons que e« croisse & partir de zéro. Le domaine (4) glisse de 
facon continue dans le sens positif de l’axe imaginaire. Plusieurs cas 
peuvent se présenter: 

1°) J{u}>1/2. P est extrémité de coupure pour f(z) et le reste 
pour F(z), quel que soit «>0. 

2°) 0<9{u}<1/4. P west pas extrémité de coupure pour f(z), mais 
le devient pour F(z) a partir d’une certaine valeur a de a, telle que 
tty <1/4., 

3°) S{#}<—1/4. P est extrémité de coupure pour f(z), et cesse de 
l’étre pour F(z) a partir d’une certaine valeur de «. 

Dans ces trois cas, les coupures qui subsistent, qui apparaissent ou 
disparaissent, ont pour indice zéro, car on a toujours ¥{ P}¥{M’'}<0. 





1 re aaa 
4°) — —< ¥{u} <0. Tant que « <1/A, P, qui n’était pas extrémité 


de coupure pour f(z), ne l’est pas non plus pour F(z). Mais lorsque mw 
arrive au point +7/4, P devient extrémité de coupure pour F(z), et cette 
fois-ci, on a 


JP} I (M'} > 0. 
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La coupure n’a donc pas nécessairement l’indice zéro. Ainsi, le nombre 
des zéros de F’(z) a l’intérieur du cercle (C) reste égal & un tant que la 
circonstance précédente ne se présente pas, en particulier tant que 
@| < 1/4. On en déduit la propriété suivante: 

III. Soit F(z) = e” f(z) une fonction de genre un a zeros réels a,, 
lg, +++, Gn,--+. Si Tona 


lel << 
ee | An+i— An| 





léquation F’(z) = 0 a une racine et une seule dans tout cercle ayant pour 
diamétre le segment joignant deux zéros consécutifs de F(z). 

Si le produit canonique de F(z) est d’ordre inférieur & un, | dn+1— dn! 
n’est pas borné supérieurement, donc le théoréme précédent donne zéro 
comme seule valeur acceptable de «. Au contraire, si le produit canonique 
est d’ordre supérieur & un, il y a toujours une suite infinie de quantités 
|€n+1— G| qui tendent vers zéro. Dans ce cas, quelle que soit la valeur 
de @, il y a toujours une infinité de cercles (C) contenant un zéro et un 
seul de F(z). 


II. 


1. Nous allons appliquer les généralités qui précédent A rechercher si 
le théoréme de Laguerre peut étré étendu 4 des fonctions entiéres de genre 
zéro non réelles, moyennant certaines hypothéses sur la distribution des 
zéros de la fonction. 

Les applications du Théoréme II que nous avons faites au chapitre pré- 
cédent ne supposaient rien sur la distribution des zéros le long de l’axe 
réel. Celd tient au fond a ce que si l’on déplace un zéro a, sur l’axe 


réel, la quantité 3 





epee garde toujours le méme signe. Si on suppose 
— On 


qu’au lieu d’étre disposés sur une droite, les zéros sont répartis sur une 
courbe quelconque du plan, il n’y a plus rien d’analogue a la propriété 
précédente; pour arriver 4 un résultat précis, il nous faudra donc faire 
des hypothéses supplémentaires sur la régularité de la suite des zéros de 
la fonction. Par ailleurs, le Théoréme II, par suite de sa généralité, est peu 
maniable; nous utiliserons done le Théoréme I exclusivement. 

Dans tout ce qui suit, nous supposerons d’abord l’ordre @ de la fonction 
non nul (0<e@<1). Nous poserons o = 1/o. 

2. Nous allons faire sur la distribution des zéros dans le plan les hypo- 
théses suivantes: 

A. Les 2éros a, a2, +++, An, +--+ étant supposés simples, et rangés par ordre 
de modules croissants, langle aigu « que fait le segment dn dni avec le 


a Toke on 7 yes . 
Dent i es A StS Sapbie ea “tee o geceee terme 
















A = = - Ee & +e * BR A Eat ate 
Jp neat gg artnctnes pata eee Tt Ra ines nates 


ee 


ce oe ae 
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rayon O Ay joignant Vorigine au milieu de ce segment, reste inférieur a un 
angle donné a < 7/2. 

B. Sotent (Sp) et (Sp) les cercles 
tangents au segment Gn Anti en son 
milieu An, et ayant pour rayons 
Ryn = Rn = K-OAn, K étant une 
constante convenablement choisie. Nous 
supposerons qu'il n’existe pas de zéros 
de f(z) intérieurs a l’un des cercles (Sn) 
ow (Sn), & exception, lorsque O est 
intérieur a un de ces cercles, ((Sn) 
par exemple), des zéros dont le module 
est inférieur & la plus petite distance 
de O a (S,) (Fig. 3). 

C. Enfin nous supposerons que le 
cercle (Cy) de diamétre an dn4i ne 
contient pas d’autres zéros de f(z). 

D’autres hypothéses seront intro- 
duites par la_ suite, lorsqu’elles 
deviendront nécessaires dans _ les 
calculs. 

D’aprés les notations du Chapitre I, nous désignerons par 24, = |dn41— dn 
le diamétre de (C,). Lorsque nous étudierons ce qui se passe dans ce cercle, 
nous nous référerons toujours aux axes A,& et A, (Fig. 3). 

Remarquons d’abord qu’il existe une relation nécessaire entre K et @. 
Faisons en effet sur la Figure 3 une similitude de centre O amenant le 
point A, au point bb = +1. Les cercles (S,) et (S;) sont transformés 
en des cercles (s) et (s’) de rayon K, quel que soit le nombre ». Supposons 
alors que le segment a» @ni1 fasse avec la droite OA, un angle @, quel 
que soit n, les arguments des zéros allant en croissant avec n. Les points 
b,, be, bg, ---, transformés par la similitude des points a@n+1, dn+2, Qn4s,-°-; 
sont les sommets d’une ligne brisée qui, par sa construction méme, est 
évidemment extérieure 4 la spirale logarithmique 





Fig. 3 


, = fare*. 
D’ailleurs, on peut toujours choisir les points a,, d2,---, d,,--- de sorte 
| Ap+1— Ap , a * 
que | sec mysane tende vers zéro lorsque n < p< Bn, B étant une constante 
n 


et » croissant indéfiniment. La portion de la ligne brisée comprise entre 
by et be—yn tend alors vers un are de la spirale lorsque  croit indéfiniment 
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(la construction de la ligne brisée n’est autre en effet que l’application de 
la méthode de Cauchy-Lipschitz 4 l’équation différentielle 


ov = tg a). 

Comme d’aprés l’hypothése B, la ligne brisée doit toujours rester ex- 
térieure au cercle (s), il faut et il suffit que (s) soit tout entier dans la 
concavité de la spirale logarithmique, c’est-a-dire que K< Ry, Ry étant le 
rayon de courbure de la spirale au point b). On a d’ailleurs Ry = 1/sin a, 
ce qui donne la relation cherchée 


(1) K sin @ <1. 


3. Ces préliminaires étant posés, nous allons appliquer le Théoréme I a 
l’intérieur de (C,), tout au moins a partir d’une valeur de  suffisamment 
grande. Nous restreindrons méme |’application de ce théoréme, en cherchant 
seulement a satisfaire a l’inégalité |Y|<1/4,. Dans |’évaluation de Y, 
nous négligerons donc tous les termes infiniments petits par rapport 4 1/An. 

On a 

= 9/2 (z)\ _ S = ee 
ge)! f 


et il nous faut chercher un maximum de cette expression lorsque z décrit 
le cercle (Cy). 

Si «= §-+7y est un point extérieur A (Ca) un calcul élémentaire 
montre que 


” s{}-}| <- 


i 
st——— oh d= +9’, 
— A, : 


lorsque z décrit le cercle (C,). Remarquons d’ailleurs que 4!<d, et par 
suite, on a aussi 
(3) $1} < a 
\e—az)| = d—i,° 
Soient alors deux nombres entiers m et g tels que 0 < m< n—1<n+2 <q, 
et que nous déterminerons par la suite de facon plus précise. Nous avons 


3{ 22 H< 1+ }/+3 + > +2. 


vist p=—n+2 i 


Choisissons pour m le plus petit nombre entier tel que am|>d, 6 étant 
la plus courte distance de O aux cercles (S,) et (Sn). Pour m< p< n—1, 
@» est done certainement extérieur aux cercles (S,) et (S,); par suite 
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: dy 
Np | < 2K-OA,° 
On en déduit 
py | 7 


> 
“ 








— | > " 2K-OA, 
a 4 
= Sir <2 p=m dy — 2, 





cette derniére somme s’écrit 
n—1 
1 An 1 | 
ecg +h heed 
Z\sr 0x tot ok. 04) Bo 
_ +s An <a 1 
~ 2K-OAn +4n(1+ 2K-OAn = £—2 


Pour évaluer la somme du second membre, il nous faut faire des hypo- 
théses supplémentaires sur les zéros de f(z). Remarquons d’abord que, 
la fonction étant d’ordre 9 >0, il est clair qu’on ne peut pas avoir, pour 
toute valeur de » & partir d’un nombre fixe m, 





| Qnti| — | An| 
| dn | 
quelque petit que soit le nombre positif c. Nous supposerons dans tout ce 
qui suit que les zéros vérifient l’hypothése suivante: 
D. A partir d'une certaine valeur de n, on a 





>c 


|@n—1|—|@n|  H’ 


Ped 
| On| is 


H’ étant un nombre positif indépendant de n; comme @ < @<a/2, on 


a aussi 

A | 
(4) ae ff H . 

An n 
H étant une autre constante positive. 


De cette hypothése, on déduit immédiatement les conséquences suivantes: 


soit n’<n, et posons | any’! = (1 —c)!an| on a | 
n—1 , la 
' 
clan| = |an|— dn| = D (\aps1| —|ap!)<H 2 ee, 
p=n pon p 
d’ot 


n—1 


‘ 1 
c|an|< H'|\an| > - 


pn 
et finalement 


2 
| 
A 


c 


_ 





M4 


A, 
n’ p 
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Par suite, si n’ = n—~r, r restant borné, c tend vers zéro avec 1/n; 
| an| et |an’| sont des infiniment grands équivalents. Au contraire, sin et n’ 
croissent indéfiniment de sorte que c reste supérieur 4 un nombre positif c%, 
on a, d’aprés l’inégalité précédente 
i) 
3 = Ss. ss 
log=7 > yr roe >i. 
En particulier, d’aprés la fagon dont on a choisi m, n/m reste supérieur 
& un nombre fixe supérieur 4 un. Donnons nous un nombre £ positif et 
arbitrairement petit, et soit m’ le plus grand nombre entier tel que 


'Am’| S (1 — 8) |an|. 


Ss 1 
Py were 


dp > | an|— |ap| > B\ an}. 
Donec ; 
AE <Z GS 


D’aprés (4), il vient — 


Considérons la somme 


On a 


m —m 


os phan (1 








Fa o 
Sai er} 
1 m' —m 
>< 2 
Pp m dp — dn #* an) (1 ~ | 





et par suite 





? 


S 1 1 nae 1 
b> ao < 
a —j2 ~ dn |an'/* ee x 
; a(t ed 


ou enfin, d’aprés (4) 


Ss 4 1 H? 
2 < 








H* \- 
Fat) 
C’est donc une quantité infiniment petite par rapport a 1/A,. 


Dans le calcul de 
n—1 1 


p=m d, a 


on peut donc négliger tous les termes de rang compris entre m et m’. 
Reste & calculer 











ee: Sige 
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Remarquons d’abord qu’on majorera certainement la somme précédente en 
supposant que tous les points a», sont sur le cercle (S,) (ceci dans le cas 
de la figure 3; ce serait le cercle (S,) dans l’autre cas). 


Nous ferons alors sur les zéros l’hypothése suivante: 


E. Lorsque — 8 < te — ltl < +, on a 


(5) 'dp+1|—|ap| 2 h[|anti| — | anal], 


h étant un nombre compris entre zéro et un, indépendant de n, et qui sera 
déterminé par la suite. 

Comme « < a@< 2/2, une étude géométrique élémentaire montre que 
cette hypothése entraine l’inégalité suivante: 


dy > [2(n — p)h’+1] An, 
h’ différant de h d’une quantité qui tend vers zéro avec 8. On a donc 


n—1 
1 
4 2 
p=m'+1 dy — An 





lA 





1 1 
Bo 4. [2(m — p)h’+1}?—1 
es —m' — 

hi 


1 
= Qrv’+1y—1 


en posant r—=n—p. Or 








1 =F 1 se) 1 
Qrh’+i1?—1 #£2L2rh’ 9 QrW’+2)' 
Done 
n—1 n—m’'—1 
ee ns ge cee ae 
pom d,—I2 ~ 442 1 irk’ r’+1 





Soit F(x) la fonction eulérienne de deuxiéme espéce, et 


va) = 72. 





On sait que 








n—1 1 E. 
Zatp = Vatn—¥@. 
D’ou 
oar aed 1 | ze 1 
2» pr | = PO) — 9 @ — 9 (nm 4-7) + v (1457) 
r+ 
et finalement 
n—1 1 





ra |vn—m) — 9 (n—mi +57) +¥(1+57) )—va. 


< 
p=m'+1 d,—i, ~ = Ah 4 -4 
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Or, lorsque m croit indéfiniment, il en est de méme de n — m’, puisque 
p 

=r > e* 

Done w(n— m’)— wy (n—m'+ a tend vers zéro, et en résumant ce qui 


précéde, on a finalement 
Slof 1 1J{H(n—m) , 1 1 || 


en négligeant les infiniments petits par rapport a 1/A,. : 
Les hypothéses étant les mémes que précédemment, on a, par un 
raisonnement analogue 


2 stall Sate t awl (+g) 9} 


p=n+2 Z2— Ap 


q étant choisi de sorte que |a,/a,| reste borné lorsque m croit indéfiniment. 
m—1 Cre) 


Il nous reste & calculer les sommes Pa et Ps . Pour évaluer cette 
p=0 p=q+1 


derniére, nous utiliserons l’inégalité (3). On a 
~ 1 \ ae 
Ee | SEL. i, 
pos 5 | <>, dp — hy 


Nous allons faire sur les zéros une derniére hypothése: 
F. A partir dune certaine valeur de n, on a 


(6) (Mn) < |an| < (M'n)*, 


M et M’' étant deux constantes; cela revient a dire que f(z) est & croissance 
trés réguliére. 
Choisissons pour g le plus petit nombre entier tel que 
(Mq)° 


] b>1, 
|An 


q étant une constante a déterminer. On a alors 





< 1 < 1 > lel fo dx 
2 “ pa Clpy _, ~ Mia po x7—1’ 


(An| p=a+1 
laal 


p=ati dp—An 
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et, d’prés (4a) et (6), il vient finalement 
= _ AM’ fe dx 
p=¢ x= = An <M, be x — 1 ‘ 


en négligeant les termes d’ordre supérieur. 
m—1 


Pour caleculer > , remarquons que tous les points ap (0 < p < m—1), 
p=0 





sont extérieurs au second cercle (7) tangent & dndn41 au point Ap, et 
tangent au cercle de centre O et de rayon 6. Un calcul élémentaire montre 
que le rayon de (7) a pour valeur rx = yK-OAp, ot y dépend de a et 
de K; de plus, en remplacant K par 1/sin@ dans 7 on trouve 


COS Gy 
> = 
ha 2+ cosa,’ 
m—1 
On peut done appliquer & > un raisonnement analogue a celui qui a 
p=0 





n—1 


été développé pour > , et il vient 
p=m 








Rial 1 con ¥ Hm 
2, V\z—ap | ~ an 27 Kn° 





Nous avons done limité supérieurement toutes les parties de Y. L’in- 
égalité 

" 1 
sera done vérifiée si l’on a 


H(q—m) Hm HM' fa dx 
b 


@) 2Kn 2.1 2yKn - M « x —1 











+f (i+3)—vo]<t. 


Cherchons les conditions pour que, les constantes H, h’, M, M’, étant 
données, on puisse choisir les quantités b, K, @, de maniére 4 vérifier 
Vinégalité (7). Une condition nécessaire est 


1 
an lY (1+ 7) 9 @] <1. 
Je dis que cette condition est suffisante. En effet, soit 


smite (t+3)—pe]>o. 
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Prenons 0} suffisamment grand pour que 


HM’ 4 dz € 
M po wr —1 : 





I\ 


On a alors 
1 
o 


Gey ‘ 
n 
b’ étant aussi voisin de 6 que l’on veut; par suite 


H(q—™m) Hm Eve AY 
| ew i tak | 2 he | 





K 
ment & l’inégalité (7). Nous pouvons donc résumer la discussion qui pré- 
céde dans l’énoncé suivant: 
IV. Soit f(z) une fonction entiére dordre @ (O0<e@<1) dont les zéros 
vérifient les hypothéses D, E, F, le nombre h satisfaisant a Vinégalité 


1 
~ tx 1 . ~~ . . 
En prenant K > 2 ( e+ ~-| et sin @< a5 on satisfera done certaine- 
0 


y (1+) va <2. 


On peut alors trouver deux nombres K et a < 7/2, tels que, si les zéros de 
JI (2) sont répartis dans le plan conformément aux hypothéses A, B, C, il 
existe un zéro et un seul de la dérivée f' (2) a Vintérieur de chaque cercle 
(Cn) & partir d’une valeur de n suffisamment grande. 

On peut expliciter la condition a laquelle doit satisfaire h. En effet, 


la fonction w (1 + +) , décroit constamment lorsque / croit; par conséquent, 
l’équation 


v(1+5)—wa) = 2h 


a une seule racine positive fy, et la condition relative & h est donc 
h>ho. On trouve d’ailleurs ho = 0,79... & 0,01 prés. 

4. On peut remplacer l’hypothése F par d’autres de forme analogue. 
Nous allons montrer par exemple que si, & partir d’une certaine valeur 
de n, on a 


(Mn)’ (log n)" --+ (logy n)* < |an| < (M'n)’ (log n)” --- (logyn)”, 


M et M’ étant deux constantes, o,, 6, ---, 6, des nombres positifs, il n’y 
a rien & changer & l’énoncé du théoréme IV. En effet, on a alors 
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. 1 
p=tH dp—An 








1 < 1 
(M'n)’ (log n)* --- (logy) was (Mp) (log p)" --- (logy p)* 
(M’'n)* (log n)” --- (logyn)* 





en négligeant comme précédemment le terme en 4». Posons 











6, 6, 
__Mp(ogp)* +++ Qog-p)® 
ip = 6, 6, 
M'n (log nye . - (log” n)® 
La somme a calculer peut s’écrire 
eer 1 pH % 
p=qt1 —os — pSqt1 Spt — ap rs 


D’ailleurs 


6, 


a ee ae is - (log,n) * (Xp4+1— Lp) 


'n 





il =» flogs(p-+)]* —Cogp)® --- (og, p)*t 


+[log(p+1)]% --+ flog-(p+1)]°. 


Un calcul aisé d’infiniment petits montre que le second membre est de 
Yordre de son second terme. Comme les o sont tous positifs, on a donc 














6, 6, 6, 6, 

17 (EN) ® ++ Cogn)? > — 1 logn)* «+ (logen) 

ou 
1 z M'n 
Lp+1— Lp M : 
Par suite 
~ 1 < M'n YH Lyu-— Pe M'n dz 
p=qt1 a1 M p=qt+1 say M Ly ar—1 : 


et finalement 





>> a aie cf z 
p=¢qrl dp — ay ge 


Le raisonnement s’achéve sans difficulté, puisque si on prend pour 2, une 
valeur suffisamment grande, on a 
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9, 


q _M tay — (teen M 
log q ’ | logy aT 


6, 


















= x 
n M ad 





ce qui montre qu’on peut trouver une constante K répondant & la question. 

On pourrait trouver des conditions plus larges pour le nombres o;,; nous 
ne nous y arréterons pas. 

5. Nous allons voir qu’on obtient des résultats trés précis en supposant 
que les zéros de f(z) vérifient, non pas des conditions de régularité, mais 
des conditions analogues 4 celles qu’utilise M. Valiron dans ses recherches 
sur les fonctions & correspondance réguliére. 

Nous supposerons qu'il existe une fonction dérivable a(x), telle que 






+ SSE sa So age pg ees es te eee een ee eared 








Pe = a axses 





|an| = n™, 
o(x) vérifiant les conditions 


(8) lim o(z) = o>1, lim o(z)< +0, lim o'(z)xlogx = 0. 
—>o x2—>00 x—>0o 


Pt ha’) 








Je dis d’abord que les hypothéses D et E sont vérifiées. En effet 





| An+1 one An | Ss (n + 1)9@+» — nem 
_ | din — nem ’ 












ou, en appliquant la formule des accroissements finis, 











|anta|—|dn| _ o(n+8) Pe SRENG TOMO tT Dl ocecy 


An | nate o(n+ @) 


le terme entre crochets tend vers un lorsque » croit indéfiniment; d’autre 
part, o(m) reste inférieur & un nombre positif fixe; donc 



























| @nta|— | an | H' 
| my ° 
| an | n 
On a ensuite Res: f 
|dp+i|—lap| _ p  o(pt+o. nto’ onde | 
| dnti|—| an| n™™ o(n+0’) p+é@ 0<6'<1)’ 






en négligeant les termes tendant vers zéro avec 1/n et 1/p. Posons 








ro (l—)n, 





» étant une constante A déterminer. On a 








o(p) = o(n)— ono’ (n— 0" wn) (0<@"<1) 
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et d’ailleurs 
€n 


ono’ (n—Oon) = ew’ 
é, tendant vers zéro avec 1/n. Donec 


(p) - 
Fe = 1) 0 = (1 — 0, 














et comme o(p) est borné, on voit que —-2t2!— “| est aussi voisin ds 
An+1|—| An| 


un que l’on veut, en prenant » suffisamment petit. L’hypothése E est donc 
vérifiée en prenant h = 1—vp, mp étant aussi petit que l’on veut, et on a 
bien 1—p>/p. 
Enfin, on a 
~ 1 a 1 
ptqt dp—dy Sei or 





en négligeant comme toujours le terme en 4,. Or, 


. non) 
p? P) — nom) > [:— eo |r“ 


pour toute valeur de p>gq. Par suite 


xn oe 


dx 








> 1 < 1 > Riis 1 
SA pr? — ne™ now peti pr? < no q gt) ° 


 ge@ — qr@ 
Or on peut écrire, en intégrant par parties 


Pp 


[avo dx = [x'-*)]° +f" arom [o(x) + 0’ (x) x logz] dz, 


i] 
o@ = J x [a(2) — 1-0’ (x) xlog a] da. 
Or, on a, & partir d’une certaine valeur de x 


a(x) —1+0'(z)zlogx>a—1—e 
quelque petit que soit «. Par suite 


20 ge *@ 
J x Odr< 


o—l1—e 


1 < 1 q 
pratt dp—4yn ~ o—1—e GO—n™" 
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En prenant q = bn, b étant une constante, on a 





o(q) = o[n+(b—1)n] = Cee 





(1<0< 5), 












— n’ 
é, tendant vers zéro avec 1/n. Done 

< 1 e 1 bn : bH 
peas dp—In die PRL n™™ (po = — 1] a i.(o— 1—s) (p° eo — 1] 


















’ 







et, comme o(g) > s—-«>1, en choisissant b assez grand, on peut rendre 
le coefficient de 1/2, aussi petit qu’on veut. La croissance des zéros, dans ‘f 
ce cas, peut étre trés irréguliére par rapport aux puissances de n, mais, ‘ : 
comme nous venons de le voir, lorsque p est compris entre n et kn, quelle ; 
que soit la constante k, |ap)| croit comme une puissance de p. 

6. Cn peut chercher & déterminer les plus grandes valeurs possibles pour 
1/K et a, et voir notamment de quelle maniére ces quantités dépendent de o. 
Nous allons ébaucher ce calcul dans le cas le plus simple, lorsque |a,| = n°. 
En prenant sin « = 1/K, on obtient, aprés des calculs faciles, l’inégalité 


b— a fo8e 
x +35 e+f{ 3 cio ~~ < “PSs 


oe 
ol a= (te-$) ; b est un nombre supérieur A un, et d’ailleurs arbitraire. 



















as 






Choisissons ce nombre de maniére A rendre minimum la somme des termes 
ou il entre, c’est-a-dire 









2K 







Lorsque 6 varie de 1 &4 +, cette quantité décroit de + oo & un certain 
minimum, puis croit de nouveau jusqu’é +o. Le minimum est donné par 
l’équation 






Bo 
2K Y—1 












== @, 








b°—1 


K=->, 













K et 6 étant liés par cette relation, on aura certainement une limite 
inférieure pour K en résolvant l’inégalité 


2K +) fy sar © 





om 





~ ef naan need 
























(RS Betis Hee ee ew 
a4 i an 
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Exprimons le premier membre en fonction de b. On a 








r ds. fae 28 
» @2@—-1° ket (o —1)b*" 
et 

| eae? b > 1 


2K Ww 1 ye 


On a done une limite inférieure pour b, et par suite pour K, en résolvant 
Vinégalité 





1 1 pa 
joa (o —1)b*1 “ase 
ou k 
a a 
3 o—1 ee 
et enfin 


o 


2 o—1 
2K>(—* Peer 
o—l 





1 





el 
On voit que K croit indéfiniment comme (- lorsque o tend vers 


—1 
un, et comme o lorsque o croit indéfiniment. On trouve que le minimum 
du second membre est atteint pour o = 2.28--.- a 0.01 prés et a pour 
valeur 18.24--- & 0.01 prés. On en tire K>8.62--- et ag <7° 4012”, 
Remarque 1. On a supposé que le rayon du cercle (S,) avait pour valeur 
Rn = K-OA,. A fortiori, si Ry/OAn croit indéfiniment avec n, tous les 
résultats précédents sont encore valables. Il est clair d ailleurs que dans ce 
cas « tend vers zéro avec 1/n. 
Remarque 2. Les résultats obtenus dans ce chapitre montrent en particulier 
que le théoréme de Laguerre s’étendra chaque fois que les zéros de la fonction 
entiére seront les sommets d’une ligne brisée tangente a une branche de courbe 
séloignant a Vinfini, et telle que le rayon de courbure en un point M vérifie 
la relation R>K-OM, K étant la constante déterminée précédemment (les 
zéros vérifiant en outre les conditions de régularité requises). Il en est ainsi 
par exemple pour les courbes ayant comme équation en coordonnées polaires 


(>= ~ og? m>V K*—1, 


6 = (logr)’, 0<y<l, 
6 = (logy r)”, y>0, p>, 


ainsi que pour toutes les courbes ayant une branche parabolique ou une 
asymptote, 
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I. 


1. Nous allons maintenant appliquer les généralités du Chapitre I 
aux fonctions entiéres d’ordre nul. Les zéros d’une telle fonction sont 
de la forme 

| ay | = n™, 


o(n) croissant indéfiniment avec m; nous pouvons toujours supposer que 


o(x) a des dérivées des deux premiers ordres. Nous poserons 


s) +o'(x)logx>0, 


(2) = S[o(@) log 2] = 


et nous supposerons dans tout ce qui suit que x(x) est une fonction 
croissante tendant vers +o avec x. II s’ensuit que l’on a 


xy’ (x)+ p(x) >0, 


v(x) 1 


g (x) a 


Nous ferons sur la distribution des zéros dans le plan, les hypothéses 
suivantes: 

A’. Le seyment anan41 fait avec le prolongement de Odn un angle « 
tel que |a| < a@ < a/2. 

B’. Soient D et D’ les perpendiculaires d> Andn+1 élevées respectivement 
aux points dn et dnii. Le nombre des zéros de f(z) situés entre D et D’ 
est au plus égal a un nombre N indépendant de n. 

C’. Il n’y a pas de zéros a Vintérieur du cercle (C,) de diamétre an dn4.. 

2. Nous allons appliquer le Théoréme I au cercle (C,) en cherchant 
a satisfaire 4 l’inégalité X > 0 a partir d’une certaine valeur de n. 

On a 

ete Se 1 | < 1 
ee Rt a yarn eee al. 
D’ailleurs, si p < n—1—WN 
R | bend eth, 
2—Ay | 
et de méme, si p > n+2+WN 


wie 


pce. 


En négligeant pour le moment la portion de X provenant des N zéros 
situés entre D et D’, tout revient & voir si on a 





SS we Se ee AO Se ee PES at NS LES re ee eid Ree eee cine. 





ba- 
es 


2 ys 
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n—1—N | 


at ae 


Pour cela, nous évaluerons une limite supérieure du second membre, et 
une limite inférieure du premier. Nous utiliserons l’inégalité 





“ a ; 








[5|—4n <. 1 Fi +4n ye 1 
= | ee | < 
@—j2 te Lares] = a@—i =“ ¢d—i,” 


qui s’obtient élémentairement comme l’inégalité (2) du Chapitre II. 


Nous avons 
+> R | l< eevee <4 
+N f | ai! pHnt2+N dy— dy : 
D’ailleurs 
dy = pr) — OAn, 























< in | | On-+-1 | oe - 
OAn — 5) | On+1 | 1+ 9(n+ 6) ? (0<@<1), 
he 1 | €n+1|— | dn | dies | An+1 | y (n+ 4) 
"~ COS a 2 2cosa, 1+g(n+e)’ 
done 
a 
ee dy — dy S 4. pe) —A(n +1)» : 
ou 
14+ 5(1+ ——)omto) 
er 2 COS 
1+ y(n+ 6) 
Mais 
me A(n + 1)9@t) ' 
ym— Anim» > [1— FE | pew 


pour p=n-+2. Done 
ed 1 . 2(n + Q)on+2 f 


p=ipatn dp—Ay ~ (n+ 2)°2— A(n +1) 


En intégrant par parties, il vient 


00 
{. a8 (@) [xy (a) — 1} dz = (n 2)—omt2), 


ee) 


dx 
42 gt * 





et comme x(x) croit indéfiniment avec x, on a 
1 
xy (xz) —1 >> (n+ 2) 9(n+ 2), 


lorsque x > "+2, pour m suffisamment grand. Par suite 
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f ° dz 2 (n + 2)-9m+2) 
n+2 2) g(n+2) ’ 
et on en déduit finalement 
1 pe 4 os 4 
p=at2+Nn Ap—An ~ o(m + 2) [(n + 2)°) —A(n + 1)9]  Blansal’ 








(1) 
ott 


> (saa 1) on +0) 


B = g(n+2)|9(nt+i+o)—— ee eT 


Cherchons maintenant une limite inférieure pour 


(0<@’<1). 





n—1—N 


2, n{——}|. 


n—1—N 1 \ n—1—N E sa dn 
2, ®t —-1|> 2 + som as 


p=0 &—— Gp p=0 
|Ep|—An S | an! COS a —| ay | 
2 


i+ rin ts) 


1+ y(n+ @) 


n—1—N | Ep | vee: An 1 n—1—N 


ps > > (\an| cos % — | ap|), 


p=0 dy — 2, C| dn4a|* p=0 


i y(n + @) 
C = § 3 , 
1+ y(n-+ @) 





secmnad 


Done 








Or, si p = n/2, ona 





Fa ‘s ar =1+S9($+0"2)  — @<ore) 
r) 


et comme x(x) croit indéfiniment avec x, on a certainement a partir d’une 
certaine valeur de 
2 


Par suite 


n—1—N n 1 
D (\an| cos o&)—!| ap!) > =| an| (cos nad 
p=—0 2 2 








Bt atc pg ole agent ode si tiling 


Ate eS 


cues 


a oe we Ppt 
PIRES SS sae 
* 7% . not * “oi mi 





e 


2 


Es 


¥ ie : 
a 
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(on suppose donc cosa) > 1/2; rien n’empéche d’ailleurs de prendre 1/k 
au lieu de 1/2, k étant un nombre quelconque plus grand que un). 
On a donc finalement 
n—1—N 














1 n 
@) p> arersite erp 
ou 
g(n+ 0) P 
0 ha 
eR 1+ (n+ 6) 


3. En comparant les inégalités (1) et (2), nous distinguerons plusieurs 
cas suivant la maniére dont se comporte g(x) lorsque x tend vers +0, 
1°) Si g(x) croit indéfiniment avec x, le coefficient de |a,4+:|—' dans (1) 


, a , n n(n) - 
est de l’ordre de | 2, et dans (2) de l’ordre de = : 
one ” vn) — Took 








on a donc bien 
>" 








De méme, si g(a) reste compris entre deux nombres non nuls le coefficient 
de |am41/—? est fini dans (1), et de l’ordre de m dans (2); la conclusion 
précédente est encore valable. 
2°) Supposons maintenant que lim g(x) = 0. Le coefficient de |an41/- 
rao 


— _— ~~“ die 


dans (1) est de l’ordre de [y(n)]-*, et dans (2) de l’ordre de n; donc, si 

x[y(x)]*® croitindéfiniment avec x, la conclusion précédente subsiste encore. ( 
Dans tous les cas, on peut négliger les N zéros situés entre D et D’, 1 

car on constate sans difficulté que leur contribution dans X est de l’ordre 

de H[g(n)\ani1\]“, H étant une constante, ce qui ne change rien aux 

résultats précédents. 


Nous avons donc le théoréme suivant: h 
V. Soit f(z) une fonction entiére Wordre zéro, telle que si Von pose < 
lan| = n™™, la fonction Vxg(x) = Vi + [o(@) log x] tende vers +a . 
€ 
en méme temps que x, xy (x) étant de plus une fonction croissante. Dans h 
ces conditions, si les zéros de f(z) sont répartis dans le plan conformément t 
aux hypothéses A’, B', et C’, il existe un zéro et un seul de f'(z) dans 
chaque cercle (Cy), 4 partir d’une valeur de n suffisamment grande. 
Remarque 1. Au cours de la démonstration, nous avons vu que la seule f 
condition imposée A @ est cos & >1/k, k étant un nombre positif que l’on c 
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peut choisir aussi grand que l’on veut; @ peut donc étre pris aussi voisin 
de 7/2 que l’on veut. 

Remarque 2. On peut supposer qu’au lieu d’étre répartis en une seule 
suite, les zéros de f(z) soient repartis en k suites différentes 


a 


1 1 
@;, Gy, °°: 


2 2 
a, a3» $s 


pt. b= 


0 FO: eh Se 


k k 
ay My y Aes 


telles que si on pose | ah | = n%™, o,(x) vérifie les conditions du Théo- 
réme V, et que les zéros de chaque suite soient répartis suivant les hypo- 
théses A’, B’ et C’ (les N zéros irréguliers pouvant appartenir aux autres 
suites). On supposera de plus que si 


pats 


Se eee Wig 
eS en 8S ne 


| qt | < | qi he | 
a, | = |% < O41 | 


les quantités | af —ah| |ai f(t et | ae “oe. | 1% | restent supérieurs 4 un 
nombre positif ‘a th que soient p, n, 7 et h. Dans ces conditions, 
il est aisé de voir que le Théoréme V subsiste pour chaque cercle (ch) de 
diamétre a’ a’ 4,: Par exemple, si on considére une fonction F(z) satis- 
faisant au Théoréme V, la fonction 


Fe) = fl@f(o2z)f(w*z) --- f(@™2) 


* 


ai 
ut 
i 


Sens: 3 


ou w est une racine primitive de l’équation »” — 1 sera du type que 
nous venons de décrire. 
Remarque 3. I] résulte de ce qui précéde eat 4,X est de l’ordre de 


tn Sana j 
Re ste GR 


FS —— y(n) | an+1| = ng(n), ou de l’ordre de ——~ my = ye aT 9m) | Ansi| =n; 


de bine maniéres, 4, X croit indéfiniment avec n, a valeurs positives. 
Si on se reporte & Ja démonstration du Théoréme I, on voit que le do- 
maine (A’) décrit par le point wu tend & se réduire au point u = 0, tout 
en restant tout entier & droite de l’axe imaginaire. II s’ensuit que si on 
désigne par b, la racine de /’(z) = 0 intérieure & (Cp), | dnii1—bn!/An 
tend vers zéro avec 1/n. 

4. Tl nous reste & étudier les fonctions d’ordre nul pour lesquelles 
Vxg(x) ne croit pas indéfiniment avec xz. Nous nous limiterons aux 
fonctions pour lesquelles V x g(x) tend vers zéro avec 1/zx, et nous allons 
chercher & étendre a ces fonctions le Théoreme IV du Chapitre II. 


> pas — 


2S 
= aS 3 
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Nous supposons toujours que x(x) est une fonction croissante tendant 
vers +o avec x. De plus, nous ferons sur ¢(zx) les hypothéses suivantes: 
D’. Quelle que soit la constante positive A, on a 


@) Byte) < 9 [2+ | < Cv, 






( C>1 
0<B<sl 
B et C étant des constantes indépendantes de A, pour toutes les valeurs de 


x supérieures & xX (2% pouvant dépendre de A). 
E’. JI existe un nombre positif c¢ tel que, si O<y Se 


(4) g|e+ ots |Z 19): 








avec h>ho = 0.79.., quel que soit x >a». Suivons alors une marche 
analogue a celle que nous avons employée au Chapitre II. 
On a d’abord 








oy) Sars 
2 COS a ° 








< Hg(n), H< 





An 
| An | 


' 





Soit ensuite m’ le plus grand nombre entier tel que 






< (1—8£)|ay|. 


| am | 








Posons 





m’' = n—w(n). 





On a 





| Om’ | 
| dm | 





= 1— w(n) g[n — O(n), (0<@<1), 







Nous prendrons (n) = 1/k(n), k étant une constante a déterminer par 
la condition 


= s > eee ba oS al — . = —_—s 
eerses i eet - 2, alae mat rs To SRO CREO ER! oe 





— a9 7 ayy] S14 


ce qui donne, d’aprés (4) 






eX Ee 
i ia 












hae inégalité qui est possible si on a pris 8 assez petit. k étant ainsi choisi, 
ai & on voit aisément que 

"ya m 2 2 

oe) 23 n[y(n)] 


sn BB A* — H*[9(n)}* ’ 

















et comme n[g(n)]® tend vers zéro avec 1/n, la somme du premier membre 
est négligeable devant 1/A,. 
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On a ensuite 
|@p+i|—|ap| __ |ap| (p+) be! 
ldnti|—l|an|  —s |an| p(n+0")’ 0<0'<1)" 
Lorsque 
m<p cl n—l, Lael Sy — g, 
= | dn | 
et 


9(p+6) = 9|/n——7 |, 
ot O<y< I/k<ce, done 





d’aprés (4), en effet, 


log (n+ 0’) = log y(n)+ 0’ ete > log 9(n) —— 


d’ou 
onto) >9(n)(1—=). 


Finalement 





| Ap+1| — | ap| 1 
eee Tet? 4 (1-3) 


quantité qui est aussi voisine de h que l’on veut, en prenant 4 assez petit 
et m assez grand. 

On raisonne exactement de la méme. maniére lorsque n+2 < p <q 
avec |ay’|/|an| = 1+. 

<2) 
Il nous reste enfin & évaluer la somme ee ae Comme ci-dessus, 
p=q “p™ “ 

on obtient 





S 1 2 q°@ 
Frith, < Foam Jy 


£ xD dr< i< ‘ 
q y (q) 


et 





Tl vient done 


ge 1 4 
=, dy — Ay > 9 (q) [qg°@ —n™) * 





Soit b une constante positive 4 déterminer, et prenons pour gq le plus grand 
nombre entier tel que 





J. DIEUDONNE. 


qr”? <b. 


n?® o = 


a ee 


Ane iRe St EMRE RES Ga ORRIN Ap 
te = 


En posant 
q => n+ a(n), 
il vient 
+ __ — 14 (n) p[n+0o(n)], (0<6<1) 


et, en prenant w(n) — A/p(n), on a, pour déterminer A, la condition 


4 < 0-1) aoe <-> 


9 uric) 





d’aprés (3) d’ailleurs, on a aussi 


SOS RTN te Tie EN eh POF aes as sd Dee. . 


A 6'A ’ 


'—1 
42-3: 


Poms 3 pier. x 
PILES FT, 


A étant déterminé, on a 


9(q) = g [n+ 


y (n) 


cd 
4 
iy 
j 


| = Bom, 


te srg ae 
MR Ie 
ee TOIT RS 


et par suite 
~ 1 4C 1 


” Be(b—1) n*™g(n) ’ 





p=q Ip—4n 


et, finalement, d’aprés (4) 


a ee 
p=q Ip—An ~"Bb—1) an’ 





Le coefficient de 1/4, peut d’ailleurs étre rendu aussi petit que l’on veut 


en prenant b assez grand. 
Tous les termes de l’inégalité (7) du Chapitre IT ont donc la méme forme 


dans le cas présent, sauf le terme en K qui s’écrit maintenant 


A 
Ho(n)(q—m) — Hag(n) _ A9m)|n+ soy] 
2K 2K 2K 


On voit done que pour étendre le Théoréme IV aux fonctions d’ordre nul 
considérées, nous ne pouvons plus supposer que K est une constante 
indépendante de mn, mais bien que K[n¢g(n)]— est borné inférieurement, 
ce qui donne |’énoncé suivant: 
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VI. Soit f(z) une fonction entiére dordre zéro, telle que si l'on pose 
lan| = n™™ la fonction Vz g(x) = Vi © [o(a)loga] tende vers zéro 


avec 1/x, et que x(x) soit une fonction croissante tendant vers + avec x; 
on suppose de plus que (x) satisfait aux hypothéses D’ et E’. Dans ces 
conditions, si les zéros de f(z) sont répartis dans le plan conformément aux 
hypothéses A, B et C du Chapitre Il, ou la constante K est remplacée par 
expression K'n y(n), (K' étant une constante), il existe un zéro et wn seul 
de f’ (2) dans chaque cercle (Cy) & partir d’une valeur de n suffisamment grande. 

Remarque 1. Si on suppose que 1<a<2g(xz) <a’, a et a’ étant deux 
constantes, la démonstration précédente s’étend sans difficulté (il suffira 
simplement de supposer h>V hy au lieu de h> ho); on retombe ainsi sur 
les fonctions d’ordre positif e< 1. 

Remarque 2. Au point de vue qui nous occupe, on voit donc que la 
distinction entre fonctions d’ordre nul et fonctions d’ordre positif est artifi- 
cielle; la véritable distinction provient de la croissance de l’expression V x (a). 
Si cette fonction tend vers zéro avec 1/x, f(z) se comporte au voisinage 
de ad, comme un polynéme ayant pour zéros les zéros environnant immé- 
diatement a, de part et d’autre; l’influence des autres zéros sur la dérivée 
est négligeable. Au contraire, si V x »(x) croit indéfiniment avec x, tout 
se passe comme si les zéros de module supérieur 4 |a,| n’existaient pas. 

Les fonctions d’ordre nul pour lesquelles Vx »(x) oscille entre deux 
nombres positifs sont donc caractérisées par le fait que tous les zéros de 
la fonction, et non plus seulement une partie d’entre eux, interviennent 
dans l’évaluation de la dérivée. Il semble donc difficile d’énoncer des 
résultats généraux relatifs & ces fonctions sans faire sur les zéros des 
hypothéses beaucoup plus restrictives que celles qui nous ont suffi jusqu’ici. 

Remarque 3. Dans tous les cas que nous avons examinés nous avons 
montré que chaque cercle (C,) contient un zéro de /’(z) et un seul. Comme 
deux cercles consécutifs (C,) et (Cn41) ont en général une partie commune, 
on peut se demander s’il est possible que l'ensemble de ces deux cercles 
ne contienne en réalité qu’un seul zéro, qui serait alors situé dans la partie 
commune aux deux cercles. Ceci est évidemment impossible lorsque V x 9 (z) 
croit indéfiniment avec x, puisque dans ce cas le zéro de /’(z) intérieur 
& (Cy) est dans le demi-cercle situé & droite de A, ¥. * 

Nous allons voir que c’est également impossible lorsque V x g(x) tend 
vers zéro avec 1/zx. En effet, nous avons alors montré que le domaine (4) 
décrit par le point Z = g’(z)/g(z), est compris entre les droites Y= +1/A,. 
Le domaine (4’) décrit par le point « est donc extérieur aux deux cercles (7) 
et (y’) inverses de ces droites par rapport 4 l’origine. Enfin le domaine 
décrit par le point VU = U,(u) est intérieur & la courbe (7) correspondant 

9* 











116 J. DIEUDONNE. 


aux cercles (y) et (y’) par cette transformation; cette courbe a la forme 
d’une hypocycloide & quatre rebroussements tangente 4 l’axe réel aux 
points +4,, et & l’axe imaginaire aux points +74,. Pour que la cir- 
constance signalée ci-dessus se produise, il faudrait donc que l’angle aigu 
des segments Qn dn41 Ct Gn41Qn+2 soit supérieur & 7/4, ce qui est contra- 
dictoire avec les hypothéses faites sur la distribution des zéros. 

Remarque 4. Dans le cas oi nous avons démontré que | Y|<1/4,, nous 
n’avons pas besoin de supposer que les points a, d,---, dm,--+ sont des 
zéros de la fonction; on peut aussi bien considérer le cas ot ces points 
sont des zéros ou des pdles, en prenant garde toutefois que le Théoréme I 
ne s’applique qu’aux cercles (C,) correspondant 4 deux points a, et dn4i de 
méme nature, c’est-a-dire deux zéros ou deux pdles, mais non lorsqu’un de 
ces points est un zéro et |’autre un pdle. 


Princeton, N. J., 
6 Février 1929. 

















A NEW THEORY OF THE REPRESENTATION OF 
INTEGERS AS DEFINITE QUADRATIC FORMS.* 


By H. 8. VANDIVER. 


The classic theory of quadratic forms furnishes a method for representing 


an integer m in the form 
ax®+bary+cy® 


when such a representation exists. In the present paper a different method 
will be indicated for the same problem, which is in general shorter and 
more convenient than the classic method when applied to the particular form 


ax*+ cy’. 
No attempt will be made here to exhaust the possibilities of the theory 
proposed. 
In a previous papert the writer proved for m=p, a prime, the 
THEOREM 1. If m is any positive integer and a is a, positive integer prime 
to m, then there is at least one and not more than two sets (x, y) such that 


ay = +2 (mod m) 


where x and y are imtegers, V<a< Vin, 0<y¥< Vm, and the sets 
(a, y:) and (a, ye) are the same if and only if x2 y¥: —%Y2 = O. 

On page 64 of the article mentioned I remarked that the argument 
employed to prove the existence of one set for the case of a prime modulus 
could be extended in such a way as to prove the existence of one set in the 
case of the composite modulus. That there cannot be more than two sets 
in the latter case was pointed out to me by Dr. C. F. Gummer, as described 
in another papert of the writer's. 

In the present article, I shall extend the proof originally given for the 
prime modulus to the case of the composite modulus, and show how it 
furnishes us with a method for representing a given integer as a quadratic 
form. Also, in a sense, it may be applied to Diophantine equations of 
higher degree. 

1. It is obviously sufficient to prove the result for Vm <a<m. Set 


a ae ww am +r. O<" <a). 


* Received March 27, 1929. 

+ Bull. Amer. Math. Soc., 22 (1915), 61-4. 
t Bull. Amer. Math. Soc., 30 (1924), 544. 
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If 7, <Vm, then one set exists x = —r, y = m, satisfying the con- 
ditions of the theorem. If r; >Vm we set, if re<Vm< res 


a M211 + Pe (0<ryg< 17) 
ry = Mgtetrs (O< 13 < 19) 


rk—-2 = Mehr +r, (O< re< 1-1) 


(since a is prime to m then 7, + 0). 
These relations give 


(me me—1 + 1) re-2 = re + mE rK-s 
and similarly 


rke—3 (ME Me M2 + ME M2.) = — e+ rea (ME ME-1 + 1) 


if we set a = 7%, m = r_;. Hence we have ultimately 





(1) al = +r,(modm) 
where 7 is the continuant 
| Mr 1 0 see 0 
| —1 mri 1 cu 0 
1 QO —] mye --. 0 
0 0 O .-- —lm, | 


We shall now prove that]<Vm. We have 


%-3 = (mp1 mz + 1) re—-1 + Mk—11'k 


re-4 = (mE ME-1ME-2 + ME + ME-2) Ta + 1K (ME-1 ME-2 + 1), 
and finally 
(2) m = lreatre 
where 7 equals 
Mr—-1 1 0 0 
—1 mr. 1 ae 
0 —1 mes 0 . 
0 OO O +. —1m, | 


from (1) that one set (x, y) satisfying the conditions of the theorem is 


(rz, 1). Set x = rr, yo = 1. Then if there exists a second set (2, y;) 
we have 


AY = +%, ay, = +X (modm) or ay, = Fx (modm), 
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where 2, Yo, 21, Y¥1, are each positive and < V m then this gives 


a(Yoa + xoy:) = 0 (mod m) 
and since a is prime to m 
Yor: + XY: = O (mod m) 
whence 
(3) You— Ay: = 0 Or YU+MY = m; ay, = Fx, (modm), 


and the first relation is impossible from the definition of the 2’s and y’s. 
Let d be the greatest common divisor of z and y and set 2% = dav 
and yo == dy then (3) gives 


(4) Yi xo+ x1 yo = m/d. 
Similarly (2) gives 
(5) Yo Treat 27 = m/d, 


Yo Tk-1 = m/d (mod 2%) 


and since yo is prime to 2x) then it follows that all the integers mw satis- 


fying the congruence 
wyo = m/d (mod 2) 


are given by 7x-1+829 where s is any integer. Consequently from (4), 
there exists a positive integer m,, such that 2 = rrkR1— fm xy whence 
from (5), ¥, =j+yo. Also using the same method by which (1) was 
obtained we have 

(6) aj = Fre (mod m). 

By definition of (2,, y,) we also have 


a(jt+es yo) = F (re-1— mx) (mod m), 
ajtamyo = Fre++im2 (mod m) 


and by (6) 

(7) apn yo = +12 (mod m). 
We now compare this with 

(8) adys = +d (mod m). 


If d, is the greatest common divisor of #, and d then there exist integers a 
and 8 such that w,a+d8—d,. Multiplying (7) by @ and (8) by 4 and 
adding we have 

adi yo == + di x (mod m), 


whence d, = d, and therefore », = 0 (mod d), by the use of (3). 
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Hence we write 2, = rei — 2% and y, = j+Myo, Where mw is an 
integer. Then | iF 
rk—-1— Way < Vim and j+uy<Vm, 
which give 
Tk-1— soe ah ae Vm—j 
Xo Yo 
Now we shall show that » cannot have more than one integral value. 
For if so, we have 
Vm—j _ mi—Vm 
Yo Xo 


>2 





or 
(xo + yo) Vm — mM > 2% Yo 
and 
yo (V m — 22) > m — a Vm, 
Vm— 2% 


= >I 
© tn a on : 


(9) 





since m— 2% Vim is positive. This inequality is not satisfied for a = 1 
as it is easy to see that 


mee =e =, 
m —Vm Vm 0 





Vim—2 _ 1 1 


Also it may be shown easily that 
Vm—2 4 V m — 22% 
m—Vm m— Xo Vim 





for %>1. 

Hence (9) is impossible; ~ cannot have more than cone value and our 
theorem is established. 

2. We shall now show that the theorem just proved furnishes a method 
for representing an integer as a definite quadratic form. Let 


(10) ax*®+bay+cy? = m. 


We consider only the primitive representations, that is, those in which 
x and y have no common factor. We readily obtain 
(2ax+ by)? = 4am+ (b*?—4a0)y’. 
Set 2ax+ by =u, then 
(11) u?+ (4ac— b*)y®? = 4am. 
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Assume 4ac—b*>Q. All the solutions of (10) will then be obtained 
from those of (11). Suppose the greatest common divisor of 4am and y’ is d, 
then u? is also divisible by d. Consequently y*/d = d,y? and u*/d = d,ui, 
d, and d, being integers. Consequently the solution of (11) depends on 
an equation of the form 


(12) d,u2 + d,y? = k. 


And we may assume d, and d, prime to each other and y prime to k. 
Also if d, and k have a common factor we may divide (12) through and 
get an equation of the same general form with d, prime to k. Hence 
we consider the relation 


(13) artes = 1 


where ¢, ¢:, 7 and s are all prime to /; c, c being positive. Then we 
may select ¢ so that st = 1 (modJ) and from (13) 


¢ (rt)? + cg = 0 (mod J). 


Now |r| and{s| are each <VJ, and rt is an integer such that (ré)s = r 
(mod/). Hence if the roots of the congruence 


c, w® +c = 0 (mod J) 


are known, then all the possible values, that is of + and s, in (13) may 
be determined by the algorithm for finding the sets (2, y) in Theorem 1. 

The general theory applied to the case where a—=c=—1 and b= 0 
in (10) gives the result immediately that every prime m of the form 44+ 1 
can be expressed as the sum of two squares since we have in this case 
x* + y? = 0 (mod m) and since both x and y are each less than the square 
root of m it follows that 2*+y? =m. Also there cannot be two 
representations (x, y) since if a? = —1 (mod m) if a representation (x, y) 
in Theorem 1 is (zo, yo) then another representation is (yo, 2%) and this 
leads to the same representation of m as the sum of two squares as was 
obtained originally. Also there can not be a third set (x, y) by the con- 
ditions in Theorem 1. 

3. In another paper* I gave a theorem that if r?-+ a = 0 (mod n), where 
a is positive and prime to n >1, there exists at least one set (~, y) such that 


z*+ay? = kn, k < 2(a/3)? and ry =-+z2 (modn), 


x and y being positive integers or zero. 





* Amer. Math. Monthly, 34 (1927), 87. 



























Sept pe gant yg tS 


Ser 


cian sR 


oe es 


Mare 


BF Ser Et em 



















122 H. S. VANDIVER. 


This result may be stated in a form which is analogous to Theorem 1, 
as follows. 

If a is a positive integer prime to positive integer m then there exists 
a set of integers (~, y) which satisfy the condition 


thy oF, 


where k is the least positive residue of —a*® (mod m). 
4, Theorem 1 may also be applied to equations of the form 


xa*+ay" =m 


where a is positive and m is an odd positive integer; w*-+ a = 0 (mod m) 
has a solution; all sets (x, y), x>0, y>0, satisfying this equation may 
be found by the algorithm given in said theorem, if u is known. 



























SOME PROPERTIES OF A CERTAIN SYSTEM 
OF INDEPENDENT UNITS IN A 
CYCLOTOMIC FIELD.* 


By H. S. VANDIVER. 


The class number of the cyclotomic field defined by ¢ = e**/",1 an odd 
prime, may be written as the product of two integral factors known as 
the first and second factors of the class number respectively. The second 
factor may be written in the form, if 4, — (/—3)/2, 


M+ M2 +++ Ni, 
(1) 7 





where the symbols are defined as follows: 
Set 








ers yo—Ha-k) 
(i—f)(1—f) * 


The units obtained by making the substitution (¢/¢”) in this unit, 
k = 0, 1, ---, 4 —1, form an independent system of real units, hence 
we have, if we designate them by 4, &,~:-, &,, 


n. a a, a, 
%* = & +> ha 
n, a a, a 
(2) %,° == 6,” é,” ee e, 
ao” 
m" = é,"4 em ke ei 


where 71, 42, ---, 41,, designates a fundamental system of units in k(¢) 
and where the exponent m, has no factor in common with all of the 
integral exponents ain, Qo, ---, an. Then the n’s in (1) are the n’s 
in (2) and 


M1 Ga +s Gh 
D = M2 Ga +++ Gs 
| Mil, Ga, ses My, 


Excepting for small values of 7 no method is known for finding a system 
of fundamental units in k(¢); since the «’s mentioned above form an 





* Received March 27, 1929. 
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independent system it is natural to inquire if they form a fundamental one. 
This will be case if, and only if, the second factor of the class number 
is unity. The class number itself has been computed for all primes 7 less 
than 23 and was found to be unity in each case; hence the second factor 
is unity for these cases. It then follows that the «’s form a system of 
fundamental units for all these fields. It is an interesting fact, not 
generally known, that Kummer* showed that for 7 = 163, the second 
factor of the class number is divisible by 2, whence is follows that the 
«’s do not form a fundamental system of real units in this field. 

The object of this note is to select a system of fundamental units in 
k(¢) for 7 arbitrary, and to set up relations between them and the e’s, as 
given in (5). 

Pollaczekt proved that it is always possible to select a fundamental 
system of real units 7; which have the property 


ia — (4), @ = 1, 2,--., h). 
In lieu of the «’s it is convenient to use the units EH; — e” where 


R = (1—s) (r?— 8) (r*— 8) (r®— 8) --- (7? 2@— 8) (?#t4— 8)... (7 *— 8), 
(t — 1, 2, aie oe 1). 


Here we are using the Kronecker-Hilbert symbolic powers and s indicates 
the substitution (¢/¢"). Direct applicationt of the formula 


(wm?) as) = @mF) Hs) 


gives 
(3) ER” = & 


where & is a unit in k(¢). As any unit in &(¢) may be expressed as the 
product of integral powers of the 7’s we may write 


E, = "' ns aoe my". 


1 


If s' denotes the substitution (¢/tr’) we may write 


(s° m1) (s° 43) --- (sma. =o B 
* Monatsber. Kgl. PreuB. Akad., 1870; 855-880. 
+ Math. Zeitschrift, 21 (1924), 1-38. 
{ Landau, Vorlesungen iiber Zahlentheorie, III, 253-54, proves analogous properties for 
a field relative to k(¢). 
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and using (3) we have 


3 ro, ind m, + 1 cy ind mp + --- +7" cy, ind m, = 1°” KE (mod )), 
(4) i=0,1,---,4—1 
where 


Jail dn, 
Tse, aie 


The symbol on the left being the /th power character of 9; with respect 
to p, said ideal being any prime ideal which is prime to 7. We now con- 
sider the 7, congruences (4); the coefficients of the y’s give the deter- 
minant 

os oe 
| 2 4 6 a 21 


(po AD Pha-d | 
which is the product of expressions of the type r* — r/, where |k—j|<7—1. 
Hence the determinant is prime to 7 and we have 


ca ind ya = 0 (mod J), 
where d + ¢, and 
ceind y: = ind E; (mod 1), 


~s : 
= 1. 
a 


Using a theorem given by Hilbert*, we have 


or 





(5) E, = ao! 


-_ 
~ 


1, 2, roe lL), 


where » is a unit in the field &(¢). 





* Bericht tiber die Theorie der algebraischen Zahlkérper, p. 426. 
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ON A PROBLEM OF M. S. BERNSTEIN.* 




















By J. GERoNIMUS. 


In his paper “‘Sur les polynémes multiplement monotones”’+ M. S. Bernstein 
considers the following problem: 
To find the minimal deviation from zero in the interval (—1, +1) 
of a polynomial 
Yn (x) == Mo 2*-+ a, x" +--+» + an 





which is monotone of order h+-2t¢ in this interval if its first derivative 

assumes the given value a in this interval. 

M. S. Bernstein has proved that this polynomial may be represented by 
the expression 


yn(a) =f (w—2(1 + 2 ut @)de 


where 8=0 if n—A—2 is even and 8—1 if n—h—2 is odd. He 
then minimizes the integral 


1 
L= ff (1—ayt1(1 + xh u® (x) dx 
subject to the condition 
a 


1 
Ss = f (l1—a2)(1+2) u(a)dz = RH? 
-—1 “ay 
which yields for the minimum deviation the formula 


1—A 
L= tar a = (1—A)S, 


where 4 is the greatest root of the Jacobi polynomial 


Pm? (@). 
Thus we have the inequality 


f (1-—a)*1 (1+ a2)? uw? (x) dx 
f, (1—a)"' (1+ a) u® (x) dx 





(1) its 


* Received April 20, 1929. 
+ Communications Kharkow Math. Soc., (4), 1 (1927), 1. 
{ M.S. Bernstein calls a polynomial monotone of order k in a given interval if its k 
first derivatives are not negative in this interval. 
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ON A PROBLEM OF M. S. BERNSTEIN. 


Let us now consider the following problem: 
Find the minimum deviation from zero in the interval (—1, +1) 
of a polynomial yn(x) which is monotone of order (h-+-1) in this interval 
when the area bounded by the curve y = y(x) has the given value b.* 


I have proved that this polynomial has the form 
yn(a) = [-(@—2(1—2)" we) de 


where « = 0 if n—h—1 is even and a = 1 if n—h—1 is odd. Then 
IL, = [/,0—ay«wt@)de 


must be minimized subject to the condition 
‘1 
8, = [,a—aytet ede = b+). 


S, 


I have found that the minimum deviation is 
1—p’ 


= (ean. 
L=—, = 
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where mw is the smallest root of the Jacobi polynomial 
Pos " (x). 
Hence we have the inequality 
‘1 
f (1 — x)Pt*+1 u(x) dx 
= < 1—ypz. 


(2) i 
fi (1— xft* uy? (x) dax 
Putting 8 =0 in (1) and «=O in (2) we see that the following inequality 





holds 
1 
faa u* (ax) dx 
= — 1—yp, 


(3) 
fia — x) u® (x) dx 
where 4 is the greatest and wu the smallest root of the Jacobi polynomial P24 (x) 


(the polynomial u(x) is of degree m). If h =O we have 
*J.Geronimus. On a problem concerning the monotonic polynomials. Rendiconti Circ. 





| 
I/\ 








Mat. di Palermo, LIV, (1930). 
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f (1— 2x) u® (x) dx 


f u®(x)da 


where A, is the greatest root of the Legendre polynomial Pm4+1(zx). 
The formula (4) has also a geometrical meaning. If the curve y = u(z) 
revolves about the z-axis, then the volume of the solid generated is 





(4) 1— Ay 


S1+4%, 


nf u* (x) dz. 


The statical moment of this solid about the plane which passes through 
the point x = 1 and is perpendicular to the z-axis is 


nf —x)u*(x)dz. 


Then, if § is the abscissa of the centre of gravity of the solid, the in- 
equality (4) may be written 

or finally 

(5) —h SECA, 


i. e. the centre of gravity of a solid obtained by revolving the parabola of 


degree m 
_ Mpses u(x) = bo x™ +b, 2™1*+---+ bm 


about the x-axis lies between the greatest and the smallest roots of the Legendre 


polynomial Pm+:(x). 
Laguerre has found that* 


1 
2 


m+3 \ 
a<ml erie ea 


m+3 3 
l<merae e DER 


The inequality (5) might have also been found by Tchebycheff’s methods.t 





Hence 








* Laguerre, (uvres, t. I, p. 129. 
+ Tchebycheff, (Euvres, t. II, p. 389-390. 





























' UBER DIE FUNDAMENTALGRUPPE DES INVERSEN 
KNOTENS UND DES GERICHTETEN KNOTENS.* 


Von Car. BanxkwirTz. 


I. W. Alexander und G. B. Briggs haben bewiesen,t daBi die Torsions- 
zahlen der zyklischen Uberlagerungsraume eines Knotens K mit denen des 
inversen Knotens K~ und des Spiegelbildes K’ iibereinstimmen. 

Wir zeigen, da8 die Knotengruppen von K, K— und XK’ einstufig-isomorph 
sind. Daraus folgt aber, daf ihre simtlichen Invarianten einander gleich 
sind. 

Fiir die Knotengruppe wahlen wir die Wirtingersche Darstellung. Vor- 
gegeben sei eine regulire Projektion des gerichteten Knotens K mit n 
Doppelpunkten. Den m gerichteten Streckenziigen von einer Unterkreuzung 
bis zur nachsten ordnen wir ein System von Erzeugenden 


Cy (vy = 1, 2,---, n) C 
| C, 
zu. Zwischen ihnen bestehen die Relationen (Fig. 1); 2 
Cc 
(1) Cy, = CH O,C,%*, 2=1,2,---,m—1; eu = 41. Clie 


a) Kehren wir den Richtungssinn der Projektion um (Fig. 2), dann er- 
halten wir eine Projektion des zu K inversen Knotens K~*. Wir ordnen 
dem Streckenzug, dem C, entsprach, jetzt eine Erzeugende D, zu. Zwischen 


den D, bestehen die Relationen D, ‘ 
(2) D,,., = D-** D, D* ge’ == 8 *% " 
A+1 Os A“u? "Aten 
Wir fihren als neue Erzeugende \ Dis 
D, = Dy’ Fig. 2. 


ein; die Relationen (2) schreiben sich dann: 


Dy{, = Dit D,* D,** 
oder 
(2a) Dy. = Dit D, D,*. 





* Received May 6, 1929. 
+I. W. Alexander und G. B. Briggs, Annals of Math., 28 (1927), p. 571-573. 
} K. Reidemeister, Hamb. Abhandl., 5 (1926), p. 14. 
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Der Vergleich mit den Relationen (1) ergibt, da® die Knotengruppen von 
K und K~ einstufig-isomorph sind. 

b) Eine Knotenprojektion des Spiegelbildes K’ des Knotens K erhalten wir, 
indem wir die Unterkreuzungen der Projektion von K in Uberkreuzungen 
abandern und umgekehrt (Fig. 3a und 3b). Drehen wir jetzt die Projektions- 
ebene von K’ um 180° um eine in ihr liegende Gerade g, dann erhalten 
wir eine andere Projektion (Fig. 3c) von K’, die wir als das Spiegelbild 
der Projektion von K an der Geraden g (Fig. 3a) erkennen, 


C),, 





Dj), 
Fig. 3a—c. 


Jedem gerichteten Streckenzug der Projektion von K entspricht dann 
ein gerichteter Streckenzug der Projektion von K’ (s. Fig. 3a und 3c). 
Wir ordnen der Projektion von K’ die Erzeugenaen D, (vy = 1,---, n) so 
zu, daB C,~ Dy. Die Relationen zwischen den D, lauten 


es e _ 
(3) Di, = DE" D, DF, fu = ew 


Nehmen wir als Erzeugende D, = D>, dann erhalten wir fir die 
Relationen (3) Pe 
(3a) Dy, — ct D, ies ° 


Ein Vergleich mit den Relationen (1) ergibt, daB auch die Knotengruppen 
von K und K’ einstufig-isomorph sind. 





UBER DIE TORSIONSZAHLEN 
DER ZYKLISCHEN UBERLAGERUNGSRAUME DES 
KNOTENAUSSENRAUMES*. 


Von Cart BanxkwirTz. 


Aus einer regularen Projektion eines Knotens lassen sich bekanntlicht 
schon mit elementaren Methoden Relationen ablesen, aus denen die Torsions- 
zahlen der zyklischen Uberlagerungsriume des Knotens berechnet werden 
k6énnen. 

Wir wollen in dieser Arbeit die Torsionszahlen direkt aus der Knoten- 
gruppe ableiten. Wir stellen zu diesem Zweck nach dem Verfahren, Unter- 
gruppen zu bestimmen{, gewisse invariante Untergruppen der Knotengruppe 
auf. Diese Untergruppen sind den Fundamentalgruppen der zyklischen 
Uberlagerungsriume des KnotenauSenraumes einstufig-isomorph§. Die 
Exponentenmatrizen der Relationen der Untergruppen liefern demnach die 
Torsionszahlen der Oberlagerungsraume. 

Es soll dabei die Wirtingersche Darstellung der Knotengruppe benutzt 
werden. 

Cy (vy = 1,-+-, ) 
seien die Erzeugenden der Fundamentalgruppe eines Knotens, der eine 
regulire Projektion mit » Doppelpunkten besitzt. C, entspricht dabei der 
einmaligen positiven Umschlingung eines Knotenteiles zwischen je zwei 
Unterkreuzungen. Die m Relationen, die wir beim Umlaufen der Doppel- 
punkte erhalten, kénnen in die Form 


(1) Citas On CisOe = 8, 0 th, (2 = 1,---,n) 


gebracht werden |. 
Macht man die C, vertauschbar, dann ist 


Ch = Cin = C. 





* Received May 6, 1929. 

+ I. W. Alexander und G. B. Briggs, Annals of Math., 28 (1927), p. 562—586. K. Reide- 
meister, Hamb. Abhandl., 5 (1926), p. 31—32. 

; 0. Schreier, Hamb. Abhandl., 5 (1927), p. 172—179. K. Reidemeister, Hamb. Abhandl., 
5 (1926), p. 7—23. 

§ K. Reidemeister, Hamb. Abhandl., 5 (1926), p. 16. 

|| K. Reidemeister, Hamb. Abhandl., 5 (1926), p. 14. 
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Damit erhalten wir das bekannte Resultat, daB die Faktorgruppe der 
Kommutatorgruppe der Knotengruppe die freie Gruppe mit einer Er- 
zeugenden C ist*. 

Die Elemente, die iiber C?" (0 = 0, +1, ---; m fest) stehen, bilden eine 
invariante Untergruppe der Knotengruppe, die der Fundamentalgruppe des 
m-fachen zyklischen Uberlagerungsraumes des KnotenauBSenraumes einstufig- 
isomorph ist. Ihre Faktorgruppe ist die endliche zyklische Gruppe mit 
einer Erzeugenden C und einer Relation C™ = 1. 

Wir stellen die Untergruppe auf: Da alle C iiber C stehen, kénnen wir 
Ow beliebig, aber fest; k = 0, ---, m—1) als Reprasentanten der Neben- 
gruppen wiahlen. Die Erzeugenden sind dann 


[c, C5" | — Cy, 1; v + Y, 
(2a) [Cs Cy CS”) = Gen, & = 1,---,m—2), 


(C7 Cy mer Cy, ms 
und 
(2b) [Ck Cs Cs* | = 1, (kK =1,---, m—2), [CP * Cs] = CF). 


Wir erhalten ein vollstandiges Relationssystem, wenn wir jede der Re- 
lationen (1) mit C (k = 0, ---, m—1) transformieren: 


(3) CS-Citi-CuCiCn*-Cs*=1 (k= 0,---,m—D. 


und in den neuen Erzeugenden ausdriicken. 

Wir wollen zunachst so rechnen, als ob Cs mit keinem C, identisch ist. 
Nachher zeigen wir dann, dai wir zu derselben Exponentenmatrix gelangen, 
wenn wir C; mit irgendeinem C, identifizieren. 

Die Relationen (3) in den neuen Erzeugenden lauten: 


fir « = +1 
—} pond 
Ci41,m < Cu,m > Ci -C 1 
1 1 
Ch411 : Cur ° Ci,2 *Cu,2 


y—1 


—1 
C141, m—1 . Cu, m—1 * Ci,m ‘Cum 
fir « = —1 


—1 —1 
Cit1,m °C, ~m—1 * Ci,m—1 . Cu, m 
a t 


~t i . 
(3b) ee Te 


—1 2 
Chi,m—2 . Cu, m—2 ° Ch, m—2 . Cu,m—1 





* K. Reidemeister, Hamb. Abhandl., 5 (1926), p. 15. 
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Machen wir die C vertauschbar! Die Exponenten bilden eine Matrix 
mit n—m Zeilen und ebensoviel Spalten. Die m Zeilen, die aus einer 
Relation der Knotengruppe entstehen, sehen so aus: 
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Die folgenden (m—1) Zeilen entstehen demnach aus der ersten Zeile 
durch zyklische Vertauschung innerhalb der Spalten, die C,. (a = 1, 
-++, m), (r fest), + 1, entsprechen. 

Es ist ferner in jeder Relation (3) die Summe der Exponenten von 
s(8 = 1, --- m) Null. Die Matrix kann also so umgeformt werden, 
da8 in den Kolonnen mit Cz, (a@ fest, vy = 1, ---, m—1) lauter Nullen 
stehen, wahrend die iibrigen Kolonnen unverandert bleiben. Diese Matrix 
werden wir aber gerade erhalten, wenn wir (nach (2b)) Cs = Cz setzen. 
Damit sind die Elementarteiler der angegebenen Matrix als die Torsions- 
zahlen des m-fachen zyklischen Uberlagerungsraumes erkannt. 
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THE INVARIANTS OF AN N-ARY Q-IC DIFFERENTIAL 
FORM.* 


By Crype M. CrRaMLer.} 


1, Introduction. The interesting concept of determining a Riemannian 
space by a quadratic differential form, which is to be interpreted as the 
line element of the space, supplied the impetus to extensive geometrical 
and dynamical investigations on the invariant theory of the quadratic form 
and its generalizations. The generalizations have been mainly along two 
directions, investigations in which generalizations of the Christoffel symbols 
have been made fundamental, leading to affine differential geometry, and 
generalizations of the quadratic form defining the line element. These 
latter generalizations choose the line element ds = f(x, dx) where / is 
an arbitrary function of the n variables 2* and the n differentials dz‘ 
and is homogeneous in these latter. The function f may of course be 
chosen as the gth root of a q-ic differential form and the theory of the 
q-ic form will then be included in this general theory. But the tensors 
and invariants so obtained will except for g = 2 contain the differentials 
da! as extraneous quantities.f This objection has been overcome in the 
present paper, and a complete set of tensors involving only the coefficients 
of the fundamental form and their derivatives has been given. 

' By a complete set of tensors is here meant a set in terms of which 
the equivalence of two forms may be stated. It is here shown that 
a complete set of tensors may be obtained in case any one of a set of 
algebraic invariants is non vanishing. Presumably this set constitutes 
a complete set of algebraic invariants but a rigorous proof that such is 
the case has not been found. 

It has been possible, after a stage, to make the differential theory of 
the q-ic form agree formally with the invariant theory of as affine connection 
I and a tensor dy,...r,+ This being accomplished it would be mere repetition 
of existing work to discuss covariant differentiation, geodesic codrdinates, 
affine normal coérdinates or such general topics of affine geometry. 

2. Algebraic invariants and tensors. The differential form under 
consideration will be taken in the form 


(2:1) M9 ,++-@, dx® se dx*:, 


* Received May 28, 1929. Presented to the American Mathematical Society, March 29, 1929. 
+ National Research Fellow. 
{See Lipschitz: Untersuchungen in betreff der ganzen homogenen Functionen von » 
Differentialen, Journal fiir Math., 70 (1869), 71-102. 
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repeated letters summed from 1 --- m. The coefficients ag,...¢, are assumed 
to be continuous functions of m variables z'--- 2" and to have continuous 
derivatives. The variables and their differentials appearing in this form 
will be subjected to an arbitrary transformation; 









(2:2) zi == £4(a' ... z*) 









with the restrictions that zx‘ are single valued in a neighborhood and that 
these equations can be solved for the z* so as to yield m» single valued 
functions 

(2:2.1) 








af = af(e..- 2%), 












This transformation may be called a transformation of codrdinates, and 
will be assumed to leave the fundamental form invariant, that is 











(2:3) @o,...¢, 42 -.. dx® = ag... dx «.. dx, 
where 

wr r r dx" 
(2:3.1) dz’ = dy, G& = oa 






It follows that the new coefficients of the transformed form are given by 







(2:4) Bo ip Egg Re TEs OP PISO 
where 

2:4.1 oe 0a” r cise ees 
(2:4.1) ro ont? P.% — GP = s° 





To this point the theory is exactly analogous to the theory of an algebraic 
form, for at a point the dz’s transform by linear transformations with 
constant coefficients and the a’s and @’s are constants. The theory of 
algebraic invariants consists in deriving and interpreting the relations 
obtainable from (2:4). 

Some diverse algebraic considerations essential to the main problem of 
article 3 will be taken up here in order to eliminate long digressions there. 

Aronhold has shown* that the number of independent relations that can 
(n+q—1)! 
(w—1)! q! 















be obtained by eliminating the n? quantities p, from the 






equations (2:4) is 
(m+q—1)! 


(2:4.2) o = Pema Be n*, 


The number of relative invariants is #+ 1. 



















* Aronhold: Ober eine fundamentale Begriindung der Invariantentheorie, Journal fir 
Math., 62 (1863), 281-345. 
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If the coefficients a,,...,. satisfy any invariant relations, that is if ay,...,, 
and @,,...,, Satisfy similar equations Gram has shown that these equations 
can be expressed by the identically vanishing of covariants. That is, 
equations of the form 

Ao,...9, +++ o = 0. 


Without loss.of generality the A’s in any codrdinate system may be regarded 
as symmetric. The v’s are vectors or homogeneous coérdinates with the 


transformation law 
vr = & 


and covariants have a transformation law 


a eee P 
Ao,...9, 0° eee "hte = 2 Ao,...¢, 0" cos Oe, 


From these equations it follows that 


A, =P Ay Be Fee 
and A,...,, is a symmetric relative tensor. 

Consequently the equivalence problem for an algebraic form may be 
easily formulated: 

If there exists a set of constants p, such that (2:4) are satisfied for 
two given sets of constants a,,...,, and a,,...,, the algebraic forms are 
equivalent. In the general case it is necessary and sufficient for the 
absolute algebraic invariants of one form to equal the corresponding in- 
variants of the other. In case some of the algebraic invariants vanish 
or other invariant conditions obtain, these invariant conditions will be 
expressible as tensor equations and the same tensors or invariants must 
vanish for each form.* 

For a differential form the quantities a,...,. are functions of position 
and the equivalence problem will involve considerations of the derivatives 
Of ay,...r, 

Any algebraic invariant J of the tensor a,...... may be obtained by inner 


multiplicationt of a product of ae ar, '8 and w of the tensors «’”*, 


Since the a,,...,, are symmetric and the «’s alternating but one index of 
an ¢ may be summed on an a,,...,,. It will be sufficient therefore to 
suppose that this summation of each index of a given « is carried out 
with indices in the same position on each of n elements a,,...,, in a product. 


*See Weitzenbick: Invariantentheorie, Chap. VII, § 10, for the equivalence theorem. 
+ Cramlet: The derivation of algebraic invariants by tensor algebra, Bulletin Amer. Math. 
Soc., 34 (1928), p. 334-42. 
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If we consider these elements in groups determined by some fixed index r 
and the remaining indices running thru their values from 1 --- ” this index r 
can appear but once in a term of an invariant in the range associated 
with a given ¢ and exactly w/q times in all, that is the invariant is homo- 
geneous of degree w/g in this set of quantities. By Euler’s theorem on 
homogeneous functions 

4 Severe be (r not summed). 


are, . .-6. >= 
~~ 0 re, ---6, q 


Also 


oI 


gee eee 
a) Aso, ---6, 


Are,-. = 0 (r + 8) 


because this operation puts two indices r in each of the alternating ranges. 
These two combine into 
(2:6) ea ge ee, 


% 6 so,--.6, q 


which are Aronhold’s differential equations for the necessary and sufficient 
conditions that an algebraic invariant must satisfy. The partial derivatives 
of I are taken when J is in symmetric form and every a,,...,, including 
these equal because of symmetry are regarded as independent in the process 
of differentiation. This convention will be regularly followed throughout 
the paper. The justification here lies in the fact that no cognisance of 
the symmetry of a,,...., is made in the derivation of (2:5) and an invariant 
formed from a non symmetric a,,...,, in the manner here indicated would 
satisfy (2:5). In this case however not all invariants would satisfy these 
equations. 

A fact of interest to us here and obtained by counting the number of 


algebraically independent solutions of (2:5) is that a complete system of’ 


relative algebraic invariants of all weights w contains exactly » +1 (2:4.2) 
algebraically independent members. When w is eliminated from (2:5) there 
are n®—1 equations remaining. There will be »-+-1 independent solutions 
of these equations which will be of various degrees. If these are all 
raised to a common degree they will have a common weight w. Represent 
these by Jj, ---, Jwia. A general integral of (2:5) is now 


(2:6) I= K*Je (a = 1, ---, o+1), 


and the K’s arbitrary constants. 
There exists a set of K’s, say Ko such that J will be different from 
zero for the special set of values of a, ,, a)... =a, +0 when the r’s 
q 


- "9 


68 1 23 SS tReet e e eaee 





138 C. M. CRAMLET. 


are all equal and © = 0 when the 7’s are not all equal. This may 


be shown by considering the discriminant of >) ag(z°)’. The discriminant 
is a rational algebraic invariant and is defined as the eliminant of the first 
partial derivatives of the form. Since the set of equations qa,(x’)* = 0 
(r not summed) have no proper solutions the discriminant cannot vanish. 
Moreover J will be proportional to 


(2:7) h=Q)e: poe = G- Ay)'4 


for the value a? ., because from our earlier description of the form of 
1 q 


an algebraic invariant of weight w this is the only term different from 
zero. It is also important for our purpose to note that 


ot 
(2:8) ( ‘Soaee B ‘ : (not all r’s equal), 


Fyre @? 


It was pointed out above that any term of an invariant is homogeneous 
of degree w/q in the indices of the first (or any other) position on each 
element. It follows that if a term contains a,,...,. some r’s not equal this 
homogeneity is not preserved if every other element a,,...,. in the term 
has all 7’s equal. Hence the degree in a cross term (for which some 7’s 
are not equal) is at least two and (2:8) follows. Likewise 


al Io 
2:9) (sacle eg EH =a 


A special tensor 7 symmetric in « and in st, and of covariant 


weight w will be of importance later. For early considerations this tensor 
may be assumed to be arbitrary except for the symmetry conditions. 
Consider now a determinant formed from asp. having 4n?(n+1) rows 


or columns, the rows determined by the tripartite index st, u, giving st 
only the combinations of n integers 1, ---, m two at a time and wu each 
integer independently. Similarly «f, y determine the columns. We may 
assume the same ordering of the indices for rows and columns and call 
the determinant 


(2:10) e = |4F leon’ 
Let any element oe appearing in a be replaced by 

a + aby ifs —tand « + £, 
by 


a if s+¢ and «¢ = 8, 
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or by 


arp + afew + a+ ape, if s+¢t and a + B. 


Since an element is symmetric in @f and in st this substitution has the 
effect of multiplying every column in which 2+ by 2, and every row 
in which s+¢ by 2 and the total effect is but to multiply by some constant, 
say c. Let us define the cofactor, of this modified determinant ca, of the 
elements in the position of ay “ divided by ca as F For s and ¢ equal 
indices and only Greek letters summed 








apu sty __ 

sty Anau = |, 
It is clear now that the extra terms in an element were introduced so 
the summation could extend over « and # independently. For s+#, and 
dividing out the common factor of this row 














7 st 1 
ax Aupu = 2° 





These two equations can be included in the one 








apu 4st te 
ay Aubu ae > Fut? 





or to include the vanishing expansions also 


(2:11) athe Att, = Say 8. 







a A IIE CNS: = TR + Ye 







Because of the symmetry between rows and columns we have also 





‘ Ut Ll pst sk 
(2:12) abu Ady = gy Wy Sue 






<s4 = 
nT tes ped 






These equations are defined for any codrdinate system, hence we can easily 
infer the tensor character of y From (2:12) and the tensor character 
apu 


sty ? 
1 2 a ee 


— bu (— os b . 
ice Uy Ue Uy Pa Pp Py Po” Ane = Mgr Oe OS Ue Pa Ph Po 






of a 










Since |g°|+0, 9%, gf and p*¥ may be cancelled from these equations. 
Multiplying the resulting equations by 4g, q and YP, 





3 « % - = 
ert en — ne a a me re 


—abu 4h da k 1 
dirce Ante % 5% Pa Py Py DP” = > Wee 





Since 





Sai 1 
bu Adec — d 
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the difference of these yields 

Gre (Aare — Avon 1 95% Pa Pp PrP | = 0. 
If we assume for the present that a (2:10) is not zero 
(2:18) Assy = AM, af Gj 9, Pa Py By PD” 


showing yi to be a tensor of order 3.3 and contravariant weight w. 

We may now show that a is an algebraic invariant. For formal purposes 
of differentiation we adopt the convention here as before for symmetric 
functions that elements with different indices, though equal because of 
symmetry shall be regarded as independent under differentiation. With 
this convention, 





oOo ae 
= — 
a 9 Oe ca 9 edu 


a 


is the normalized cofactor of the term involving a7, and we have 











1 0 a apu 
(2:14 — 
a 6 ann a 
Since by differentiation principles 
oe ee ce ee 
a dare cee ss 0 at 
1 


">. a G5, % 05 PPh PEP”, 
dey 


and from its tensor character 


1 6a 1. da we 
a oawe =a jag?“ Ms We Uy Va PS PF P 





by comparison 





gt gee Fp whence a = ca 
@ aah? oagpe’ ee 
a bay. © OAgey 


where c depends only on the p;. Since a is by definition rational it follows 
that c is a power of the Jacobian |p*|. From the method of formation 
n? (n+1) 
of a from a mixed tensor of weight w, c must be proportional to p ? fa 
Evaluating the proportionality constant by the identity transformation we 


have 
2 
n? (n+1) 


(2:15) a=aea-p * 
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The tensor age will be given the special form 


1 @Phy---h, UWO,-+-Q, 


(2: 16) ashe = 2q@—2)! IMstg,...9, a Ayvi,-:-h, 
where 
(2:17) Wyo = LO + OE 


the summation taken over all permutations of 7, --- 7, and where 


oI 


2:18 nee = ——— 
( ) * 0 My, .»-7, 


defines a contravariant tensor of the same weight was J. The algebraic 
invariant formed from (2:16), (2:17), and (2:18), does not vanish in general 
for if J is an invariant satisfying (2:8) and a,,...,. be given the special 


values Gr... =1, 7,—r or 0 7, --- 7, + by (2:8) and (2:9) 


w 1 ee 
(2:19) CF == qd "2(q—2)! mgfr:-r 0, 
y, u not summed, and the only non vanishing terms are those for which 
the pair «8 = st and y = u, that is, terms on the principal diagonal of a. 
Thus in a neighborhood of Op, +4, there is associated with the invariant J 


an invariant a such that 
at+0. 


The partial derivatives of J associated with a above may be obtained 
in terms of partial derivatives of a fundamental set of algebraic invariants 
by differentiating (2:6) 


al ie 
a” baie 7 * Basa 


These equations may be written in agreement with (2:18) as 


(2:21) gtr ae RY gs. 


For each value of a, a’''’”* represents a set of quantities. These sets are 
linearly independent, for, if the arbitrary parameters K“ could assume any 
set of values (not all zero) in (2:21) so that a”: would vanish iden- 
tically these same values of K“ in (2:6) would imply a linear relation 
on the Je. 


The invariant a(a,,....,,a’'*) may be regarded as a function of the 


a’: with the ay... a8 constants. Considering the independent a’ 
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as coérdinates of a space they can not vary thruout the space under the con- 
dition that the a,,...,, are fixed but only thruout the linear subspace deter- 
mined by the +1 independent fixed points a", a = 1---@+1, 
From the consideration of continuity we know that there exists +1 
independent points in this subspace, corresponding to »-+-1 independent 
sets of the K*, such that a is different from zero and takes the values 


(2 : 22) hs, +++, Aw+t. 


These same sets of K’s determine in (2:7) »-+1 independent algebraic 
invariants 
(2:23) P eee, ee 


associated with the a’s and by means of which the a’s are defined as 





0 Ay, - 1, 


| aT, 
(2:24) m= a (ar, , 


The exact form of the function has been given above. 

One would expect that the algebraic invariants (2:22) constitute a com- 
plete set. I have not been successful in demonstrating this. It is sufficient 
to prove that the constants which enter essentially in (2:20.1) will also 
enter essentially when this is substituted in the invariant a. For the 
n-ary quadratic or for the binary cubic » = 0 and a is but a power 
of J. It seems likely that in general as is a power of Js. 

3. The affine connection for the g-ic. Differential invariants of 
the form (2:1) will involve the derivatives of the fundamental tensor. 
They may be found by eliminating the p? and higher derivatives from equa- 
tions (2:4) and equations obtained by differentiating (2:4). By differen- 
tiating (2:4) 








Ay, 4 0 Ae 2 v 
ga ae PrP 
(3:1) 01 402 0. @; Oo—-1 Oa | 
+ 9, --+e, [pe pe iS aT fit + apie a rte | ' 
a? a” Op, Op; 
: ene — = 3 
eeioud Pst 0x° dxt axt ox 


Any tensor involving the a,,...,, and their first derivatives must be obtained 
by finding relations independent of the second derivatives p’,. The number 
of equations in the set (3:1) is 


_. mtq—l)!n 
(3:2) oS (n — 1)! q! 




















































INVARIANTS OF DIFFERENTIAL FORMS. 


and the number of second derivatives is 


(3:3) 7 wm+1) 

: 

The difference 

(3:4) ho Bes (nt+q—I1)!n — n®(n+1) 





(n —1)!q! 2 


If equations (3:1) can be solved for the p’, exactly U equations need 
be used for the purpose. These relations may then be substituted in the 
0 Ar. ...r 
remaining equations, regarded as independent in the we 
exactly EH — U relations independent of the second derivatives. This hypo- 
thesis will be justified by actually solving for the p’,. 
It is convenient to replace the derivatives of the a,,...,, by linear func- 
tions of the derivatives. Thus by defining in any coérdinate system 


, obtaining 





1 | 9 @ur,.--r 0 Or wr... or 0 Ay, .--r 
(3:5) Ar, .o-r,u or +| Oa"? ee Oa"? ne ule ee 


new functions, symmetric in 7, ---7rg are introduced. These new functions 
completely determine the partial derivatives, and by solving (3:5) 


Shi. ek la A 2 
( . ) Oat yon urs tyr, ryt tety to — | — ) r,..-ryu). 


By the use of (3:5) with (3:1) 

(3:7) My es = Meg p Pei PE Pat Ge 1g [Prin Peden elt + 
+P; at if + Dye + ee + py a aie db 

These equations are equivalent to (3:1) since from (3:6) aad (3:7) equations 


(3:5) can be obtained. The last term of these equations can be readily 
written as 


ses Tt Pa oEG 
ies a é, 3 + Beau: oa, a iat. Gy er a OF | pee Ws: 


q 1 ¢ ss 


By introducing the permanent tensor defined in equations (2:17) this 
may be written more concisely as 


1 ori,---4, — 


a 
2(q—2)! Hs. T? Feud, “A, 5 P oc 


and (3:7) takes the form 


. 5 ae 2, ae Ori,.--h 
(3:8) Ay rye ™ & ...@0Pr D+ a ae i Gaud,..i, 9p Por 


ae nye el oe ny sae 
L a 





peptone qracegngp sarees ipban patient 
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As many independent equations as there are unknowns Pap may be segre- 
gated from this set of equations and solved. However, to retain symmetry 
and the results in tensor form we will proceed by choosing linear com- 
binations of the set (3:8) for the solution of the unknowns. Take any 
tensor contravariant of order g and weight w, as", and multiply (3:8) 
summing, 





— see roe 6 eee y — 
8:9) TA, gy = Pad, phepinas + ath al nS 
by setting 
2 apy 1 apa,---d vu, +: -O 
(3:10) Vs.y = 2(q — or Tag, »--g% 8 *AyuhysA,* 


To solve equations (3:9) for the second derivatives Pog we multiply by 


An Po where the tensor A is defined by equations (2:12) (in the % co- 
ordinates) while the tensor a is defined by equation (2:16) for such values 
of the fundamental tensor a,,...,, and the arbitrary tensor a%''’: that the 
determinant a (of equation (2:10)) is non vanishing. The second deriva- 
tives are obtained immediately 


(3:11) Pry = ARMY Gee" A F 


c w VUO,g-+- a 
Ary a Qs 8A s,s. --g,P ald: 


Engs--ov Py P 


These equations may be written more concisely by the introduction of 
new quantities defined by 


(3:12) Vn = Age Oe Ay oe: 
Then (3:11) takes the form 
(3:13) Poo = Tapp — Veg PaP- 


The second derivatives may now be eliminated from (3:8) yielding after 
some rearrangement the tensor transformation equation 


uv 
(3:14) By. hy. gale ** FeBe: 
where 
(8:15) A =A aE BE a 
; yf tt ryote 2(q—2)! "1% auh,---A, Pha,’ 


Equations (3:14) were obtained by eliminating the second derivatives from 
all of the original set (3:8). Some of (3:8) (namely (3:11)) were used in 
solving for the second derivatives so substitution in these must lead to 
trivial identities. By direct calculation 


(3:16) ares’ Agtg,-..o0 = 0. 
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When (3:14) are multiplied by a””** and (3:16) are used in the x 
and x codrdinate system, as many of the equations (3:14) become trivial 


2 
identities as there are equations (3:16), that is nT) It follows 


from (3:4) and the remarks following that (3:16) is a complete set of 
identities among the components of the tensor Ay,...+,u. 

Equations (3:13) contain the arbitrary tensor a’:"'*% explicitly, but the 
p*, are independent of any method of solving for them and so are independent 
of the a”"""*. The conditions expressing this are of course (3:14). In fact, 
by direct calculation (3:14) may be shown to be equivalent to 
Pan _ 


ar" 


(3:17) = 0, when the a of (2:10) is +0. 

The tensor a’’"’’* is left undetermined in the equations of this section. 
When there exists at least some one nonvanishing algebraic invariant of 
the set (2:22) say a,x, the associated algebraic invariant J; of (2:23) may 
be used to determine a”'’’’”* by the equations 

6 Tk Ai eng 
Ody. 


We may summarise: When there exists at any point in space a non 
vanishing algebraic invariant a of the set (2:22) an affine connection (3:12) 
may be introduced in terms of which (3:13) the second derivatives may be 
eliminated to obtain differential tensors of the fundamental tensor. The 
affine connection may be introduced in »+1 ways, one corresponding to each 
algebraic invariant of the q-ic. 

4, Covariant differentiation. Covariant differentiation is the process 
of differentiating the equations of transformation of a tensor and eliminating 
the second derivatives p‘, which enter in the process of differentiating. 
Since the equations (3:13), to be used in this elimination are formally 
identical to the corresponding formula occurring in the theory of a 
symmetric quadratic tensor ays the formulas for covariant differentiation 
will formally agree with the known formula for the quadratic form. 

As an example, the covariant derivative of a covariant vector b, is 


0 by 
02s 


a 
. 


(3:18) 





(4:1) bye = —b, TS. 
These equations, in accordance with (2:13) contain the tensor a” ’’’* and msy 
be made definite by the choice of a non vanishing invariant J, of (2:23) 
and a’’’’* defined as in (3:18). 

If we prefer to avoid the use of the possible arbitrariness of the tensor 
a’’"e and restrict our attention to the general case where all of the 
ll 
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complete set of algebraic invariants (2:23) are non vanishing we may say 
that there are »-+-1 types of covariant differentiation. 

Of particular interest are the covariant derivatives of the fundamental 
tensor dy,...,. From the theory of an affine connection it follows that 


transformations of codrdinates exist* such that the Ij are zero at the 
origin. In these codrdinates at the origin 


(4 : 2) (A,, + r,wdo =: Ay. yu 
and 
Oar... 
(4:3) (ay,...r,,0o = ee ! 
It follows from (3:5) that 
1 
(4:4) Ay... ryt = > (Aur, --7,7, + Oy wry. 0t,r, saad Or, .--r,,0) 


or the reciprocal relation corresponding to (3:6) 


(4:5) Ar. 7,0 = a1 (Aur,---7,,7, + Ap ury---ryry cee —(q—2) Ay,..-ru)+ 
From these latter equations and (3:7) we may obtain a complete set of 
identities among the components of the first covariant derivative of dy,...r,. 

Successive covariant derivatives are given by the usual formulas and 
identities among their components are obtainable from (3:17). 

5. Integrability tensors. From equations (3:14) alone may be deduced 
a sequence of equations which are successive integrability conditions. The 
conditions of integrability of this set of equations 








wre a, os 
On? 02° Ox = A a* Oxr* Ox” 
are 
. ret d a « 
wi Bite Pe as Bupy Pa pb v., 
where 
Hi alt ara. a nd a nd 
(5:2) abe = Teeny ae a + TV Fue — Vac Van. 





dat Oa? 


If (5:1) is differentiated and the second derivatives eliminated by (3: 13), 
integrability conditions oi (5:1) are obtained because beginning with the 
set of equations (3:14) having as many equations as unknowns, the elimination 
of the third and higher derivatives can only be effected by the use of the 
condition of symmetry as in (5:0) and the equations for higher derivatives. 
In contrast to the method of eliminating second derivatives here is the 





* Veblen: Invariants of a quadratic differential form, chapter VI. 
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method of section 3 where equations (3:13) were substituted into the set (3:8) 
which contained some equations independent of any in (3:14). Obviously 
then the equations (5:1) and the sequence obtained by covariant differentiation 
from them are independent from the sequence obtained by differentiating 
(2:4) covariantly. 

6. The equivalence problem. Two ¢-ic differential forms a... dz**-.. 
ax** and dg,...9, dx*...da® are equivalent if there exists a transformation 


(6:1) at = a(z) 

identifying them. Consequently the equations 
0a” 

(6:2) bee PD 


(6:3) ty Meyeirey Bey” * Bre 


must be satisfied, as well as the set obtained by differentiating (6:3). In 
particular the subset of this later set which is determined by solving some 
of the equations for the second derivatives, must be satisfied, that is 








; 0 pt ESEY sae 
(6:4) sak = Ue Pa — Tag By hr 
where 
° C __ 40,0, _OTO,::-0, 
we ry = Aly 4 Cs * Ae ...¢, 
an 
(6:6) tee aes ol 
0 Ar, ..-r, 


I being any algebraic invariant of the q-ic and Adby defined as in section 2 
as an algebraic tensor of a,,...,,.. The integrability conditions of (6:2) are 
satisfied because (6:4) are symmetric in jk. We are concerned with the 
integrability condition of the combined set of linear equations (6:2) and 
(6:4) subject to the finite relations (6:3). From the theory of mixed 
systems* of this type we know that a sequence of finite equations can be 
obtained as follows: (a) Obtain integrability conditions of (6:4). (b) Diffe- 
rentiate the finite relations (6:3) and eliminate derivatives by (6:4). Call 
the original finite equations and any derived by processes (a) and (b) set 
(1) of finite relations. (c) Differentiate set (1) and eliminate derivatives 
by (6:4) obtaining set (2) and so on obtaining sets (3)---(w)---. The 
general theory in terms of our special equations becomes: 

A necessary and sufficient condition that the equations (6:2), (6:3) and 
(6:4) are satisfied is that there exists a number N such that the first N 


* See for example Veblen, loc. cit., p. 73. 
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sets designated above as (1) --- (#) -+- are consistent in the x‘ and p* as 
functions of the independent variables x‘ and that all solutions of these 
equations shall satisfy the (N-+-1)st set of equations in the sequence. 

The process (a) described above gives precisely equations (5:1) and the 
process (b) yields the equations of transformation of the covariant derivative 
of a,,....,. Hence for set (1) we have 


a a eo; eee Oy 
, We M9, “*"@, P,, Py, : 
(1) Bra Bear APE» 
j = ?; e, Uv 
Ay orate sg Uo ...9 P,. 7, Dre Pu: 
For set (2) is 
(2) Brst,v = Boor PE Ps PE PE I> 


7) — at ” 
Oy. .4,%,0 oe Ug ..0,,0,9 P;. sii P; Py Py + 


And for successive sets these are differentiated covariantly. 

In the general case the process of testing for equivalence may be carried 
out by computing » independent absolute invariants or scalars of the se- 
quence and solving these for the 2‘ in terms of the z* obtaining (6:1). 
These solutions must satisfy the subsequent set in the sequence. For 
example when g = 3, since 


o = n(n+1) (n+2)/6— nn? > n 


according as n > 4 the equations a,,,—= a,,. pf py py are sufficient to 
determine the equations (6:1) ifn > 4. Then it is only necessary to test 
the remaining equations of set (1) for consistency with regard to the 2* 
and pi. From the analogy with the theory of the quadratic form it follows 
that if 


(6:7) Bou = 0 


the integrability conditions are satisfied for equations of transformation to 
a coérdinate system having 
(6:8) rs, = 0. 


From these equations and (2:11) follows the equivalent set 
(6:9) aes" 8a A ado,.--¢,7 == (, 


Obviously, these equations have other solutions than ay, .. -r, = constant except 
for the quadratic form for which g = 2. If in addition to equations (6:7) 
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(6:10) Qe... = 0, 


0 ay... 
the partial derivatives git vanish and the a,,...,, are constants, and 
we have the theorem: 

The necessary and sufficient conditions that a codrdinate system exists for 
which the tensors ay,...,, are constants are that the tensors ay,...., and Botu 
vanish identically. 

If we consider the set of conditions (6:10), we know from the theory 
of an affine connection that a normal codrdinate system may be set up 
at any given point for which the components of affine connection vanish 

0 Gy... 
at the point. Consequently, at this point sry = 0. 
7. Paths and geodesics. The covariant derivative (corresponding to 


a particular algebraic invariant of (2:22) of a vector ae defines a set 


of invariant curves 


dz’\ dx” _ 
ie ha = 
The condition that 
“9 we i bp as Oe 
(7:2) Og,...90'+-- et =e, # = — 


is a first integral of the paths may be found by requiring that (7:2) hold 
along the path (7:1). Since (7:2) is an invariant, covariant differentiation 
may replace ordinary differentiation. Differentiating (7:2) along the path (7: 1) 


(7:3) Ap,...ey at! .-. ea? = 0, 


We therefore have the following theorem: 

At every point in space for which some one of the algebraic invariants 
(2:22) is non vanishing, there exists associated with each algebraic invariant 
a(q-+1)-ic cone (7:3) and a system of invariant paths through the vertex 
of the cone and upon it, such that the element of length of this line is 
given by 
(7:4) ds" = dg,...9, dx ... da®, 


The condition that (7:4) represents the element of length on all paths is 
that the cone (7:3) vanishes identically. 

If (7.4) be chosen as the line element in our space the geodesics are 
given by Euler’s equations 


bf da of = P 48 *0.\1/¢ 
0x! ds 025 0 a (dg,--.9, H+ ++ a**) : 
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paths and geodesics agree everywhere. 
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If f is held constant and equal to 1 along the are these give 


1:8) LGD ae, gg BH BF dey ngy td «ae = 0. 


The condition that the paths are geodesics may be found by considering (7 : 1) 
and (7:5) simultaneously. In normal codrdinates the paths are 


(7:6) we == §. 
With (7:5) these require that 
(7:7) Ag, ...9,4 X* wee ghe == @, 


In general codrdinates these become 


(7:8) Ao, ...9,4 2" ++ ght = 0, 

The condition that there exist a direction along which the paths and 
geodesics agree is that there exist a direction z’ satisfying (7:8) or in 
Ar, .--4, 
dx? 
and are independent when these latter are independent. . Hence, in general 
the n qg-ic cones (7:7) intersect in a point but have no curve in common. 

More precisely: 

When the n invariant cones (7:8) with a common vertex at any point P, 
are linearly dependent their common directions determine directions for 
which the paths are geodesics. 

As an immediate further specialization of this theorem: The necessary 
and sufficient conditions that the paths and geodesics from a point have 
second order contact in every direction is that the tensor A,....r,,3 vanish at 
this point. It follows from equation (4.4) that these may as well be stated by 


normal codrdinates, (7:7). The 4,,...,,5 are linear functions of the 


Likewise, in general, contact of the kth order of these curves at a point P 
may be assured by the vanishing at this point of the first k —1 covariant 
derivatives of ar,...r,. If all covariant derivatives vanish, that is if 


Ay,..-1,3 = 0 





































A THEOREM ON LINEAR CONNECTIONS.* 


By J. H. C. WaiTeHeap Anp B. V. WILLIAMS. 


This paper originated in a suggestion by Professor 0. Veblen, in his 
seminar at Oxford, that Fermi’s theorem could be proved by equating the 
components of the curvature tensor to zero and solving the set of diffe- 
rential equations thus formed. We owe a great deal to Professor M. S. 
Knebelman who has shown exceptional kindness in reading and criticizing 
the manuscript. 

Professor L. P. Eisenhart+ has proved the following generalization of 
Fermi’s theorem: 

A. Given a curve C, and a symmetric affine connection there exists a 
cobrdinate system in which the components of this connection vanish at each 
point on a segment of this curve. 

If the components of two affine connections, in any coérdinate system, 
are the same it is evident from the transformation law that they will be 
the same in all coérdinate systems. Hence Theorem A is equivalent to 
the statement that there exists a flat affine connection, whose components 
agree with those of a given affine connection on a segment of any curve. 
We shall, in fact, prove the theorem: 

B. Lett Lgi, m =n, be the components of a linear connection of the type 
first studied by Kénig§, with the additional condition: 





Tj = Ly 
then there exists a connection I's; such that 
a bear a Tg 0 sk y a y a 
Baz = oe par tiain—iTaly = 0 
and: 
To. — Le,n; ——— 1, oo): Ty On == Ny -+ry M; 
Toa = Len, @, = 4, ---,m for oH =... = eo = 0; 
Tn = Ln, &8 = 1,.---, m for em. = oe” = 0. 


* Received June 4, 1929. 

t+ Non-Riemannian Geometry, Ch. II, § 25. 

t Unless otherwise indicated the indices «, f, y will range over the values 1,---, m and 
i,j, k, over 1, +--+, m. 

§ Beitrige zu einer allgemeinen Mannigfaltigkeitslehre, Jahresber. der Deutschen Math. 
Verein., Bd. 28, p. 63-78. Also L. Schlesinger, Parallelverschiebung und Kriimmungstensor 
Math. Annalen, vol. 99, p. 413-434 
151 




































ih kt AED IRR ABE hh At Es 
ne 


= ites mee dae Ai me see 
Ss . EE Oe ee 





152 J. H. C. WHITEHEAD AND B. V. WILLIAMS. 


Iim=>n Liz may be taken as the components of a symmetric affine 
connection. The curve referred to in Theorem A may be taken as 
z* =... = g” = O and B is seen to include A. 

1. Before considering B we shall consider the following easier theorem: 

C. Let Lyi (a, ---, 2")m2n, be the components of a linear connection, 
Lji being analytic functions of x‘, ---, 2” regular in the n-cell Vn defined 
by the inequalities a'<at<.b'; then there exists a linear connection whose 
components, T's, satisfy the following conditions: 


(1.1) Boy = 0; 
Tin Lgn; 


(1.2) hp = Lf for 2?" =... 





In = VY, for # — ... = 2 = 0. 


We shall use the matrix notation, i.e., Zi, 7;, By will stand for the 
square m-row matrices whose constituents are L%;, 7; and Bgy. It Ag, 
Bg are the constituents of any two matrices, then AB will denote A} By. 

Consider the differential equations 


oY, aL, 


ae) oa® = =—s«é a"! 


—Y¥, °*Ly+°Ls Y; 





where 
°L, = L,(x', x*, 0,---, 0). 


These equations are of the type 


ee or 
(1.3a) ie 6 fet... a, ease 











0 dzt a2N af] 
az? da” da aa] * 


There is a theorem* which states that if 64 are analytic functions of all 
the arguments, regular for 


r A A A 3 
a<et—Ai<h, Mcel—ec Bi, Pi< 58 0 = % 


then these equations will admit a system of solutions regular in the domain 
of x, and reducing, for x'— xz = 0, to N given functions ¢'-.- p of the 
n—1 variables x*-.- a”, regular near «° and such that g*(x) = 24 and 


(2) = yp}. This theorem will be referred to as E. 
L=2y 


e>1 





* Goursat, Cours d’Analyse Mathématique, vol. II, ch. XIX, p. 386. 
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2 
There exists in virtue of this theorem, a unique set of solutions J, 
say, regular in some 2-cell defined by |2"|<k, |z*|<k, and such that 






(1.4) fn bt Oe eek 





2 2 2 
If we write I(x", x”) =°LZ, then the matrices I, I, will satisfy the 
conditions of Theorem C for n = 2. 
This forms the basis for an inductive proof. We shall, therefore, assume 


p-1 
the existence of analytic functions 7), 4 = 1, ---, (p—1) of the variables 
zi,.--,x2?-1, regular in the (p—1)-cell Vp-1 defined by the inequalities 
at<at<b', and such that: 


p—1 

Ip _— Ly-1(2', a xP, 0, pte 0); 

p—1 

Tp—2 = [p-2(a', ---, e?-*,0,---,0) for 2? *=0; 










(1.5) 











1 
Tt. = teh AO ae for ota... = gt = 0; 
ee Re te RT emiaey ee A 
r = Z£,(2',0,---, 0) for z?1=—...=7' =0, 
And: 





p-—1 


1 ?-1 p—l p-l 
(1.6) ry Bin 2 Ta,atla Puy = 0 for A, = 1, -++,(p—1), 





the comma denoting ordinary differentiation, and the square bracket the 
arithmetic mean of the alternating sum. 
Then consider the differential equations: 
re) Yi gate d°Ly 
(1.7) xP sh 


where °Ly = Lp(a’, ---, x?, 0,---, 0), and the constituents of Yj are the 
unknowns. In virtue of E, there exists a unique set of solutions to 1.7, 






—Y,°Lp+°L, Vi, A= 1,--+, (p—1), 













Pp Pp 
Ty, ---, [p-1, which are analytic functions of z',---,2?, regular in the 
p-cell Vy, defined by inequalities of the form |z?|<k, @=—1,---,p, and 
such that: 

Pp p—l 
(1.8) m=%, 4=1,---,(y—1), for «? = 0. 





Pp Pp 
Write Ip = L,(x',---, 2”, 0,---,0). Then, if Bos, e, o = 1,---,p be 
p 
the curvature tensor formed out of the set Iy, we have: 





Pp 
Bop = 0, @ = 1,---,p; 


p 
By, = 9 for #2» = 0, Aju = 1,---,(p—}1). 





(1.9) 
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We shall show that Biyw = 0 for all values of zx satisfying |2?|< K for 
some non-zero value of K. 

Let I; be m m-row square matrices. Then the corresponding curvature- 
tensor has components Bj, where: 




















1 3 

(1.10) @ Bir = Tynt+ Ty Mn. 
Then let: 
(1.11) Byer = Byit Buli— Ti By; 

1 

> Bun = Ninn t Ty Ten +Tj,1 Te 
(1.12) 

+ Liye Py t+ Ty Te Py — Tu Uj, — Tu Tj Ta. 

Since, in general terms, 


Now: 

(1.13) (1) ijk, = 90 since Jinn = 9; 
(1.14) (2) Ajj) = Aga) = Ayn = — Arey. 
Hence we see that: 

(1.15) Byxy = 0. 


Applying this general result to our particular case, we have: 


Dp p p 
(1.16) Bipip + Bupii + Boi\u = 0. 
But 


p p 
Buy = Bp = 9; 


p 
0 Bin 
0 xP 


0 Bip ) evs 
(232) mo. 


And by repeated differentiation it is seen that 


Pp p p P Pp 
(1.17) Biuip —— + Bip ry —TIy Bin 7 0; 





(os 
Au ke 
(1.18) (8p) Li gia at 0, 
where N is any integer. 

But Bip = 0 for a = 0, 


Pp 
(1.19) “. Bin = 0 for |x| <k, @ = 1,---,p. 
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So we have 


D 
Tp = Lp(a", +++, 2, 0,---, 0); 





Pp 
(1.20) Ty = L(x", ---, 2, 0,---,0) for 2? =... = get! = 0; 
p 
r, = I, (z', 0, ---, 0) for PP = 1.0 g” = @; 
and 
Pp 
(1.21) Bee = 0, @,0=1,->-,p. 


But we have proved the existence of such a set of functions Ti; ’ 
4=1,.---, (p—1), for p = 3. Theorem C follows immediately by 
induction. 

2. We now return to the consideration of Theorem B. Let Lg be the 
components of a linear connection and let Lj, = Lij. We shall not regard 
Lx and Ly; as distinct. Then there are mn(2m—n-+1)/2 distinct com- 
ponents Lg. If: 





eli ale 





(2.1) Lin = oe — pg + Th Lie — Le Div 
Then clearly: 
(2.2) Livin spt 0. 


Now let us assume the existence of m(p —1)(2m— p+ 2)/2 functions, 


p-1 
rs, 4 = 1,--+,(p—1), of v',---,2?-, analytic and regular in the 
(p —1)-cell defined by a4< a+ <b’, such that: 


p-1 
ec 





Tov P—1 ci Le, p—1 (x', is a, 0,---, 0), m = @p-1 207-1; 

p-l 

Toya = De a, + a, 0,---, 0) for gP-l =... = gti — 0, 
(2.3) ) ae 

»-4 

Vn = Li, x’, 0, ---, 0) for wt ==... = gt = 0, 

f = 1,..., m. 
And 
p—-1 

(2.4) Boku == Q, A, mz Joe, (p—1). 
Now let 


lo = Yo = Lop (a, --+, 2, 0, «+. 
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Then consider the differential equations: 


Ye. Ye.» 4=1,---,(p—}D), 


, oF B & B a < 
(2.6) “(te >n Fe! Yap + Yo.» Ys; Q, = 4,+-+,m. 

























These differential equations are of the type to which E applies. There 


p 
is, therefore, a unique set of solutions; Ti, A = 1,---,(p—1), which 
are analytic functions of x’, .--, 2, regular in the p-cell defined by the ine- 
qualities |a*|< K for some positive value of K, and such that: 

—1 


Pp Pp 
(2.7) Th, (x, coe, PY 0,---,0) = Pou A= 1,---,(p—1), for 2? =0, 
Now E, applied to equations (1.3), suffices to show the existence of 
2 2 
a set of functions Tn, Te satisfying the conditions (2.3) and (2.4). If, 
p 
therefore, we can show that the solutions, Ii, of (2.6), satisfy the conditions 





Po 
(2.8) Bain = 0, Aw = 1,-+-,p, 


then Theorem B will yield at once a proof by induction. 
Pp 
Now, since Ig, satisfy (2.6), we have 


Pp 
ue es A=1,--,(p—D, e Zh 
; P 

Bap = 0, 44H = 1,---,p—1, for 2 = 0. 


Let p>o>Ad. Then: 
(2.10) Bopi + Brig + Bigp = 0, 


omitting the superscript p, for formal work. But, since e >A, Bops = 0. 
Therefore, from (2.10) 


(2.11) Biop = Byoi = 0 when a? = 0, 
(2.12) Ei Bgos = 0 when 2? = 0, 0,0 =—1,---,p. 


Expanding the identities Bgauip) = 0 (2, #<p) we have: 


Boa 10 ca 7) BS 
— at Bhiu Typ ee Briu Vp + “a + Boup Ty; a Byup Thy 


(2.13) a 
ri @ a 
7 “oo + Ba Tyu — Bry Uh = 0. 


If, in any term except the first, we have Bg, (A<p) there are two 
possibilities : 
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1. 8 >A, in which case this term and all its derivatives are zero. 

2. B<4. In this case we may replace it by Boag (using 2.11). 
Let us denote the terms Bgin, 4<p, w<p, & = 1, ---, m, collectively 
by B, and their derivatives with respect to z!, ---, 2? , collectively by 
aB a*B a” B 


























Re re yi ? = 
co! ear? oe Write t. 
Then (2.6) takes the form: 
aB aB 
eye Gt ~ %(B Ge): 
: : aB 
where H, is homogeneous of degree one in B and Po For t= 0 
B= 12 = 0 from (2.4) and (2.7). 
Then: 
tg een 0H, 0B 0H, 8 OB 
6 t? = a 0B ot +2 5 2B at Oa 
ox 
(2.15) Pe dB a , 6 0B 6 OB 
= #,(B, dn’ O28 et bx Om ot” 
a” B oB a” B 
Or = H,(B, Oa’ ° Oar ), 
, ; a7 B 
where H, denotes a function, homogeneous in B, ---, oar 
Now B = 0 identically for ¢ = 0; hence 2 = 0 identically for 
t = 0. Thus from (2.15): 
érB 
- ( ot ),-2= . 


where r is any positive integer. But, since B = 0 for t= 0, we have: 


(2.17) Bhp = 0, 2, =1,---, p—1. 
So from (2.9) and (2.11): 
(2.18) Bhoo = 0, 0, ¢= 1, +++, p, 


everywhere in the p-cell defined by |2*|< K. 
But these are the conditions (2.8). So Theorem B is established. 
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A SOLUTION OF THE WAVE-EQUATION.* 


By H. BATEMAN. 


1. Let f be a function of the spherical polar codrdinates (4), yo) of a 
point Q on a spherical surface S whose equation is z*+ y*-+z? = a*. We 
take the axis of z as polar axis so that the codrdinates of Q are 


X = ASIN A COS Ho, Yo == SiN O Sin Po, 2p = aCOS O. 


We shall suppose that the function / is of such a nature that it has a 
definite mean value f for points Q which lie on any circle C on S. This 
mean value is supposed to be defined by the equation 


F fas =| fas 


where ds is an element of length and the integrals are ordinary Riemann 
integrals. This involves the assumption that the function / is integrable 
in the Riemann sense. If greater generality is desired, the integral can 
be defined to be a Lebesgue integral and the function / subjected to appro- 
priate limitations which will ensure the existence of the integral on the right. 

If (x, y, 2) are the codrdinates of any point P in space and ¢ an asso- 
ciated time, there is a circle C whose points are all at a distance ct from 
P if P lies in a certain region R bounded by spherical surfaces S,, S, of 
radii |ct-++a|, |ct—a!| respectively. These surfaces are concentric with 8S. 
If P lies on either S, or S, the circle C reduces to a point on S which 
lies on the radius from P to the origin. 

We now define a function W to be zero when P lies outside the region 
R and to be equal to //r when Pis in R or on its boundary. The symbol r 
denotes here the distance of P from the origin and we shall use spherical 
polar coérdinates defined by the equations 


x = rsin@cosg, y = rsin 6sin g, 2 = rcosé. 


In all cases that have been examined the function W has been found to 
be a solution of the wave-equation 


eV, WW, ew 1 3a?W 
dat | ay! ae ~ OF 








* Received June 17, 1929. 
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and to satisfy the initial conditions (for ¢ = 0) 


W =f when Pis on S, W = 0 when P is not on S, +7 = 0 everywhere. 


If f has different values on the two sides of a curve f the value of / for 
a point of IY must be defined to be the limiting value of f for a small 
circle C whose center is at this point as the radius ct of C tends to zero. 

The first case in which the theorem has been tested is that in which T 
is a circle on S and f is unity for one of the caps bounded by this circle 
and zero on the other part of the sphere. If 6 =a on TF it is easily 
seen that f= w/a where 

cos @ == cos 6 cos » — sin 6 sin » cos ¥, 


ag? r?t+ a®—2arcoso. 


c 


It is also easy to verify that the function y defined by these equations 
is a solution of the partial differential equation 

2 2 2 

PY LIPS cep ttl a LES 


ar? e 


rT Oe ee ee) 


and that the associated function W is a solution of the wave-equation. 

The effect of the discontinuity in f is rather peculiar. In general we 
can expect the value of a function of type W to change as a point passes 
from the interior of R to the exterior but because fis zero over a portion 
of S, it turns out that W is continuous over a portion of each of the 
surfaces S,, 8, and discontinuous over the other portions. The regions of 
discontinuity are bounded by the circles in which the spheres are touched 
by a tore which is the envelope of the spheres of radius ct with centers 
oW 3W aw 
Or’ 00’ at 
seem to be infinite. Infinite values of these derivatives can be avoided 
by choosing a type of function f which is continuous at the cap’s rim 7 
and zero at points of the sphere outside the cap. 

Another solution of the wave-equation may be derived from the preceding 
one by differentiating it with respect to the quantity cos a which we denote 


by & Writing 2 — ~+5 we find that 


2 = (1—cos* a — cos? 6 — cos*w + 2 cos @ cos 6 cos w) 





on the rim Ff. At points of the tore the derivatives 


te|~ 


when the quantity in brackets is positive and 2 = 0 when the quantity 
in brackets is negative. This solution may be expanded in the form* 


* J. Dougall, Proc. Edinburgh Math. Soc., 37 (1919), 33. See e!so H. Bateman, Math. 
Ann. 62 (1907), 547. 
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2= = = (2+1) Py (cos «) Py (cos 6) Py (cos @) 


and this formula suggests that the function W = P, (cos 0) P,, (cos @)/r is 
a wave-function. Indeed, if we take f= Sp (xo, yo, 20) where 8 is a sur- 
face harmonic of degree n, the value of f, by a known theorem,” is equal 
to Sn (x, y, 2) Pn (cos w), and so the function W = S, (a, y, 2) Pn (cos @)/r 
is a wave-function. Furthermore, if we write W = r—"” 8, (a, y, z) 
V (r, é) it is easily seen that W is a wave-function if V satisfies the partial 
differential equation 


2 3 
(1) a7 V 2n OV HO 1 OV 


oe We ae 

Particular solutions of this equation are given by V = 1” P, (cos @) and 
V = r"™ Qn (cos m) where P, (wu) and Qn (w) are the two types of Legendre 
function and so we again have a verification of the theorem. 

Naturally, the quantities V, = r” P, (cosh 4) and V, = r” Q, (cosh 4) are 
solutions of (1) if cosh 4 is defined in the same way as cos @, i. e. by the 
equation c*t® = r?-+ a* — 2arcoshé. We may thus define two new solutions 
of the wave-equation as follows: 


W, = (1/r) Sn (x, Y; z) Py (cosh 4), 
Ws, (1/r) Sn (a, y, 2) Qn (cosh A), 
W, Ww, = 0, (r— a)? < cf’. 


(r—a)*>c*#, 


These solutions point to the existence of a wave-function W = 4/r where 
1 


9 


A = (cosh? 4+ cos? a + cos? 6 — 2 cos & cos 8 cosh 4 — 1) ? 


when the quantity under the bracket is positive and 4“ = 0 when the 


quantity just mentioned is negative. The associated wave-function 
1 


1 -— — 
W = 2a[r?+a*?—2arcos(a—@)—c* #2] 2 [r?+-a®—2arcos(e+0)—c#] ? 


is already well known. 

To extend our original theorem to the case of a function f of a very 
general type we may expand the proposed function / in a series of sur- 
face harmonics and introduce restrictions suggested by requirements of 
convergence. Another plan is to assume that the proposed function / can 
be built up by integration from functions each of which is constant on one 
side of a circle and zero on the other side, the circle [ and the constant 





* See, for instance, H. Bateman, “Terrestrial Magnetesin and Atmospheric Electricity”, 
Sep. 1915. 
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being different for the different elements of the integral. It is probable 

that the function derived in this way will be quite as general, if not more 

general, than the function defined by the series of surface harmonics. 
Another extension of the theorem is obtained by taking as the initial 


conditions for t=0, W=/, ue = g when P is on 8S, the value being 
zero Otherwise. The corresponding solution is 


w= + (Ait fear] 


the suffix ¢ being used to denote a mean value over a circle whose points 
are at distance ct from P. 
When the sphere S reduces to a plane Z/ the corresponding formula for W is 


Ww =ft[oed 


and the spheres S,, S,; become the parallel planes x = +ct. When the 
equation of the plane 7 is z = 0 the solution f; is 


275 
w= xf, Slx+ccose, y+o sine] de, oe = eft—2>0 
0 


Ss 0, cf<s*. 


Associated with this solution there is a companion solution 


271 
W = i {fla+ie cose, y+ie sine] +f [x—ie cose, y—ie sine]} de, 
e = 2—f>0, 
wW=0, ef<ct 
which satisfies the conditions W = f(x, y) when z = 0 andt—0, W=0 
when z= 0, ¢+0. 
The corresponding solutions of the two-dimensional wave-equation 
OW CW: 4: EP 
Oa" If PF 





are 


1 1 
W, = (ct—2) *f[yt(ee—-2)?], 
=< 0, 


if Be = @—et) *{flyt i (e®§— et)" +- fly —ilae*—  )*)}, 
= 0, 
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2. There is a theorem relating to the mean value of a function of position 
over a sphere on a unit hypersphere in a space of four dimensions which 
is an analogue of the theorem relating to the mean value of a function 
round a circle on a sphere. 

Let the codrdinates of points in the space of four dimensions be expressed 
in terms of polar codrdinates (s, 0, y, w) as follows: 


x = ssiny sin 6 cos ¢@, z= scosésiny, 
y = ssinw sin 6 sing, w = scosy, 


We consider the hypersphere s = 1 and the particular sphere for which 
s=1 and w has a constant value. The mean value over this sphere of 
a four dimensional potential, W = s" f(0, 9, w) = F(a, y, z, w), is, for 
positive integral values of n+1, 

sin (n+ 1) wy 

+1)? F(0, 0,0, 1). 


This is easily verified for the case of the potential 





(2) (w+izcosa+iz sine cos8+iy sine sin )” 


where «, 8 are arbitrary constants, because the integral 


271 
aff sin 6 d6 dy [cos y+ sin y (cos 6 cos a + sin 6 sin « cos p—)]}" 
0 


can, by a change of axes, be reduced to the form 


4" | sin 9’ dé’ dg’ [cos W + sin w cos 6’}" 
4m Jo Jo 


and is consequently seen to have the value sin (n-+1) w/(m+1) siny. 
Now, by Whittaker’s theorem,* any four dimensional polynomial potential 
of degree nm can be derived by superposition from a number of elementary 
potentials of type (2) and so we conclude that the foregoing theorem holds 
for any polynomial potential function of degree n. 

In particular, since 





(t+ y+ 28+ wi)” Pp | of oF ? ry) 


is a polynomial potential of degree 2, we have the relation 


7 . 
5 f P,, (cos? w+ sin? w cos 26) sind de = Seria ; 








* Math. Ann., 57 (1902), 342. 





DETERMINATION OF ALL THE GROUPS OF ORDER 96. 


By G. A. MriER.* 


1, Introduction. The groups of orders 64 and 96 present the greatest 
difficulties among those whose orders do not exceed 100 in view of the 
large number of factors of these orders. It may therefore be of interest 
to note here a brief discussion of all the groups of the latter order. If 
a group @ of order 96 contains only one subgroup of each of the orders 3 
and 32 it must be the direct product of its Sylow subgroups and hence 
there are exactly 51 such groups since this is known to be the number 
of groups of order 32. In what follows we shall therefore assume that 
the number of Sylow subgroups of G of at least one order exceeds unity. 
If G contains more than one subgroup of order 32 it contains three such 
subgroups and transforms them according to the symmetric group of degree 3. 
The number of its subgroups of order 3 is one of the following three 
numbers: 1, 4, 16. 

2. Groups containing four subgroups of order 3. The four sub- 
groups of order 3 must be transformed unter G either according to the 
alternating or according to the symmetric group of degree 4. In the former 
case G contains only one subgroup of order 32 corresponding to the sub- 
group of order 4 in the alternating group of degree 4. This subgroup 
of order 32 must involve a subgroup of order 8 which transforms each 
subgroup of order 3 into itself and this invariant subgroup of order 8 is 
composed of operators which are commutative with every operator of 
order 3 contained in G. There must therefore be two operators of order 3 
in G whose product is either of order 2 or of order 4. In the former 
case, the operators of order 3 contained in G generate the tetrahedral 
group, and hence G must be the direct product of this group and a group 
of order 8. There are therefore five such groups of order 96. When 
the product of two operators of order 3 contained in G is of order 4, 
these two operators must generate the non-twelve group of order 24, and 
G can be obtained by extending this grooup by a group of order 8 whose 
operators are commutative with each of its operators and which has an 
invariant subgroup of order 2 in common therewith. There are six such 
groups of order 96 since the abelian group of order 8 and of type (2, 1) 
gives rise to two such groups of order 96. The total number of groups 
of order 96 which contain four subgroups of order 3 and transform them 
according to the alternating group of degree 4 is therefore 11 


* Received July 16, 1929. : 
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If a group of order 96 contains four subgroups of order 3 and transforms 
them according to the symmetric group of degree 4 it involves three sub- 
groups of order 32 and a subgroup of order 48 which contains only one 
subgroup of order 16 and transforms its four subgroups of order 3 according 
to the alternating group of degree 4. From what was noted in the 
preceding paragraph it results that there are four such groups of order 48. 
Two of these are the direct products of the tetrahedral group and a group 
of order 4 and hence they give rise to seven groups of order 96. The 
other two groups also give rise to seven groups of order 96, and hence 
the number of the groups of order 96 which contain four subgroups of 
order 3 and transform them according to the symmetric group of degree 4 
is 14. The total number of the groups of order 96 which contain exactly 
four subgroups of order 3 is therefore 25. 

3. Groups containing sixteen subgroups of order 3. The sixteen 
subgroups of order 3 must be transformed according to a transitive group 
of degree 16 and either of order 48 or of order 96. In the former 
case G contains an invariant operator of order 2 and hence it contains 
32 operators of each of the orders 3 and 6. Such a G@ can therefore 
involve only one subgroup H of order 32 and the quotient group H with 
respect to the invariant subgroup of order 2 under G must admit an 
automorphism of order 3 in which no operator besides the identity corre- 
sponds to itself. It is easy to verify that the only two groups of order 16 
which satisfy this condition are the abelian groups of types (2,2) and 
(1, 1, 1, 1) respectively. Hence H is either abelian or involves a commutator 
subgroup of order 2. 

When Z is abelian and of type (1, 1, 1, 1, 1) its group of isomorphisms 
contains two sets of conjugate subgroups of order 3. Only one of these 
is composed of groups which have sixteen conjugates under H, and hence 
there is only one group of order 96 which involves this H invariantly and 
contains 16 subgroups of order 3. There is also only one such group 
when H is abelian and of type (2,2,1). No other abelian group could 
be used for H. When H is non-abelian, it may involve three conjugate 
abelian subgroups of index 2 and its central is then of type (1, 1, 1). 
Hence it must be, in this case, either the Hamiltonian group of order 32 
or the group of this order in which the subgroups of order 4 have three 
distinct squares which generate the central. Each of these H’s gives 
rise to one and only one group of order 96 which satisfies the given 
conditions. When H does not involve an abelian subgroup of order 32 
it must be generated by two pairs of generators such that the two of 
a pair are non-commutative but are commutative with those of the other 
pair. If both of these pairs generate either the octic group or the 
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quaternion group, G is the same group and admits an automorphism of 
order 3 in which only two operators correspond to themselves. This is 
however not the case when one of these groups is octic wile the other 
is quarternion. Hence there are exactly five groups of order 96 which 
involve separately 16 subgroups of order 3 and transform them according 
to a transitive group of degree 16 and order 48. 

It remains to determine the groups of order 96 which transform their 
16 subgroups of order 3 according to a transitive group of order 96 and 
hence involve an invariant subgroup of order 16 which contains no operator 
besides the identity which transforms a subgroup of order 3 into itself. 
Such a G must therefore appear in the holomorph of one of the two 
abelian groups of types (1, 1, 1, 1) and (2, 2) respectively, and must correspond 
to a subgroup of order 6 in the quotient groups of these holomorphs with 
respect to one of these abelian groups. Since the group of isomorphisms 
of the former of these two groups is simply isomorphic with the alter- 
nating group of degre 8, there are two such groups in the former holomorph. 
The group of isomorphisms of the abelian group of type (2, 2) is of 
order 96 and hence it involves only one set of conjugate subgroups of 
order 3. It contains two sets of conjugate cyclic subgroups of order 6 
and one set of conjugate non-cyclic subgroups of this order. Hence there 
are also exactly five groups of order 96 which-involve separately 16 sub- 
groups of order 3 and transform them according to a transitive group of 
degree 16 and of order 96. The total number of the groups of order 96 
which contain separetely 16 subgroups of order 3 is therefore 10. 

4. Groups containing only one subgroup of order 3 and three 
subgroups of order 32. If a group of order 96 contains only one 
subgroup of order 3 and three subgroups of order 32 it must involve 
invariantly the direct product of a group of order 16 and the group of 
order 3 while the remaining operators of G must transform into their 
inverses the operators of order 3 contained in this direct product. It 
is well known that there are six such groups of order 96 when the 
Sylow subgroup of order 16 contained in H is cyclic. When this Sylow 
supgroup is of type (3,1) its group of isomorphisms is of order 16 and 
involves eleven operators of order 2. Three of these are invariant, while 
the remaining eight are conjugate in pairs. Hence we have to consider 
seven automorphisms of order 2. Each of these gives rise to two groups 
except the automorphism in which each operator corresponds to its inverse. 
As this and the identity automorphism separately give rise to three groups 
the total number of these groups is 18. 

When the Sylow subgroup of order 16 in H is of type (2, 2) its group 
of isomorphisms is of order 96 and involves 27 operators of order 2. 
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Twelve of these are conjugate, six others constitute a single conjugate 
set, while there are two sets of three conjugates, one set of two conjugates, 
and one invariant operator of order 2, The first of these sets gives rise 
to only one group, while the second gives rise to three. Each of the 
following two gives rise to two groups, while the last two give rise to 
one und two groups respectively. Hence the total number of these groups 
is 11, and as there are obviously two groups in which each operator of 
the given Sylow subgroup corresponds to itself the total number of groups 
which involve this H is 13. 

The group of isomorphisms of the abelian group of order 16 and of 
type (2,1, 1) is of order 192 and is contained in the holomorph of the 
abelian group of order 8 and of type (1, 1,1), It therefore gives rise to 
the symmetric group of degree 4 as a quotient group with respect to 
this abelian group, and it contains 43 operators of order 2. These appear 
in two sets of 12 conjugates, three sets of six conjugates, and one 
invariant operator. If H contains the abelian group of order 16 and of 
type (2, 1, 1) there are therefore two groups of order 96 for each of two 
sets of i2 conjugates. For one of the sets of six conjugates there is 
only one group of order 96 but for each of the other two sets there are 
three groups. There are also three such groups when every operator of 
the Sylow subgroup of order 16 in A corresponds either to itself or its 
inverse. Hence it results that the number of groups of order 96 which 
contain H is 17. As there are obviously five such groups when H involves 
the abelian group of type (1, 1,1, 1) it results that the total number of 
such groups in which H is the direct product of the group of order 3 
and an abelian group of order 16 is 59. 

The total number of distinct groups in which the Sylow subgroup 
of order 16 contained in H is either dihedral or dicyclic is known to be 
5 in each case*. Hence there are ten such groups of order 96. When 
the Sylow subgroup of order 16 contained in H is conformal with the 
abelian group of type (3, 1) its group of isomorphisms is of order 16 and 
its three-fourths automorphisms generate the subgroup of order 8 in its 
group of isomorphisms composed of the operators which do not interchange 
its cyclic subgroups of order 8. Hence this group of isomorphisms is the 
same as the group of isomorphisms of the abelian group of type (3, 1). 
There are two groups of order 96 when this Sylow subgroup in H is 
transformed according to the identity automorphism, and there are also 
two such groups when it is transformed according to a three-fourths 
automorphism. When the automorphism of the group of order 16 in H 





* G. A. Miller, Proceedings Nat. Acad. Sci., 14 (1928), 921. 
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is one in which the operators of order 8 are transformed into themselves 
multiplied by an operator of order 4 which is not the square of an 
operator of order 8 there are again two groups, and in the remaining 
case there are also two groups. Hence the total number of groups of 
order 96 which contain this H is 8. 

The remaining non-abelian group of order 16 which involves oper- 
ators of order 8 has also a group of isomorphisms of order 16. Since 
its group of inner isomorphisms is of order 8 it is necessary to consider 
only two different transformations. Since two groups correspond to each 
of these transformations, there are four groups of order 96 in which H 
is the direct product of this non-abelian group of order 3. When the 
subgroup of order 16 in H is the generalized dihedral group there are 
64 different isomorphisms to be considered, but as the group of inner 
isomorphisms of this group of order 6 is of order 4, these 64 isomorphisms 
may be considered in sets of four. The three-fourths automorphisms 
coincide with the inner isomorphisms. Obviously three groups of order 96 
correspond to each of the three sets of four transformations in which all 
the operators of order 4 in this subgroup of order 16 are transformed 
either into themselves or into their inverses. There are also three groups 
in the remaining case when the central is of order 4. When the central 
is of order 2 and the abelian subgroup of order 8 and type (2, 1) is 
transformed according to an operator of order 2 there is one group of 
order 96 for each of the three possible distinct automorphisms and there 
is one such group when the given abelian subgroup of type (2, 1) is 
transformed according to an operator of order 4. Hence the total number 
of the groups of order 96 in which H involves the direct product of the 
octic group and an operator of order 2 is 16. 

When the group of order 16 contained in H is Hamiltonian its group 
of isomorphisms is of order 192 and it involves four quaternion groups 
which are transformed according to the symmetric group of degree 4 under 
its group of isomorphisms. The four inner automorphisms transform each 
of these four subgroups into itself and there are three groups of order 
96 which transform this Sylow subgroup of H according to an operator 
in its group of inner isomorphisms. There is only one group in which 
this Sylow subgroup is transformed according to an outer isomorphism 
which transforms into itself each of the four quaternion groups contained 
therein. There are two sets of four operators which permute the four 
quaternion groups in pairs according to a certain substitution of order 2. 
Under one of these sets the central is of order 4 while the central is of 
order 2 under the other set, and the number of corresponding groups of 
order 96 is three and one respectively. Finally there are also two sets 
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of four operators which permute only two of the four quaternion groups 
and the number of the corresponding groups of order 96 is three and 
one respectively. Hence the number of the distinct groups of order 96 
when H involves the Hamiltonian group of order 16 is 12. 

If the subgroup of order 16 in H contains 8 operators of order 4 which 
have a common square while the remaining four of this order have a 
different square the group of isomorphisms to be considered is of order 32 
and the three-fourths automorphisms generate a group of order 8. There 
are four groups of order 96 which contain this H and transform it 
according to an inner isomorphism, and there are also four such groups 
which transform it according to a three-fourths isomorphism. Moreover 
there are four additional such groups when each of the two cyclic sub- 
groups of order 4 which have a common square is transformed into itself 
while the two sets of four which have a common square are interchanged. 
The remaining set of four operators in the group of isomorphisms which 
can be used also gives rise to four groups, so that the total number of 
groups which contain H is 16. 

The remaining group of order 16 whose central is the non-cyclic group 
of order 4 has the same group of isomorphisms as the one just considered, 
but two of the operators of order 2 in the central are now conjugate 
under the group of isomorphisms. Hence only three groups correspond 
to each of the first three sets of four automorphisms while only two 
correspond to the remaining set. Hence the total number of groups of 
order 96 which contain this H is 11. 

It remains only to consider the H in which the central of order 4 in 
the subgroup of order 16 is cyclic and this subgroup involves no operator 
of order 8. The group of isomorphisms of this subgroup is of order 48 
and transforms its three abelian subgroups of order 8 according to the 
symmetric group of order 6. Hence we have to consider only four sets 
of four operators in this group of isomorphisms. As two groups of 
order 96 correspond to each of these sets, the total number of these 
groups which involve this H is therefore 8. The total number of groups 
of order 96 which contain only one subgroup of order 3 and three 
subgroups of order 32 is, therefore, 144 and the total number of groups 
of order 96 is 230. ; 
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MULTIPLY COMPOSABLE HOMOGENEOUS 
POLYNOMIALS.* 






By E. T. Bett. 










1. Definition of Multiple Composition. We first recall the classical 
definition of composition as applied to homogeneous polynomials.t 

If f(x) is any homogeneous polynomial in the n variables 2, ---, xn, 
such that 
(A) : IS (@) f®) = F(X), 


where the X’s are bilinear functions of the «’s and &’s, 


(B) Xe = Dorin 11 § (A = 1,---+,n), 
y 















then f(x) is said to admit the composition (B). 

If, in addition, f(x) is not reducible by a non-singular linear trans- 
formation to a polynomial in fewer than m variables, we shall say that f(x) 
is completely composable. This, as is apparent from the proofs in the papers 
cited, is the fundamental type of composition in the classical sense. It 
will be convenient later to give x in f(x) its precise significance as the 
one-rowed matrix (27,,---, %n). ' ; 

For the classical problem as just defined, we substitute the following, Jn 
which is in no sense a generalization, but a new algebraic situation. Its 
complete elucidation will be attainable, as will readily be perceived from 
the sequel, when and only when the classical problem is fully solved. 

(C) In what follows, n is a composite integer >3. Hence m has at 
least one pair of conjugate divisors d, d each > 1 (n= dd,d >1, 6 > 1). 

In all that follows, f(x) is completely composable and is of degree n 
in the m variables x, ---, xn; g(y) is completely composable and is of 
degree d in the d variables y,,---, ya; h(z) is completely composable and 
is of degree 6 is the 6 variables z,,---, zy. (The degrees might be replaced 
by h?n, hd, hd, h >1 without much complication in the subsequent algebra, 
but we shall discuss only the case h = 1). 

The coefficients of f(x), g(y), A(z) are polynomials in the same m para- 
meters, any 7 of which, r<m, may be replaced by zeros. The coefficients 




















* Received September 16, 1929. 

+ Dickson, Comptes Rendus du Congrés International des Mathématiciens, Strasbourg, 
1921, 41-56; Comptes Rendus, 172 (1921), 636-640. Hazlett, Transactions Amer. Math. 
Soc., 31 (1929), 223-232. The definition above is transcribed from the last. 
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of the several power products of parameters in all of these polynomial 
coefficients are rational integers. The like is to hold for the respective 
bilinear forms as in (B) through which the respective compositions as in 
(A) of f(z), g{y), h(z) are effected. These, or the corresponding conditions 
for other polynomials, will be referred to as simplicity in the parameters; 
the same m parameters are to be understood throughout. 

(D) Suppose now that there exist d polynomials P,,---, Pa, homogeneous 
of degree 6 in 2,,---, 2», simple in the parameters, and ¢ polynomials 
Q:, +--+, Qg, homogeneous of degree d in 2,---, 2n, simple in the parameters, 
such that 
(1) J (x) = g(P) = hQ), 


where P,Q denote the one rowed matrices (P;,---, Pa), (Qi,---, Qy) 

respectively, and, when necessary to indicate the variables x, P = P(a), 

Q == Q(z), P; = P;(x) GV — 1,---, d), Qk = Qx (x) (k i 1,---, 0). 
Let the compositions as in (B) of f(x), g(y), h(e) be 


(2) FMI) = HX), GY) = 9(Y), A@AOG) = h(Z). 
When necessary to indicate the variables, we shall write 


x = X (zx, §), ae == Xi (x, §) @= 1, +--+, ”); 
Y=Yvy,9, Y=Yu,0) — G=1,--,d); 
Z= Z¢z, f), Le = Z& (2; ¢) (k = 1,-+-, 0). 


Thus XY, Y, Z denote the one-rowed matrices whose respective elements 
are the X;, Yj, %. 
By (1) we have 
S (x) = g(P(x)) = h(Q(a)), 
SE) = g(P®) = h(E); 
and therefore by (2), 
3) S@SE = g(Px)) g( PO) = h(Q@)AQE), 
= f(X(@, 5) = g(Y¥(P@), P®)) = h(Z(R@), @@)). 


which we shall call a triple composition, with the index 


[n, d, 6}, _— [n, é. dj, of J (a). 
By (1) we have also 


(4) F(X(@, 9) = g(P(X@,8)) = h(Q(X@, §)); 
and hence, by the second line of (3), 





MULTIPLE COMPOSITION. 


Z(Q(x), Q@)) = Q(X, 4), 


which effect the g, compositions immediately when (1) and the com- 
position of f(x) are stated. 

(E) If n = d,6, (r = 1, 2, ---, A) are all the distinct resolutions of 
the integer n>3 into distinct pairs d,, 0, of conjugate divisors d, > 1, 
dé, >1, and if f(z) admits triple composition as in (D) for each of the 
h indices [n, d,, 6,] (r = 1,--+, h), we shall call f(x) multiply composable. 

If f(x) is multiply composable, its multiple composition is defined by the 
h sets of 3 identities (1), (3), (5) as in (D) corresponding to the A distinct 
indices [n, dy, 9,]. 

2. Multiple rings. Multiple composition being naturally an involuted 
phenomenon, it is desirable to devise a notation for the several forms and 
transformations occurring in a given instance which will not lose sight of 
the essential operations in a maze of byepaths. 

A star suffix, thus z,, indicates a matrix. The star itself indicates a 
prescribed one-rowed matrix; the particular matrix indicated by a star 
will either be stated explicitly, or it will be clear from the context. Thus, 
if + = (rm, 72, ---, 7s), Where the ranges of the r’s are 0 < 7;< 0; 
(j = 1, ---, s), and nj (j = 1, ---, s) are given integers, x, denotes 
the s-dimensional matrix of n; ”2 ---ms elements, whose element in the “cell” 
(r,, +++, %s) is 2 with the multiple suffix 7,, ---, 7». The stars even in a 
single symbol do not (in general) necessarily indicate matrices of the same 
number of dimensions. In conjunction with the letter starred, y, for 
instance, the meaning will, however, always be unambiguous. 

As in tensor analysis, a repeated Latin letter in a product occurring 
once as a subscript and once as a superscript, indicates a summation of 
all such products as the repeated letter (= “blank’’) runs through its 
entire range of values. Thus, if 0 < i<m, 0 <j<n,---,0 < k<t, 


m—1 n—1 


ay..r0'gs-..yk¥ = Dd 


7=0 j=0 


t—1 
. Ys xij...~ Og... wk, 
k=0 


Certain homogeneous polynomials, in all the elements of z,, say, will 
be denoted by [x.]°, or [z,]°?, where 6, 6g are superscripts. It is sufficient 
to state here that a Greek superscript will merely recall the ring, {6}, 
or {6, g}, of algebraic numbers in which the polynomial indicated, say [2.~]°, 
originates, either as a norm or otherwise. 

Capital Greek letters, as ®?, denote elements in algebraic number rings; 
@%. indicates a matrix whose elements are 5's, Such elements originate, 
in a way to be explained, by (modular) reductions of forms [z,]?. 
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172 E. T. BELL. 
The notation {6,9,---, w} indicates the set of algebraic number rings 
{6}, {y}, AS ey {w} defined by 
F(6) = 6+ p, 6" '+.---+pm = 0, (m>14), 
Gy) = g*+ug" +---+an = 0, (n>1), 


] 


(6) 
Ap) = PYtnyt+---tn =0, (¢>1), 


where the p’s, q’s,---,7’s are arbitrary constants. Otherwise, {6, 9, ---, y} 
denotes the entire set of polynomial residues in 6,9,---, Ww, modulis 
F(6), G(g),---, H(w). The general element of {6, 9,---, w} is 


(7) ayj...k O ps.» Wr, 


where the ranges of i, 7,---,k areO<i<m, OSj<n,---,O0O<k<t, 
and the a.... are mn---t independent variables.* 

The norm Noe(ui4*) of the general element xu; 6* in {6} will be written 
[wx]°, which is a homogeneous polynomial of degree m in the m variables 
Uo, U1,**+, Um—1, With coefficients simple in the parameters 1, ---, pm; 
No() may be regarded as an operation. Similarly for Ng(),---, Nw(). 


Hence Nog...w( ) = No (Ne (V --- Ny( gl is defined. We shall write 
(8) Nog...w (Xij-.-k 6 pi... wr) = [ax,]°°. 


The Greek superscripts and subscripts may be permuted in any way 
without changing the significance of the symbols. 

3. Triple composition. We now construct a general instance of § 1 (D), 
and we shall see in § 4 that by a mere re-interpretation of the formulas 
in this section that we have also constructed a general instance of multiple 
composition as in §1(E). The ranges of 7,7 are OS i<m, OS j<n, 
and we use only the first two of § 2(6), namely {@, 9}, whose general 
element is aj 6¢ p/. 

Define 6;, 9: by 
(9) Lij = 6;. Lj gy! = gi. 


“Kor what immediately follows it is not necessary to assume that F’(@) vanishes for 
any value of 6, much less to assume that F'(6) =O has precisely » conjugate roots 
which respectively define conjugate rings. The assumption is made, as frequently is 
customary, merely to save space. It is more satisfactory, on logical grounds, to avoid 
any reference to roots of general polynomials, and to define the norm directly in terms 
of operations which can actually be performed. Such is done, for example, in Weber's 
treatment of functionals. 
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Hence 64, 9» are defined, and we have 
ay 0 gl = go 6; = Oy; 


(10) No(ui 6) = [us}?, Nolo 9) = lvel?, 


where wx, v, are one-rowed matrices of the respective orders m, n (in the 
ui, vj respectively); [ws]® is a homogeneous polynomial of degree m, and 
[v,.]? homogeneous of degree m in the variables indicated. Apply the second 
of (10) to the first. Then 

No (xij & /) = No (4 91) = [9x]°, 


(11) No (ay 6 g/) = Nog (g/ 6;) = [6,]*, 


where [y,]® is a homogeneous polynomial of degree m in the » linear 
homogeneous forms 9, 91, --+; Gn—1, and [6,]? is a homogeneous polynomial 
of degree m in the m linear homogeneous forms 9, 6,;,--+, @m—1. But 
each element of gy, is a polynomial in g, and each element of 6, is 
a polynomial in 6, with coefficients xj. Hence, reducing [y,]°, [6,]? modulis 
G(g), F(6) respectively, we can write 


(12) [pa]? = OF (xx) ¢’, —(O41” = OF (xx) 6, 


where the 0? (xx) are n homogeneous polynomials of degree m in the mn 
independent variables aj, and the Of (x,) are m homogeneous polynomials 
of degree m in the aj. Note that the degree in each case is equal to 
that of the equation defining the Greek superscript. The @’s, 0’s are 
simple in the parameters. 
But we have also 
Nog (ax) = No(Ng (xx)) = Ne (No (xx)), 


and therefore, from (11), (12), 
(13) [rel? = [02 (xy)]” = [Of @.)]? 


which is of the form § 1 (D) (1). The first of (13) is homogeneous of 
degree mn in the mn elements aj of x,; the second is homogeneous of 
degree mn in the aj, and homogeneous of degree m in the n elements 
@§ (x) of @% (ay); the third is homogeneous of degree mn in the xj, and 
homogeneous of degree m in the m elements Of (x,) of Of(a,). 

Again, the product of two elements of {6} being an element of {6}, and 
similarly for {gy} and {6, y}, we have 


ay 04 pi < xi 6 pi = PGP (x, xf) 4 @/, 
(14) u; 0 >< uj’ oF PP (ul, wf) 63, 
vj 9 X< vf! pi = PP (vy, v's) 9, 
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which define the three kinds of P’s, and hence also the matrices 
PAY (xe, xe), Peles, us), PE (ve, v9) 
for any given 2%, 74, Wy, Ux, Ux, ve. It is clear that the elements of these 
matrices are bilinear in the variables and simple in the parameters. 
Performing operations P as in (14) before operations N(), we have from 
’ ; ’ ) D ' 
[xul? = [O%(ax)]? = [OF (wa)]?, 
[cP? = [O2 (ex) = [Of (eI, 


as in (13), the following triple composition, corresponding to § 1 (D) (3): 


[ari] [cf]? = [PrP (a, xx)? ; 
= [of (r')]’ [O28], = [P2 (OL (e,), of ae 
= [02 (xi)]” [02a], = = [PP (@2 (wh), 08 (2’)]”: 


also corresponding to § 1 (D) (4), 
7p ’ mf ( U 7 18 U ” 
[P27 (awe, aXg)Jor = [OF (PR (a, 2'4))|” = [08 (P27 (x, a0)"; 
and finally, corresponding to § 1 (D) (5), 


OF (P28? (a, xx) = Px (OL (x), OF (x), 
08. (Pe? (x, xx) ae PF? (of (x'.), oY (a)). 


The index of the triple composition is [mn, m, n]. 

4, Multiple composition. As stated in § 3, we have there constructed, 
by implication, a general instance of multiple composition as in § 1 (E). 
To see this, let 7, s be integers >0O, and m,---, mr, 1, +++, Ms integers 
>1. Write 


= (24, oe, ty), 0 < te x Ma (a a s SOR r) 
sz _ +5 Js)y OS Jo< ms (6 = 1,.-:-, 8), 
(27) = ae dy, ds v +45 Js); 


{6} = {a, vee, gm}, {y} = os noe ves, g), {9, 9} = = {6®, ++, OM, p®, ..., gy}, 
where 6, g® are defined by 
F,(6) = 04 yg, OMA +pan,=0 (@=1,-++, 7), 
Gy?) = 9™ Hq gO + +++ +00, (b sty 8). 


! 
—) 


| 





MULTIPLE COMPOSITION. 


Finally, interpret 6', y/, 6;, 9. in § 3(9) as 


Ve ey 
g = 9% f...9". gh = gM gr... 


6; == jigs des s=S Pi, i,---t,5 


(8)/j, 
oe ’ 


so that the general element as in § 3(10) becomes here 


Di 24 c Dj “y : 
ji g! da, 6! di, 5 Hla gP% g' Wi g' ig ve i, 


Xi, ig-+-t, Jy dge *g& 
oe’ prs aah prs Oj i, tn gt ae gi?’ Pi, --i,s 
in which the ig, 7, are the summation blanks. 

Also, Ne( ), Ng ( ) now become norms with respect to {6%, ..., a}, 
{g®,---, p®} respectively. The rest of the interpretation is obvious, the 
index is |n, d, 6], where n = dd, d= m --- m-, d = m -++ Ns. 

The same process, with modifications, can be applied to linear associative 
algebras other than those of algebraic numbers. I have carried out the 
details for the following combinations: those of this paper with quaternions, 
generalized quaternions (Dickson), Cayley imaginaries, and a generalization 
of the latter over an algebraic number ring. It is also possible to construct 
multiply composable forms for which the subsidiary compositions are effected 
in distinct linear algebras, none of which is that of algebraic numbers. 


The elements of one algebra are treated as scalars in the others. 
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EIN THEOREM DER DIMENSIONSTHEORIE%*). 


Von W. Hurewicz (AMSTERDAM). 


Einer der wichtigsten Sitze der Dimensionstheorie besagt'): Eine n-dimen- 
sionale Teilmenge M eines kompakten metrischen Raumes kann bei beliebig 
vorgegebener positiven Zahl ¢ als Summe von endlichvielen abgeschlossenen 
Mengen mit Durchmessern <« dargestellt werden, so dafB kein Punkt von 
M mehr als n+1 dieser Mengen angehidrt*). Unter Benutzung bekannter 
Abkiirzungen driickt man dies so aus: Es existieren beliebig feine Uber- 
deckungen der Menge M von einer Ordnung < n+ 1*)*). 

Ist o eine Uberdeckung von M, bestehend aus den abgeschlossenen Mengen 
F, (@ = 1,2,-+-,m), so verstehen wir unter einer Verzweigung von o 
eine Uberdeckung o’ aus Mengen 

Fix (¢ =1,2,---,m; k= 1,2,---, m4), 
wo 
n; 
Fi = D> Fix (§ = 1,2,---, a). 


k=l 





*) Received August 6, 1929. 

') Das Theorem wurde zunichst nur fiir kompakte Mengen von Menger (Monatshefte 
f. Math. u. Phys. 34, 8. 153) und Urysohn (Fund. Math. 8, S. 292) bewiesen. Vgl. ferner 
Menger, Dimensionstheorie (Leipzig 1928), 8. 156-161, wo eine Verallgemeinerung des Theo- 
rems von mir (s. die folgende Fubnote), sowie ein einfacher Beweis von Vietoris angegeben sind. 

*) Vom Verfasser wurde der folgende allgemeinere Satz bewiesen, welcher zum Unter- 
schied von dem obigen metrischen Theorem einen rein topologischen Charakter tragt: 
Unter der Voraussetzung: dim M = n gibt es zu jedem vorgelegten System von endlich- 


vielen in M offenen Mengen U; (i = 1,2,---+,m) mit der Eigenschaft: M = 20 ein 
System aus in M abgeschlossenen Mengen F;C Ui (i= 1,2,---,m), die zu je n+2 
fremd sind. Dieser Satz gilt allgemein fiir beliebige separable Mengen und ergibt fiir 
Teilmengen kompakter Réume das im Text angefiihrte Theorem (auf Grund der Bemerkung, 
daS eine Teilmenge eines kompakten Raumes mit endlichvielen in ihr offenen Mengen 
tiberdeckt werden kann, deren Durchmesser kleiner als eine beliebig vorgelegte Zahl ¢ >0 
sind). Fir kompakte Mengen stimmen die beiden Sitze, wie leicht ersichtlich, inhaltlich 
vollkommen iiberein (vgl. Hurewicz, Proc. Ac. Amst. 30, 8.425; Math. Ann. 100, S. 627-628). 

3) Unter einer Uberdeckung der Menge M versteht man ein System von in M abge- 
schlossenen Mengen, deren Summe M ist. Die Uberdeckung ist von der Ordnung m, wenn 
m die gréBte Zahl ist, mit der Eigenschaft, daB es Punkte gibt, die m Mengen der Uber- 
deckung gemeinsam sind. Man sagt, daB es beliebig feine Uberdeckungen von einer be- 
stimmten Eigenschaft gibt, wenn zu jeder Zahl e >0 eine Uberdeckung von der betreffenden 
Eigenschaft existiert, deren Elemente Durchmesser < « besitzen. 

*) Nach Urysohn hat jede hinreichend feine Uberdeckung von M mindestens die Ord- 
nung »+1. (Vgl. Urysohn, Fund. Math. 8, 8.294. Menger, Dimensionstheorie, S. 174.) 
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In einer friiheren Arbeit von mir®) wurde nun der folgende Satz for- 
muliert, der, wie sich seitdem herausgestellt hat, verschiedener Anwendungen 
fahig ist®): 

(I) Zu einer n-dimensionalen Teilmenge eines kompakten Raumes gibt es 
eine Folge 6, 02, 03, +--+ von unendlich fein werdenden") Uberdeckungen von 
der Ordnung n+ 1, deren jede eine Verzweigung der unmittelbar voran- 
gehenden (und folglich auch aller vorangehenden) ist. 

Der in der eben zitierten Arbeit unterdriickte Beweis des Theorems soll 
in den folgenden Zeilen nachtriglich gefiihrt werden. 

1. Eine Uberdeckung «o = {F;} einer n-dimensionalen Menge M nennen 
wir kanonisch, wenn je k der Mengen F; (k = 2, 3,---,n-+2) héchstens 
(n—k-+ 1)-dimensionalen Durchschnitt haben. Insbesondere haben also 
je n+2 dieser Mengen einen (—1)-dimensionalen, d. h. leeren Durch- 
schnitt, so da® eine kanonische Uberdeckung immer héchstens von der 
Ordnung n-+-1 (also wenn sie hinreichend fein ist, nach *) genau von der Ord- 
nung +1) ist. Nach Menger gibt es zu jeder (in einem kompakten 
Raum enthaltenen) Menge M beliebig feine kanonische Uberdeckungen ®). 

Unser Satz (I) ist offenbar bewiesen, wenn wir zeigen: 

(II) Zu jeder kanonischen Uberdeckung « der Menge M (die immer als 

‘eilmenge eines kompakten Raumes gedacht wird), gibt es beliebig feine 
kanonische Uberdeckungen, welche Verzweigungen sind von o. 

2. Den Beweis von (II) stiitzen wir auf den folgenden Satz (welcher 
eine Verallgemeinerung des sub*) erwahnten Mengerschen Ergebnisses 
darstellt): 

(A) Liegt in einem kompakten Raum eine Menge M und ein endliches 
System von in {F;} abgeschlossenen Mengen M,, M,,---, My vor, so gibt 
es eine kanonische Uberdeckung {F;} von M von beliebig vorgeschriebenem 
Feinheitsgrad mit der Eigenschaft, daB fiir jedes M (J = 1, 2,---, k) die 
Mengen F; - M, eine kanonische Uberdeckung von M@ ergeben. Es gilt also: 


dim (M-H,) < dimMj+1—r (l=—1,---,k; r=1, 2,---,2+dim M), 


*) Vgl. Proc. Ac. Amst. 29, 8. 1015. 

®) Urspriinglich wurde der Satz von mir zum Beweise eines Satzes iiber stetige Abbil- 
dungen benutzt (siehe vorige Zitate). Nachher wurde er von Alexandroff bei seinen 
simplizialen Approximationen verwendet (Math. Ann. 101, S. 452 und Ann. of Math., (2) 
30, 8.26). Von Herrn Lefschetz sind, wie ich einer miindlichen Mitteilung von ihm 
entnehme, weitere Anwendungen in Aussicht genommen. 

’) Darunter wird verstanden, daf die Elemente der Uberdeckung o, Durchmesser < em 


haben, wo lim em = 0 ist. 
m—> oO 
*) Vgl. Menger, Dimensionstheorie, S. 155 ff., wo die Behauptung in der an meine Unter- 


suchungen ankniipfenden (vgl. oben )) topologischen Fassung formuliert wird (dadurch 
wird die Einschrankung auf Teilmengen kompakter Raiume entbehrlich). 
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wenn mit 7, Durchschnitt von irgendwelchen r Mengen des Systems {F;} 


bezeichnet wird *). 
Um aus Satz (A) das Theorem (II) herzuleiten, betrachten wir eine 


kanonische Uberdeckung o = {F;} (¢ = 1, 2,---+, m) der n-dimensionalen 
Menge M und bilden fir r = 1,---,m-+1 aus den m—1 Mengen Fi, 
Fy, --+, Fm alle méglichen Durchschnitte zu je r: 

Pi (r= 1,2,--nt15 6 = 152,04 ("7 4), 
Die Mengen 
(’) PF. P’, 


unter P” irgendwelche der Mengen P; verstanden, sind Durchschnitte aus 
r-+1 Mengen F;; wegen des kanonischen Charakters der Uberdeckung 
haben wir daher: 
dim (F,- P’) < n—(r+1)+1 = n—r. 
Auferdem gilt natiirlich: 
(a) dim P’< n—r-+1. 


Sei jetzt eine Zahl «> 0 beliebig vorgegeben. Wir wenden den Satz (A) 
an, indem wir an Stelle der dort mit M bezeichneten Menge die Menge 
F, und an Stelle der Mengen M; das aus der Menge F, und der Mengen (’) 
bestehende System treten lassen. Wir erhalten dann eine Uberdeckung 


von F, aus den Mengen 
Fy1, F,,2, e's Se Fin, 


mit Durchmessern <«, so daf, unter Hs den Durchschnitt yon irgend- 
welchen s dieser Mengen verstanden, die Beziehungen gelten’®): 
(b) dim 7; = dim (F,- Ws) < dim A\— s+1< n—s+1, (s< +2) 
(c) dim (P”. 7°) = dim (Ff, - P’- 7’) < dim (F,- P”)+1—s 
<n+1—(r+s) (r+s<n+2). 
Aus (a), (b) und (ec) geht hervor, daB unter den Mengen 
Fy 1, Fy,2, ty Fi,n, Fo, Fs, ee Fm 


je k einen héchstens (xn —k-+1)-dimensionalen Durchschnitt haben, dab 
also die genannten Mengen eine kanonische Uberdeckung von M bilden. Von 





®) Wegen des Beweises vgl. Hurewicz, Math. Ann. 100, S. 629, oder Menger, Dimen- 
sionstheorie, 8.170. In topologischer Fassung (vgl. Fubnote 7)) gilt die Behauptung fiir 
allgemeine separable Raume. 

1) Es ist zu beriicksichtigen, daB wegen JCF, Il’ = Il’. F, gilt. 
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dieser neuen Uberdeckung ausgehend, verfahren wir mit der Menge F, in 
genau derselben Weise wie soeben mit der Menge F;, d.h. wir ersetzen sie, 
ohne den kanonischen Charakter der Uberdeckung zu zerstéren, durch ein 
System von Teilmengen F2,; (¢ = 1, 2, ---, m2) mit Durchmessern <e« und mit 


My 
der Eigenschaft: F, — > Fi. So fahren wir fort. 
i= 


Nach m Schritten sind wir am Ende und haben eine Verzweigung von o, 
die gleichfalls eine kanonische Uberdeckung ist und aus lauter Mengen 
mit Durchmessern <é« besteht. Der Satz (II) und somit der Satz (I) ist 
bewiesen. 

3. Aus dem Vorstehenden ergibt sich zugleich, da jede kanonische 
Uberdeckung der Menge M als Element einer Folge von Uberdeckungen 
von den im Satz (I) angegebenen Eigenschaften auftreten kann. Wir 
wollen auch die Umkehrung beweisen: 

Ist dim M = n, und ist o,, %, 6;,--- eine Folge von unendlich fein 
werdenden Uberdeckungen der Menge WM, die alle von der Ordnung n+ 1 
sind, wobei o, eine Verzweigung von 6,4: ist, so sind alle o, kanonische 
Uberdeckungen. 

Zum Beweise seien 

Pis, Fis, >>>, F (@ = 1,2.---; ric n+2) 


i, ny 


die Durchschnitte von je » Mengen der Uberdeckung o;. Wir setzen: 


r 
n; 


(a) Me= D> Pin G(@ =1,2--5 7 < n+2). 
n=1 


Mj; besteht aus denjenigen Punkten, die + Mengen der Uberdeckung ¢; 
gemeinsam sind. Aus der Verzweigungseigenschaft der Folge {o;} folgt leicht: 


(b) Mi G Mi+. 


Sei dy (r = 1, 2, ---, n+ 2) die gréBte unter den Dimensionen der Mengen 
Mj, Ms, M3,---. (Es ist jedenfalls d.-< mn.) Wir haben, da die Uber- 
deckungen von der Ordnung » + 1 sind, Mt? =0( =—1, 2,---), oder: 


(c) dnig = —1. 


Die Durchschnitte von je zwei Mengen Pj, und Pix (k +k’) sind Teil- 
mengen von Mi" also héchstens von der Dimension d,41. In der sich aus 
(a) und (b) ergebenden Zerlegung: 

ism 


M= DM: Piimn (i,m=1,2---5 rSn4+2), 
n=1 
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werden die Durchmesser der Summanden auf der linken Seite mit wachsendem 


m bei festgehaltenen i und r unendlich klein, so daB also M; Summe von 
endlichvielen beliebig kleinen relativ abgeschlossenen Mengen mit héchstens 
d,+1-dimensionalen Durchschnitten ist. Daraus folgt aber nach einem 
bekannten Satz: 

dim Mj < d)41+1. 


Es ist also nach der Definition der Zahlen d,: d,< d,41-+ 1 und nach (c) 


dy <i n+1—r (ry = 2,3,---,n+2) 
Es gilt m. a. W. 
dim Pi, <n+1—r (§ = 1,2...; r = 2,3,---n+2; 
k = 1,2, ---, 04). 


Das bedeutet aber, dafB die Uberdeckung o; (7 = 1, 2, ---) kanonisch ist. 


CONCERNING THE SYMBOLS gz AND 93.* 


By Kurt E. Rosincer. 


One of the sources of confusion concerning propositional functions is 
the perplexing distinction made in Principia Mathematica between the 
symbols gx and gx. To clarify the basis of this distinction is of con- 
siderable value, as the emphasis upon functions is of major importance in 
the development of modern formal logic. In this article, I wish to consider 
the subject in the light of Gottlob Frege’s studies in the foundations of 
mathematics. 

Principia Mathematica considers “ambiguity” to be the distinguishing 
characteristic of a propositional function, and that it is because of this 
ambiguity that truth and falsehood cannot be predicated of it. The visible 
mark of a propositional function is an expression containing one or more 
variables, which, when replaced by. suitable values, transforms the ex- 
pression into a proposition. In other words, a propositional function is 
a function of one or more variables, and the presence of these variables 
constitutes the ambiguity of the expression. 

Frege, some years before the publication of Principia Mathematica, 
applied himself to the logical analysis of functions. He was dissatisfied 
with the view that a function of x is merely an expression containing 
the variable x.t Frege’s interest centered itself around the structural 
character of the propositional functions. If a function merely represented 
an arithmetical expression, it would be nothing more than a number. 
Given the function 2-.z*+ 2, there is displayed in the mathematical 
patterns 2.1°+1, 2.4°+4, 2.5%+5, the logical structure represented 
by the function 2-2*°-+ 2. Hence the essence of the function from the 
logical; i.e. formal, point of view is what the above expressions have in 
common, namely 2-.( )*+( ).t This is the common structure of the ex- 
pressions; that which points out the unity among the parts and their 
structural togetherness. This characteristic Frege calls Zusammengehirig- 
keit.§ The functionality of the expression is found in the relations ob- 





* Received April 19, 1929; received in revised form October 20, 1929. 
t Unless otherwise stated, Frege’s views here given are taken from his Funktion und 
Begriff. 
t Loe. cit. p. 6. 
§ Grundgesetze der Arithmetik, p. 5. 
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taining between the concepts whose marks we substitute for 2 and the 
concepts which emerge as the meanings of the expression; a relatedness 
which is geometrically expressed by a graph whose algebraic expression 
is y= 22'°+2. 

One must clearly distinguish between the structural character of, for 
instance, 2-1°-+-1 and its value. Although there are an infinite number 
of functions of x such that, letting x equal 1, f() equals 3, the particular 
function 2-2*-+2 represents a definite and unique form in which 2-1*+-1, 
2.45+4, 2n*+7n participate. A particular function is an abstract ex- 
pression of the formal relationships of a number of elements of an ordered 
class, and from this formal aspect, its possible values are irrelevant. 
This can be illustrated by a geometrical interpretation. Whether the 
points constituting a curve are elemental and without structure, as in the 
geometry of Veblen, or are themselves structures, as in the Huntingtonian 
geometry, they are mere members of an ordered sequence, that is curve, 
represented, determined, and ordered by the rule analytically represented 
by f(x). The function expresses the formal properties of the curve or 
the logical relations of the members of a class of points, and that there 
may be an indefinite number of intersecting curves such that certain 
values of the intersecting curves are the same, is quite irrelevant.* 

Viewed from another angle, Frege maintained that the necessity for 
completion (Ergainzungsbediirftigkeit) is the distinguishing mark of a function. 
The expression “zx is a man” may be divided into two parts, namely the 
argument or independent variable itself, and that which is represented by 
the fin f(x). It is the “() is a man” which demands completion. A function 
is always unsatisfied, and the argument serves to mark the empty place, 
which, when filled by a suitable value, makes the expression meaningful. 
The purpose of the argument is to make explicit the need for satisfaction. 
It is the lack of completeness which distinguishes a propositional function 
from a proposition. The latter, except in so far as it is an incomplete 
symbol, expresses a complete statement which is either true or false. 
A propositional function, on the other hand, lacks that element whose 
absence prevents truth or falsity from being predicated of it. 

We may now turn our attention to Principia Mathematica and especially 
to the two concepts gx and gz. The Fregean function 2-2*+~2 is, 





*It will readily be seen that this statement of the nature of a function entails 
the conventional definition, derived from Dirichlet, namely that f(x) is called a function 
of x, if for every value of x, in an interval axb, there corresponds a second value, 
f(x), according to some definitely established rule. This functional relationship corre- 
sponds to Zusammengehérigkeit, and the logical form, mentioned above, is the established 
rule. 
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as was suggested above, equivalent to 2-()*'+(), which now leads us to 
one of the obscurities this article hopes to uncover. Frege’s function- 
concept is not the same as the yz of Principia, but includes in addition 
the latter’s yz. gz is the real function, whereas y x is an ambiguous 
value of gx.* It is unfortunate that Mr. Russell in various writings some- 
times calls yx and sometimes yZ a propositional function, and that even 
in Principia this equivocal obscurity is to be found. As Dr. Langer has 
pointed out,t »z is an abstraction from structures of the form yx, py, yz etc. 
She claims that if ambiguity is characteristic of a propositional function, 
then yz is not a function, as it is not ambiguous. In a technical sense, 
ambiguity is a low plane of abstraction, and although 2 is abstract, it 
is on the abstractive level of ambiguity, while yz is truly abstract; i. e., 
gx represents that which is similar in the structures of gx, gy, ete. 
gx being a form is completely determinate, and hence not ambiguous. 
Therefore, if gx is equivalent to Frege’s »(), then no distinction can be 
drawn between yz and gy. This is precisely what Principia maintains, 
thus substantiating our comparison. 

The muddled state of affairs in which yx and gz are involved finds its 
cause deep in the nature of these concepts, which need to be clearly 
distinguished. We began, with Frege, by considering y() a propositional 
function, and have ended by falling into the dilemma that either ambiguity 
does not characterize propositional functions, or gz is not a function. 
There is no incompleteness in yz, and incompleteness is the logical cause 
of ambiguity. In other words, while gz ambiguously denotes values 
which will complete it, gZ is self-sufficient within a formal system. 
Consequently, yx is a purely structural notion; gz is a partially material 
notion.t gz represents the form of a proposition, gz, merely the in- 
completeness because of which truth or falsity is not applicable. It must 
be remembered that while the concepts of material truth and falsity are 
unrecognized in mathematics, the logical systems of Frege and Principia 
Mathematica, from which mathematics has been deduced, begin with 
propositions possessing material truth-values. It is necessary, therefore, 
to have in these systems an intermediate concept linking material 
propositions with purely structural expressions. The partially abstract, 
i.e. ambiguous yx serves in this capacity. It must be distinguished, 
however, from gz which is purely abstract. Furthermore ga denotes 
pa, yb, gc, ete., where a, b, c, --- are values of x; while 9a denotes 


* Principia Mathematica, p. 15. 

f Confusion of Symbols and Confusion of Logical Types; Mind, n. s. 35, p. 225. 

}“Formal” and “Material” are here used in the ordinary logical sense. _ See, for 
instance, W. E. Johnson, Logic II, pp. 138-141. 








































































NP ay + rege LT gps gorge ue ge _— 
Pass Sane wp pee et a OS. oy ai 























RMT AES Ge “a 















































BRE CT RSE 


Be 

aad 

‘a 
oa 











Bangers gh OR w aml sage 
‘ x z 


eye 


SR SAE SERIE SS A NES 
Fi M4 ™ + eat - » 2 dial 
mae . ry .  s 


ei 
‘ 
fr 
* 
1 
a 
a 
: 
: 
. 
é 
. 
? 
i 
5 
; 


EN eA 
4 





= <6 Res 
to lg Matti ny 





184 K. E. ROSINGER. 


nothing, but is rather the common form of gz and gy, and, on a lower 
abstractive level, of pa, gb and gc. In short, the Ergiinzungsbediirftigkeit 
of a function is represented by gx, while Zusammengehérigkeit is expressed 
by gx. These are two independent notions, a fact which Frege himself 
did not seem to recognize. One of these may be determined upon to 
constitute the fundamental character of functions, but the one does not 
follow from the other. The latter seems to be more essential to the 
notion of a function, whether mathematical or logical, and hence it might 
be better to choose it as the determining characteristic of functions. But 
it is obvious that in all work dealing with the logical nature of functions, 
yx and gx should be clearly distinguished. 





ON THE RESULTANT OF TWO BINARY FORMS.* 


By Tomas W. Moors.t 


A generalized method for securing the eliminant of a set of j forms in 
a single set of 7 variables as a determinant free from extraneous factors 
has been given by Morley and Coble.t For the general plan of this 
process and many of its details the reader is referred to this article. 
The present paper is concerned with the discussion of this method applied 
to two binary forms. A short account of this will also be found in a paper 
published by the author recently.§ Here we shall look at the case of 
the two binary forms in more detail and show how the resultant deter- 
minant may be actually set up in non-symbolic notation. 

Let the two binary forms be: 


B: Ay me 


Then, under the assumption that A and B have a common solution z, 
Morley and Coble define the covariant form: 


In on (af) >a al peer* pn 


y y? 


m+n = n, n =0,1,2,---, m, + my — 2; 
and show that J, can be expressed by the syzygy: 


—2— pon — — 
Jn (i T2™, y) Sa ay tay By 


an identity in y, in which 4)°™, w)"* are arbitrary forms of the orders 
shown. For O< n<m, In = 0; for m, <n< mg, only the term in a 


will appear on the right; and for m, < n < m, -+m,—2, both terms will 
occur. 





* Received July 2, 1929; presented to the American Mathematical Society, March 29-30, 1929. 
+ National Research Fellow in Mathematics. 
+ F. Morley and A. B. Coble, New Results in Elimination, Amer. Jour. Math. 49, 4 (1927), 
463-488. 
§ T. W. Moore, Extended Results in Elimination, Annals of Mathematics, (2), 30 (1929), 
pp. 92-100. 
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This identity in y will furnish (+ 1) equations from which to eliminate 
the m,+m,—n—1 products of powers of x in J, and also the n—m +1 
coefficients 4 and the n—m,.-+1 coefficients ~ when these occur. If the 
order of either A or B as a form in zx is lower than that of J, we 
multiply them successively by #7" "~*,.--, a3" "" anda" "",..-, a" 
respectively to secure enough additional equations to effect the elimination. 


We may indicate this schematically by the table below.* 





m, + myg—n—1 n—m+1 n— m+ 1 
n+1 |A B| | A| | B| 
M,z—n—1 | A| 0 
m,—n—1 | B| 





The numbers at the heads of the columns indicate the number of columns, 
m-+m,—n—l1, coming from the products in x in Jz; »—m,-+1 columns 
from the 2’s and n—m,.+1 from the p’s. The notation |AB| implies 
that the elements in this matrix are linear functions of the coefficients 
of A and B, ete. The numbers on the left give the numbers of rows in 
the matrix coming from the identity in y and the result of raising A and B 
to the order of J, in x. Not all the entries in this table can occur in 
any particular case. The matrix | AB in the upper left-hand corner arises 
from J, alone. 

Let us now consider the different cases possible. 


I. m, = my = m. 








A.0<n<m—1, B. n=m-—1, C.m<n< 2m—2, 
J, = 05 J, = 0; nA ar tay”: 73 
Sa—a—1 8 86| om |2m—n—1 n—m+1 n—m+1 
ott) jan wtlaD) 6st jan ll Bl 





m—n—1 |.A| 
m—n—1 | B| 








Il. M,< Mg. 
A. 0O<n<m—l, B. n= m—1, 
Jn is teat? y") m7 0; In(a™, y™") = } 
| m+ m, —n—1 Ms 
n+1 ‘AB m,|\AB| + 
M,—n—1 | A| ms—m,| |A| 
m—n—1 | B| 





* Morley and Coble, loc. cit., pp. 473 ff. 
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C.m <n<m—?, D. ma—1 = n, 


J, (am tm,—n—2, y") = am ont - J), (4, y™—") = li : ws 


(Mak ala n—m, +1 __|_m _ m—m 
her 

wha |AB| |A| m2||AB|  |A| 

ms—n—I |A| 10) 


E, my Sm < mitam—2, In(a™ i", y") = Ay a + py By; 
| m+ mg—n—1 n—m+1 n—m+1 
n+1|  |ABi Al BI 


We notice that the sum of the number of rows and the number of 
columns is the same in every one of these arrays and hence they are 
determinants. They are all of proper degree, mz in the coefficients of A, 
m, in the coefficients of B. They do not vanish identically, as Morley 
and Coble have shown. There are m,+m,—1 separate determinants, 
arranged in pairs with rows and columns interchanged for » = n; and 
n = m+my—2—nj, nj = 0,1,---, m+mz—2, for m,+mez odd, and with 
the central one paired with itself for m,+m, even. This is apparent since 
it only represents an interchange of the variables x and y. The determinant 
of least order m for m, =m: =m is given by n= m—1, and one determinant 
of least order m, for n = m,—1 when m,<m,, but not the only one. 

Now we wish to show that J, can be written as the five-fold summation: 


1-2 Seat IC ee 


x=0 =0 y=08s=> 


; —n—2—k k —x% x 
<q, k—r+x-+1° “oy es XY, Y2 (n = 0, 1,--+, mi-+m,—2). 











where gy = ab; —aiti bj, @ = 0, 1, --+, m—1; 7 = 1, 2, --+, me. 
Proof: We start with Jp. 


Jn = (a A) Dan a i A, 
mtn =n, n= 0, 1, ---, m+m—?, 
= (af) [at** A ah + am Am ak? B. 
m,—n+1 gm,—8 _n—2 m,—8 meth 
Te et GF te ee Be 
Pe ay AE A. 
We arrange this first according to the powers in y. 
The coefficient of y~* yf is 


n 2 : 4 
* J — j—x+ w-— > —1+j —1—j 
p> p> ( ig a; me «es BY P B, x (af) a” x . ig an 
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Out of this we choose again the coefficient of at" ">" a. It is: 


az s=0 at. hy (,2 Jai re a" Bal) 


2 1—n—1+)\ (m—1— m,—n—1+j—t tt gm,—i—j+t—k ai 
: 2 (" t “ae le ; 


eae 


> a —1-—t—s ad g—1—x—k+s+t jaa (a B) 


BEML ER tamer 
J=08 8 x—s/ i=o t ee 8+t, x+k—s—t+1 


=0 


Replace ¢ by r—s and sum from r=—0O to k+-x. After summing for 
k and x we have the form desired. Q. E. D. 
Thus the matrix in the determinant which comes from J, may be written 


with the term given in the (x-+-1)-st row, (k-+1)-st column. 

Each element in this matrix is written as a sum of qj’s of weight 
i+j =—k-+x+1. If we choose a particular r, the coefficient of this q is 
reduced to a double summation in 7 and s. 

This matrix is symmetrical in its complementary elements; that is, given 
the element in the (x-+1)-st row, (k-+1)-st column, the element in the 
(n —x-+1)-st row and (m,-+ m,— n —1— k)-th column will have the qj’s 
of the first replaced by qm,—1-i,m,4:—j With the same numerical coefficients. 
Hence it suffices to know only half the elements of this matrix, and the 
others can be written down by inspection. This number can be still further 
reduced by the fact that the coefficient of y? in J, behaves like a simultaneous 
covariant of A and B of order m,+ms— n 9 in the variable 2 under 
the differential operator 


m, 


2 = xi. a; eee bi iz 
ii 


‘=1 


1 


| BRC LI OY) (ene 


0 jJ=0 7s 





Similarly the coefficient of y? in J, behaves the same way under the other 


differential operator 
m,—1 


= 2 m— dane tS me bins 


The intermediate coefficients in J, do not respond to either. These two 
coefficients furnish the first and last rows of the matrix, and consequently 
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if we know either the last element in the first row or the first element 
in the last row we can get all the other elements in the row by successive 
applications of 2 or O respectively. The qgj’s, which are simultaneous 
linear functions of the coefficients of A and B, behave under these operators 
as follows: 


2-q = i-qajt>U—-—Das, 
O-qy = (mz—J) Gi,jta + (m, — 1 — 1) Gets). 


Hence we need use the triple summation given before to evaluate only 
one of these end terms and half the terms in the intermediate rows. There 
are certain other relations among the coefficients which will sometimes 
reduce this number still further. 

It remains to compare this method of elimination with Sylvester’s dialytic 
method and Bézout’s, which are most commonly used. Sylvester’s form 
is a determinant of order m,-+ m:,, while Bézout’s process gives one of 
order mg. This method gives determinants of every order from m,-+ m.—1 
to mg inclusive, of which (m,-+ m,— 1)/2 are distinct for m,-+ m, odd, and 
(m;-+ m,)/2 distinct for m,-+ m, even. For two forms of the same order 
the determinant of lowest order secured is just Bézout’s form, but this is 
no longer true when the orders differ. It is usually easier to write down 
the resultant determinant by either Sylvesters’s or Bézout’s way than the 
present method. But it has the advantage of furnishing more than one 
determinant for the resultant, and the invariantive nature of the process 
is more evident than in either of the other ways. Besides, elimination 
as a fundamental process in algebra, is more important than the mere 
securing of the resultant itself, and any new method is worthy of con- 
sideration for its own sake. 


UNIVERSITY OF ILLINOIS, 
February, 1929. 
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THREE DEGENERACIES IN THE THEORY OF TERNARY 
QUADRATIC ARITHMETICAL FORMS.* 


By E. T. Bett. 


1. Introduction. The number of representations of » as a sum of 
3 squares is, as is well known, 12#(n), where H(n) = F(n)— F,(n), 
and F'(n), F,(n) are respectively the numbers of odd, even binary quadratic 
forms for the negative determinant —n, with all the usual conventions. 
When however is a perfect square, the number of representations de- 
generates, in a most remarkable way, to an elementary function (polynomial) 
in the real divisors alone of x. This was first proved implicitly by Stieltjes 
in 1884; the explicit result was given in 1907 by Hurwitz.7 

I have recently determined the numbers of representations of m in each 
of the three forms 


wytye+ex, xytye+22r7, xy+2yz+2e2, 


in terms of F(m) and other (more elementary) arithmetical functions. The 
results for the first form, m general, were first obtained by Mordell;{ the 
others are new. 

It is of interest to obtain for the above three forms all the analogues 
of the Stieltjes-Hurwitz theorem for a*+y?+2*, as no other results of 
this type are known. The necessary theorems on numbers of representations 
are quoted from the complete determination mentioned, which will be 
published elsewhere. From the paper cited in the first footnote, the 
following is transcribed. 

Let n = 2m, « 20, m odd, be an arbitrary constant integer, and let 
m= [|p be the resolution of m into powers of distinct primes when 
m>1. Define 


S(1) a 1, S(m) = I] [po + {1 —e (-- 1)? “H/2} a (p?—)], 


where ¢,(v) = the sum of the rth powers of all the divisors of n, and 
hence ¢)(n) = the number of divisors of x. Then 


(1) F(n?) = 2% S(m). 


* Received September 16, 1929. 
ft See Dickson’s History of the Theory of Numbers, vol. 2, pp. ix, 271; vol. 3, pp. 134-5; 
also, for the assertion concerning Stieltjes, see Bell, Transactions Amer. Math. Soc., vol. 26 
(1924), p. 448, footnote. 
t American Journal of Math., vol. 45 (1923), pp. 1-4; see also Gage, ibid., vol 51 (1929), 
pp. 345-348. 
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The n,m, « in all that follows are as above defined. If restrictions 
be imposed upon m, as for example m = 1 mod 4, they will be indicated. 

2. The form zy+yz+zz. The number of matrices (x, y, 2) of integers 
x,y,z = 0 such that n = axy+byz+czx, where a,b,c are integers 
>0O, is as usual called the number of representations of » in the form 
axy+byz+czx. Denote this number by No[n = axy+byz+cezal, 
and write N,|[n = axy+byz-+czaz] for the similarly defined number 
when x>0, y>0O, z>0. Then, from the paper cited, we have the 
following 

Summary A. 


N;(n) = Niln = ryt yet+es] (y = 0, 1). 
N,(27#+1m) = 3[(2¢+1—1) F(2m) + (—1) (@ + 1) So (m)]. 


m = 1mod4: Nj(2%m) = 3](2¢+!— 1) F(m)+(— I> Ca +1) co(m)]. 


m = 3mod8: N;(2"m) = 2(2—] F(m)+(—1¥ 5 @e+1) tolm)]. 





m = Tmod8: N(2* m) = 8 2+ Fm) +(—1) 5 @e +1) co(m)]. 


It is clear that the argument of F' can be a perfect square in the above 
only in the second case. Hence for this form the degeneracy occurs only 
in this case. Applying (1), we find 


THEOREM A. 
Nj m*) = 5 [2+ —1) S(m)+(—1)) @a+1) So(m’)). 


Since every square is of the form 2°“m*, the degeneration is complete 
for squares. 


3. The form xy+yz+2zz2. As in the preceding we quote the next. 


Summary B. 
Nj(n) = Nin = ryt yet 222] (j = 0, 1). 
Nj(m) = F(2m)+(—1)/ &(m). 
Nj (27+? m) = (2&+8 —3) F(2m) + (—1)/ (Ba + 4) &(m). 
m = 1mod4: N;(2?*+!m) = (2°+°— 3) F(m)+(—1) 3 (6a + 5) So (m). 


m == 3mod8: Nj (21m) = 2(2¢+?—1) F(m)+(— 15 (6a-+5) Co (m). 
m = Tmod8: Nj(2+4m) = 2%+3 F(m) + (—1 vs (6a +5) fo(m). 


As in the previous case, there is but one degenerate. 
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THEOREM B. 
N(* +m!) = J [(2*+*—3) S(m) + (—1¥ Ga +5) fo(m)]. 


Degeneration therefore occurs only for the doubles of squares. 
4. The form xzy+2yz+2z2z. For this we quote 


Summary C. 
Nj(n) = Nil[n = ryt 2yz4 222] (j = 0, 1). 
Nm) = SBF) +(—-1¥ Go(m)]. 
Nj(2m) = 2[F(m)+(—1) fo(m)]. 


Nj (22+8 m) = [2¢+2 + 3(2¢41 — 1)] F(2m) 
+ (—1)(3 @+ 5) Co (m). 
m = 1mod4: N;(2?*+?m) = [2¢*? + 3(2¢+!— 1)] F(m) 


a 
t+ (— 1) > (6a +7) Fo (m). 
m = 3mod8: Nj(2°*+?m) = 2[2¢t14 3.2¢-- 1] F(m) 
os ‘o 
+-(—1¥ 2 (6 @ + 7) So(m). 
m = Tmod8: Nj(22*+2m) = 5.2¢+1 F(m)+(—1) + Get?) Co(m). 


Here precisely three cases degenerate. 


THEOREM C, 
Nj(m) =} [8(m) + (— 1)! bo (m4). 
Nj (2 m?*) = S(m) + 2(—1) %)(m?’). 


N; (22+? m?) = a [{2¢+? + 3(2¢+1— 1)} S(m) + (—1) (6@ +7) & (m?)]. 
2 


Since every perfect square is of one or other of the forms m?®, 22+? m?, 
the degeneration is complete in this instance for squares and for the doubles 
of odd squares. 

5. A special case. If every prime divisor of m is = 1 mod4, it follows 
from the definition of S(m) that, in this case, S(m) =m. For such values 
of m, Theorem A, B, C take particularly simple and interesting forms. 





ON NEW INTEGRAL ADDITION THEOREMS FOR 
BESSEL FUNCTIONS AND SERIES OF 
THE HYPERGEOMETRIC TYPE.* 


By Henry P. THretMan.t 


1. Introduction. The operation of composition of the first kind of 
two functions f(x, y) and g(x, y) in two variables is defined as 


*y 
[re dg pat, 


* 


* 
and denoted by f(x, y) g(a, y) or simply by fg. If g(x,y) =f (2, y), 
* 
the above expression is designated by /*(x, y) and is called the second 
* 
power of composition of f(a, y). Composing /?(x, y) with f(a, y) we 


* 
obtain f*(x, y). Through repeated use of this process we obtain for the 
nth power of composition (n = 2,3,---) of a function f(x, y) the ex- 
pression 


* y fy PY *y 
Fr (2, y) = { f f ssies y | TS; tn—1) f (tr-1, tn—2) +++ 
see (te, tr) S(t, y) dt; dty +++ dta—s (n = 2,3,.-->). 


The first power of composition of a function f(a, y) is defined as the 
* 
function itself, i. e. f'(a, y) = f(x,y). Additionally we shall use the 


a 
operator f°(x, y), which is called the zeroth power of composition of f(z, y), 
and is defined by the relations 


F(x, 9) g(a, 9) = ge, Fe, 9) = g(a, y) 


whatever the nature of the functions f(x, y) and g(x, y) may be. We 
* 
see that the operator f°(2, y) plays the part of unity in this theory of 


* 
composition. For this reason it is designated by 1°. The laws concerning 
these functional operations are well known and can be found in treatises 
on functions of composition.t 


* Received June 28, 1929; presented to the American Mathematical Society, March 1929. 
+The writing of this paper was suggested by Professor A. D. Michal to whom the 
author is indebted for helpful suggestions and criticisms. 
t Vito Volterra et Joseph Pérés, Lecgons sur la composition et les fonctions permutable. 
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Vito Volterra,* the founder of the theory of functional operations, proved 

that if in an analytic series 
. i, i i 
Drivig-, Mi, i,-+-i, é," 2," cee an 

which is convergent in all of its variables within a circle of radius r>0, 
the powers of the variables are replaced by powers of composition of the 
first kind of arbitrary, finite functions jf; (7, y) (¢ = 1, 2,---, p) then the 
new series, which is of the form 


oo, e By * P 
(1.1) Ditty M54, SESE OS 
is convergent for all values of x and y. 
The Volterra transcendental 
c Se &s 
(1.2) V [a; f(a, y)) aa = ni kas @, Y); 


where f(z, y) is continuous in the entire zy-plane, is a particular case 
of (1.1), and is, therefore, convergent for all values of x,y and a. An- 
other important property of (1.2) is that it satisfies the integral addition 
theorem 


3) V[a+b; f(x,y] = Via; f(x, pI] -+V[b; f@, y] 
+V[a; f(a, y)| Vs fla, y)). 


It is interesting to note that this theorem implies the group property 
of the functional transformations 


y (x) = y(a) +) Kt; x, sly(s)ds 


(1 


since a necessary and sufficient condition that these transformations form 
a group is that K[a; ,s] have the additive property (1.3).7 

It is in general quite difficult to establish integral addition theorems 
for a given function. If, however, it is possible to express this function 
as a Volterra transcendental then the convergence of it, and the validity 
of the integral addition theorem (1.3) for it follow at once. 

The problem before us is to show the existence of certain relations 
between the Volterra transcendental, Bessel functions, and series of the 





* Vito Volterra, Legons sur les fonctions de lignes, Paris (1913). The theory of 
permutable functions, Princeton University Press (1915). 

7 A. D. Micna., Integro-differential expressions invariant under Volterra’s group of 
transformations. Annals of Math. (2), 26 (March, 1925), pp. 181-201. 
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hypergeometric type, and on this basis to derive, if possible, new integral 
addition theorems for these functions. In order to obtain, however, more 
general results than those which can be derived on the basis of the Vol- 
terra transcendental (1.2) we shall make use of other transcendental func- 
tions of composition, which satisfy certain integral addition theorems, and 
can be considered as partial derivatives of (1.2) with respect to the para- 
meter a. In section 6 of this paper we define a generalized type of com- 
position of functions in 2m variables, which in the sequel is used for the 
derivation of integral addition theorems for the generalized hypergeometric 
series of a certain type. It may be mentioned that Hadamard* has derived 
certain integral addition theorems for Bessel functions and hypergeometric 
series, but in an entirely different way from the one used in this paper. 
We shall see that Hadamard’s results for Bessel functions are particular 
cases of a more general theorem derived here. 

2. Theorems on Volterra transcendentals. Before we go over to 
the main object of our investigation we will consider certain properties of 
the Volterra transcendental, and prove a few theorems concerning it, which 
will be of use in our later work. 

Consider (1.2) with f(@, y) = 1. Then 


* 
a” 1” 


9 Tle — 
(2.1) Via = 2 


? 
which, because of the relation ‘ 
<< oe 
Sane. * 
can be written as 


oO n eer n—1 
(2.3) Via; 1] =2 ~ i Fay . 





We shall next establish the following theorem. ° 

THEOREM (2.1). The Volterra transcendental V[na; f(x, y)| can be expressed 
as a polynomial of composition of the nth degree in V{a; f(x, y)] of the 
Sorm 


rn 


(2.4) Vina; f@, yl = 2 


=1 


(” vr la; f(z, y)). 


This formula is evidently satisfied for » 1. We next assume that 
our theorem holds for all positive integers less or equal to n. It then 
follows from (1.3) that 


*HapAMARD, Sur un probléme mixte aux dérivées partielles, Bulletin de la Societé 
Mathématique de France, tome 31 (1903), pp. 208-224. 
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V[(n+1)a; f(x,y] =V[na; f(a, y+ V[a; f(x,y)]+ Vina; fia,y)) Vlas flr,y)] 
= (nt DV (a; Se, M+ & (") Pras se, wl 


n * 
+ (") yr*fa; fe, yl). 


If in the last sum we change the summation index from 7’ to r = r’+1, 
we can write 


Vi(n+a; f(z, y)| . 
= @+DV[a Se, w) + 2 (") + (.”,)| Vr [as fey $V" [as fr,y)) 


n+1 
= oe. Vrla; fe, y]. 
r=1 7 

This expression is, however, the same as (2.4) with n replaced by n+1. 
Hence our theorem is proved to be valid for all positive integral values 
of n. 

THEOREM (2.11). The nth power of composition of the Volterra trans- 
cendental Via; f(x, y)| can be expressed as the sum of n Volterra trans- 
cendentals of the formV[ra; f(x, y)], (r= 1, 2,-+-+, 2), in the following way: 


* a—! 
2.5) Plas few) = Y —1y (") Vle—as fe, 


This theorem can be proved on the basis of the preceding theorem by 
the method of mathematical induction. A much shorter proof can, how- 
ever, be given if one expresses the Volterra transcendental in its exponential 
form as follows: 

Via; f(a, y)| = ev —1°, 
where 


af *o a a a? ae 
et =—1 tif tof fees, 


Composing both sides of the second-last equation n times with themselves 
we obtain 


* » # 
V"[a; f(x, y)] = (e—1°)" 
= 2 (—1)" (") en—naf, 


r=0 


nr 
Since } (—1)’ (") = 0, the last expression can be written in the form 
r=0 
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Palas fe, M1 = > (19 (") edi) 


n—1 
=F 1 (") Vlas se, wh, 
which proves the theorem. 

We next consider certain relations between the Volterra transcendental 
and some other transcendental functions, which can be derived from the 
former by means of the processes of differentiation and composition. Since 
in our later work we shall make use of the Volterra transcendental with 
f(x,y) always equal to one, we will from now on put this restriction 
upon this function. 

Denoting the pth partial derivative with respect to the parameter of 
V[a; 1] by Vs? [a; 1] we have, for p equal to any positive integer, 


* 
i$) 
(2.6) VP ta; 1) = 1 2, ~. 
Taking partial derivatives with respect to the parameters of equation (1.3), 
we could obtain integral addition theorems for the pth and gth derivatives 
of the Volterra transcendental. The use of the methods of ordinary 
differentiation would thus yield relations between the vir la; 1] and 
Vs” [b; 1], where p and q could have any positive integral values. We 
want, however, to define a function having a continuous index, and satis- 
fying certain integral addition theorems. To this end we make use of 
a function F(a, y) of order « as defined by Volterra.* Thus 


F(x, y) = cre p(x, y), g(x, x) + 0,0. 


For sake of simplicity we let g(a, y) = 1. Then F(a, y) becomes 


7 a (y — x)" 
(a) ° 


* * 
If @ and 8 are both greater than zero, the composition of 1 with 1° 


is defined as 





. a y (¢—ax)*— (y — te 
se J. Te) Tea % 


and as a consequence we have 


* * * * Ba 
1* 18 = [PF {* = je+8 («@>0, 8>0). 





* Vito Volterra et Joseph Pérés, loc. cit., p. 10. 
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* 
It is important to note that 1° is permutable with unity. 
We define the transcendental V [a; 1], a function of order «, as follows: 


(2.7) Vla; 1] = ei, 


where « is greater than zero. As a consequence of this definition we have 
oO ar (y iis ay r—l1 

2.8 7) fq: 1] = bi A»: A 

(2.8) V [a; 1] = r! (a+r) 

We notice that if « is a positive integer, say n, then V“[a; 1] is the nth 
partial derivative of V[a; 1] with respect to the parameter. Hence V|[a; 1] 
might be considered as the generalized partial derivative of order & of the 
Volterra transcendental V[a; 1] with respect to the parameter a. We can 


now state 
THEOREM (2.1I]). The transcendentals Vja;1] and Via; 1] have the 
additive properties expressed by the following equations: 


(2.9) V©[a; 1] V(b; 1] = V+ (a+); 1, 

(2.10) V fa; 1]V [b; 1] = V[a+b;1]—V[a; 1], } (@>0, #>0), 
(2.11) Vo (a; 1]V[b; 1] = V® [a+b; 1]—V® [b; 1], 

(2.12) V [a;1]V [b; 1] = Via+b; 1] —V[a; 1]— Vd; 1]. 


The last of these equations is nothing else but a restatement of (1.3). 
We shall now prove the first three equations. (2.9) can be written in 
the form 


* * * * * * 
(2.13) (e% 1%) (e1 18) = eth! jar, 


The truth of this statement follows at onee from the fact that 1 is 
permutable with eA, 
Similarly we write (2.10) and (2.11) in the forms 
* * * ck * * * * 
(e4 1%) (eo! — 1°) = e@th1 1% — al Je 


* * * Pe os * * 
(e% — 1°) (e”! 1°) =—- g(4+b)1 1f — hl 17, 


and the validity of these equations is evident. 

From (2.9) we obtain the 

THEOREM (2.1V). The nth power of composition of the transcendental 
V@[a;1] ts equal to the transcendental V"[na; 1], that is to say 


* 
(2.14) V"® la; 1] = V[na; 1] (a>0,n = }, 2, ee), 
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3. Relations existing between Volterra transcendentals and 
Bessel functions. The Bessel function of order @ is defined* as 





_ & 1 e/3r 
Ja (2) = p> r! T(a+r+1) 


where, if « is a negative integer, say -—n, the first terms vanish. If 
1 


in the above expression we set z = 2[a(xa—y)]? we obtain 


Ja |2Vala—y) | 
Since, however, by (2.8) 


Hite. 2s 
Vv‘ T® [a; 1) bi 2 r! I(a+r+1) 


= [a(r—y)]? p> rl] re Ter 





and by (2.3) 





E SO r+1 ( —szx) 
Ves = er 


we obtain the important relations: 


(3.1) Ver fa; 1] = ag Pea Jal2Va(e—y)] («>—1), 


(3.2) Via; 1] = a? (x—y) 2 J [2 V a(a—y) ].+ 


Since J,(2) = (—1)"J_n(z) the above relations can be extended 
with a slight modification to Bessel functions of negative integral order. 

Making use of the recurrence formulae for Bessel functions as given in 
treatises{ on this subject we can rewrite (3.1) in the forms 


(3.3) V@[a; 1] = aa *(x—y)? Ju(2 Va(e—y) | 
1—a a—1 
—a?® (a@—y)? Jayi[2 Va(e—y) |; 
1—a a—l 
(3.4) V@la;1]}=a? (a—y) ?- 
*{2Ja[2 V a(@—y) 4 Furs 12 Va@e—y) ]}; 
1—a a—1 


(3.5) V@[a;1j=—a? (4— Ad 


~ {rele Vae@—o 1+ $ fae@e—p) * tele Vale—y If 
*G.N. Watson, A treatise on the theory of Bessel functions, Cambridge (1922), p. 40. 
7 A. D. Michal, loc. cit., p. 199. 
}G. N. Watson, loc. cit., p. 45. 
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a—l a-—1 


(3.6) V@[a;1J=a? (~—y) ? 





where «>O and in the last three equations by J«(|2V a(xz—y) | is meant 
Ja(z) with z replaced by 2V a(x—y). 

4, Integral addition theorems for Bessel functions. Having 
established the above relations we can now apply the integral addition 
theorems for the Volterra transcendental and its derivatives to the 
Bessel functions. 

Restating equations (2.9) to (2.12) in terms of Bessel functions by means 
of the relations (3.1) and (3.2) we obtain the 

THEOREM (4.1). Two Bessel functions of any order «>—1, B>—1 
satisfy the relations 


« B 
f [a(a— A]? Ja (2V a(a—s) | [b(t—y)]? Js |2 Vb(t—y) | at 
(4.1) a+f+1 a+p+1 


=a*WB(at+b) * (@—y) *  Jarpsil2V (a+) (e—y)]; 


C2) 1 (at dy 4)? Jel2VOFHE—D) 
—[a(a—y)]? Je [2 Vae—pI}; 
2 my et ud cee 
f ta@—o) 2 J, [2V a(x—t?) | [b(t—y)]? Jp [2V b(t—y)] at 
B 8 
(43) — “fe (ats) ® @—y)? B2VatH@—y] 


B 
—[b(a—y)]? Jp [2 Vi@e—y I}; 


1 1 
{ [a(a—d] * A[2Vae—d |[o(t—y)] ? A[2Vbti—y)] at 


(4.4) = (at 0)? (@—y) ? A BV@FHD@—H) 





— + [ae—yl ? 4 2Vae—y|——@—y] * AB2VE@—y)I. 


It was mentioned in the Introduction that Hadamard* derived certain 
integral addition theorems for Bessel functions. If in his notation we write 





* Hadamard, loc. cit., p. 220. 
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in(X) = (—X)? HL2V—Z], 


AL jg (bt)] = bjqg—-1 (bt) dt 


then, if in (4.1) we interchange a and b, and set @ 
x=0, y=1, we obtain 


Soi [a(i—d] d[j, (bt)] = GFF jvtq (a+b), 


which is the general theorem of Hadamard. 
If in (4.3) we interchange a and b, and set B—=p, x=0, y=1, 
then, noting that 


and note that 






(q>0) 











=¢q—l, B=p, 


pene x 


2 - oneness 
ee ee $e ee os: 
PT ie Site he et AR RE NED I ee = , 
= 7 Be ot Be _— Teese eee x i te 
ri 


dLio OO] = APO, 










ne apres 50 = 


we obtain the equation 


Ji. ir te —o) aL 0] = SPE 50a 


which is the exceptional case in Hadamard’s general theorem. 

We thus see that Hadamard’s result corresponds to particular cases of 
equations (4.1) and (4.3), while there is nothing in his work which might 
correspond to equation (4.4). 

From (2.14) and relation (3.1) we derive the 

THEOREM (4.1I). The nth power of composition of the function | 





- 


ote ya ein img opie Rane SR 


ee 








[a(a—y)]? Jel2V a(a—y)] for «>—1 can be expressed in terms of 
a Bessel function of order n and of argument 2Vna(a—y) as follows: 


* 





(4.5) [ala —y)]? Jal2V a(a—y) |" =n ? [ala—y)] 2 Ine |2V na(a—y) }. 













Making use of relation (3.2) and Theorem (2.I1) on the Volterra trans- oa 
cendental we obtain the i 
THEOREM (4-11). The nth power of composition of the function ae 


[a(x—y)] ? J, [2 V a(a—y)]| can be expressed as the sum of n Bessel 


Junctions all of order one but of different arguments in the following way: 
® 


(4.6) [a(x—y)] 7 J, [2 Va(z—y) y) |" 


n—t 


= a ah y(" "\(n—)? [a(a—y)] 2 J,(2V (n—r)a(z—y)]. 








Applying Theorem (2.1) to the Bessel function of order one by means of 
the relation (3.2) we derive the 
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1 
THEOREM (4.IV). The function [na(a—y)] ? ,(2Vna(e— y)| can be 
expressed as a polynomial of composition of the nth degree in J,|2V a(a—y) | 
of the form 





1 1 
(na)? (2 — y) ? J, |2V nal —y)| 





(4.7) * 
n ?.  ' EE EI 
= > (") a? (2—y) ? U,|2Va(e—y)|’. 


If instead of (3.1) we use (3.3) we derive the 
THEOREM (4.V). For every «>0 and B>0 the Bessel functions of order 
a,a+1, 8, and &8+1 satisfy the equation 


ec a 2 (2 — i)? Je [2 V a(x — 8) | 


1—«@ 


a—1 
—a? (@—t)? Juss (2 Va(e—d)} 


i B_, re AE 
(4.8) ~< {BD 2(t—y)?  Js(2V0E—y] 
1-8 B-1 Bost alee 
—b* (¢—y) ? Ips 2VO(t—y)]} at 
_ «+B-1 a+fp-1 SE Siem 
=(at+b) 2% (@—y) 2? Jaspal2V(a+d) (x —y)]. 


Similar relations hold for the right-hand sides of equations (3.4), (3.5), 
and (3.6). 

5. Composition of functions in 2” variables. The above results 
have been obtained by means of functions of composition of the first kind. 
Since there exist some well known relations among some Bessel functions 
and certain hypergeometric series, it is possible to write the above results 
in terms of these latter series. In order to obtain, however, more general 
results we make use of a new kind of composition which may be con- 
sidered as a generalized first kind of composition. 

Definition. Let F(x, x1; 2, yo +++} Xn Yn) ANA G(x, Yi 5 V2, Yos +5 Mny Yn) 
be two functions in 2m” variables. By the composition of these functions 
we shall mean 


*y, Ye ne j r 
es F(x, 813 Ha, S25+++3 In, Sn) G(s, Yrs S25 Yas +*+5 Sn; Yn) 
r, r Sr, 


< ds, dsy--+ d8p, 


* * 
which we will denote by F, Gn. 
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The zeroth power of composition of a function F(a, y,; 22, Ys; +++} ny Yn) 
* 
is designated by F2, and defined by the operation 


* 


* * + 
Fn Gu = Gu Fa = G (x1, yrj 2a, Yas +3 Lmy Yn), 


where G (a1, Yi; Ye, Y2i +++} Lny Yn) iS any function whatsoever. It thus 


* 
results that the operator FY, which plays the part of unity in our theory 
of composition, is independent of the function F(a,, y,; 22, Ye; +++; Ln, Yn)+ 
Therefore, for every function G(a,, y:3 %2, Ye; +++} Yn, Yn) We shall have: 
oe ok 


* * 
F) = G}, and in particular F = 1;. In what follows we shall use the 


* * 
0 .- 
symbol 1, in preference to Fy. 
As a consequence of our definition we have the following Laws for the 
composition of functions in 2n variables: 


a) This operation is associative, i. e. (Fy Gn) } a = f, Gn ity). 


b) It is not in general commutative, that is to say F, Gy, + G, By i in general. 
c) Powers of composition of a given function are permutable with each 
= ~~ oe bey ne = 
other, i. e. F ?) (Ft = (F%) (F °) = pete, (n, q = 1, 2, 3,---). 

d) Every function of composition in 2m” variables which is permutable 
with unity is of the form F'(y,— x13 Ys— X25 +++} Yn — Fn). 

e) lf F, and G, are continuous within a certain domain a < a < yi < bij 
(¢ = 1,2,---,m) their resultant Fy Gn will be continuous in the 
same domain. 

These laws are easily proved in the same way as the corresponding laws 

for the composition of the first kind.* 


n 
We next define a function F(a, y,;3 22, yo} -++3 %n, Yn) Of order > aj, 
i1 


« > 0, as follows (if 9 (a, 213 2, 23 +++} Xn, Xn) $ 0, &) 


F(z;, Ys Fay Yaserres ay Yn) 


(y1 — a)" sd " (Ys— x2)" - ' -+ (Yn— - Xn)” 
I'(a,) P'(@y)--- F(a,) = sigs iaabnbcblninsamaueh 


In what follows we make use of such a function in which the charac- 
teristic p(x, Yi; %2, Yo +++3 Lny Yn) is equal to 1. We denote this func- 
tion by 

* 
Daa 
: 


* Vito Volterra et Joseph Pérés, loc. cit. 
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and write 


*x0, — (Yi— 21) (Ys— au) ++ Yn — On) 
I, — I'(a,) '(@y) «++ F'(a@y) (a;> 0, 7 = 1, 2,---, m), 


It is easily seen that 
if * See * 32, * 32, * se, * sa,4+8) 
(5.1) ee or. aoe (a; >0, Bi > 0). 





6. Transcendental functions of composition in 2n variables. 
It is obvious that to every analytic series in p variables there corresponds 
a series of functions of composition in 2m variables, which can be obtained 
from the analytic series by replacing the powers of the variables in it by 
the same powers of composition of p functions in 2” variables. Further- 
more, it follows from the corresponding theorem for functions of composition 
of the first kind in 2 variables that, if the given analytic series is con- 
vergent within a circle of radius r >0O for each of its p variables, then 
the corresponding series of composition in terms of p arbitrary, finite 
functions in 2” variables will be convergent for all values of the 2n 
variables. 

In analogy with the Volterra transcendental V[a; f(z, y)] we define the 
transcendental Wla; f(a, y:3 %2, Y23-++3 ny Yn) as 

* * 
(6.1) Wha; fal = eo — 14, 
where 
af, *) a? Fh 
e°* = Int pat ain +--- 
If f(a, 413 Ve, Yai ++} Xny Yn) = 1, (6.1) becomes 


th Wt tte Ye --- ae 
(6.1) Wha; tn) = 2 Por 





n 
Additionally we define a transcendental function of order > «; as follows: 


i=1 
* * 
(6.2) WH" ta; 1) = of 1S. 


After expanding this becomes 


4) 


) r(Sa,) ‘ wii a (y; —27,) (Y2— 22) é@ (Yn—2n)" 
(6.2’) ‘ iia = r! D(a, +7) P(a@gtr)--- T(a,+r) 


(a,>0, + = 1, 2,---, ”). 


«,+r—1 atr—1 +r-1 





THEOREM (6.1). The newly defined transcendentals We la; in] and 
Wla;1n] possess the integral additive properties expressed by the following 
equations : 
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(6.3) W2” (a; 19] W2? [b; 19] = W2°*" [at d; 1a] 
(6.4) W2 [as In] WI; In) = = W2 fat d; In] 
—W" fa; In) 


(6.5) Wla; 1n] W2??[b: 1p) = = W 2” fab; dal 
— Ww??? [b; 14), 


(6.6) Wha; In] W105 In] = Wla+b; 1n]—W [a5 tn] —W [05 nl. 





The proof of this theorem is analogous to that of Theorem (2.III), and 
is therefore left to the reader. 

7. Relations existing between hypergeometric series and the 
transcendentals W{a; 1,], and W” [a;1,]. We designate with Watson* 
by oF n(@1, @2,--+, @n; 2) the hypergeometric series 





B z 
(7.1) P Ate a = ET 8 


r=0 


where (a), = a(a+1)(a+2)---(a+r—1), (@)) = 1. This series is 
a particular solution of the following differential equation? of order (n-+1): 


qty 
dz 


where J, Le, ---, Zn are constants. 
If « is not equal to a negative integer or zero, then 


og ee 
tema.” igi 


Add 


ei es ou +L, 2"— —24 ae ¥ 4. Dnt SY $40, —y=0, 


Therefore, under the condition that o, @,---,@, are all different from 
zero and a negative integer we can write (7.1) in the form 


oF (1, GQ, +++, On; z) 
2” 


(7.2) : S 
' (Cn) 2 r! P(e+r) P(a@2+r)--- P(@n+r) © 


= I'(a;) F(a) --- 





If in this last expression we let z= a(y:— 21) (yo— 2) --- (Yn—2n) We 
obtain 





* Watson, loc. cit., p. 100. 
t Pochhammer, Uber die Differentialgleichung der allgemeinen F- Reihe, Math. Annalen 38 
(1891), pp. 586-597. 
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oF, [a1, es, +++, On; A(Y1—21) (Yo—2X2) --- (Yn—Fn)] 
a’ (y1— 21)" (y2 — X2)” +++ (Yn—2n)” 


(7.3) . 
== I'(a,) I'(ae) --- I(an) 2 r! P(ay+r) P(ao+r)--- ID (a@n+r) * 





Therefore, on account of equation (6.2’) and (6.1) we can write the 
following relations: 
a.—l a@,—l a.—1 
(Sapp. 4 7 — Yr) * Yaa) * +++ Gn— Fn) ™ 
W [a; 1,] I'(a@;) I'(@2) ee I'(a@n) 


<oFy[a1, 2, ***, An; a(yi— 21) (y2— 2) +++ (Yn—n)] 
(a, >0, i=1,2,---,n), 


(7.5) Wla; 1,] — a oF, (2, 1, 1, vee, 1; a(yi— 21) (y2— 22) _ (Yn—2n)]. 


Having established the relations (7.4) and (7.5) we can now restate 
equations (6.3) to (6.6) in terms of hypergeometric series and thus obtain 
corresponding integral addition theorems for the hypergeometric series 
oF n[a1, a2, +++, &n; a(yi— 21) --- (Yn—2n)]. Furthermore, since the trans- 
cendentals W'*“[a;1,] and W[a;1,] satisfy the same integral addition 
theorem as the Volterra transcendentals V[a; 1] and V[a;1], it is possible 
to obtain for each integral addition theorem on the latter functions a corre- 
sponding one on hypergeometric series. Since, however, the derivations 
of these theorems for the type of series under consideration do not involve 
any new method the details of this work will be left to the reader. 





(7.4) 


Onto State UNIVERSITY. 

















AN ANALOGUE FOR ALGEBRAIC FUNCTIONS 
OF THE THUE-SIEGEL THEOREM.* 


By Bennineton P. GILi. 


1. Introduction. The theorem of Liouvillet on rational approximation 
to algebraic numbers is well-known. In 1908 Thue} proved a much stronger 
theorem, which has been further strengthened by Siegel.§ Maillet|| has 
proved for algebraic functions, or indeed algebraically-transcendental 
functions, a theorem analogous to that of Liouville. 

In the present paper there is proved for algebraic functions an analogue 
of the Thue-Siegel theorem. Absolute value in the discussion of ordinary 
approximation is here replaced by degree of a polynomial or of a power- 
series, and the following notation is therefore advantageous. To denote 
that the degree of a polynomial F(z, y, ¢) is exactly pinz,qiny,r int, 
we write 


[F(a, y, )) = Ip, 4g, 7). 


Similarly if a function §(¢) is expanded in the neighborhood of infinity 
in a series of descending powers (integral or fractional) of ¢, as 


E(t) = a t*+ .--, ax + 0, 


we say briefly that the degree of & (t) for the neighborhood of infinity is k, 
and write 


[§(d)] = k. 


Consider an algebraic function 6(t) of » =>2 branches, defined by 
an equation 


f (6, t) = 0, 





* Received July 3, 1929. 
t Journ. de Math., 16 (1851), pp. 139-141. This result and others cited in the present 
paper are given in: 
Landau, Vorlesungen iiber Zahlentheorie, Leipzig, 1927, vol. III, pp. 37-58. 
Perron, Die Lehre von den Kettenbriichen, Leipzig, 1913. 
Maillet, Nombres transcendants, Paris, 1906. 
References are given in the last two works. 
t Christiania Vidensk. Skrifter, 1908, Nr. 7; revision in German in Journ. fir Math., 
135 (1909), pp. 284-305. 
§ Diss. Géttingen, 1920; Math. Zeitsch., 10 (1921), pp. 173-213; simplified in Christiania 
Vidensk. Skrifter, 1921, 2, Nr. 16. 
|| Loc. cit. note 8, pp. 242-257. 
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where /(6,¢) is an irreducible polynomial in @ and ¢ with constant coefficients. 
Let s be any positive integer less than m, and « any positive number. 
Write 


(1) y == . +s+e. 


Then we have the following theorem. 
THEOREM I. There exist only a finite number of rational functions p(t)/q(t), 
(p and q polynomials in t), such that, for the neighborhood of infinity, 


(2) [o— PO) <_y. [q(). 





As a corollary, it follows, just as in the case of the Siegel theorem, 
1 


that we may take vy = 2n?. 

The Thue-Siegel theorem has important applications to Diophantine 
equations. The corresponding applications of our Theorem I are to 
indeterminate equations in which the values for the unknowns are to be 
polynomials. In §7 we give theorems illustrating this, reserving a more 
complete treatment for another occasion. 

While our proof of Theorem I follows, in the main, lines analogous to 
Siegel’s, there are essential differences. Thus, in § 2 a result due in 
essence to Frobenius* is required to show that (2) cannot have an infinity 
of solutions if the degree of g is bounded. Again, Siegel’s proof analogous 
to that of Lemma I below, makes use of the conjugates of 6. In order to 
avoid assumptions on the behaviour of these conjugates, we use a different 
argument, similar to that of Thue (who makes no use of conjugates), but quite 
different from his in detail. In fact both Thue and Siegel base their proof for 
Lemma I on a well-known method due to Dirichlet, which is not applicable 
in our case. It is therefore replaced by a linear dependence argument. It 
appears that a similar replacement can be made in the proofs of other 
theorems by the method of Dirichlet. In particular an analogue for poly- 
nomial variables of the well-known theorem of Minkowski on the minimum 
values of a set of linear forms in integral variables can be established in 
this way. This is a matter which may be treated in another paper. 

In conclusion, the author wishes here to express his indebtedness to 
Professor J. F. Ritt for his assistance and invaluable suggestions in con- 
nection with the preparation of this paper. 

2. Preliminary simplifications. First, we may and shall assume 
without loss of generality that p and g have no common factor of degree 
in ¢ greater than zero. 





* Journ. fiir Math., 90 (1880), p.1. Also Perron, loc. cit., chap. 10. 
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Next, letting « 
_ pte 
Ho = Fr, 
we shall show that for given w, there can be only one & satisfying (2). 
For, suppose that for § = p/g, & =p'/d, §—¥' $0, I] =l¢]=">0, 
(uw = 0 is trivial), 7 is defined by [(§—&]——y. By multiplying §—¥ 
by qq’, there results a polynomial which, by hypothesis, does not vanish 
identically, whence 2u—y >0, ory < 2m. But, from (1), y>1+1+¢«>2, 
so that »~>2y, whence it follows that both of &, &’ cannot satisfy (2). 
Again, Theorem I is evidently trivial except for a branch @(¢) uniform 
at infinity; for the expansion of a rational function cannot contain frac- 
tional powers. In our proof we shall therefore assume this uniformity, 
so that all our expansions will contain only integral powers of ¢. 
Finally, suppose that Theorem I was false for a function 6 for which 
the degree of the coefficient of 6” in f(@,¢) was greater than zero. Then 
there would exist a polynomial k(t) of degree x, say, such that @ == 9/k, 
where 7 is an integral algebraic function of ¢ with branches, that is, 
a solution of an irreducible equation 


q” + a, (t)- 9"? + ---+ an(t) = 0, 
the a’s being polynomials in ¢. From (2) we then get 


te] = [,—4] 
—_——| = —— ii << 8-9 p, 
E q r- ¢ . 


where p’ is a polynomial in ¢. But, for sufficiently large », 


x—py = x—p (5 ts+4)<— (sy +; a =), 


and therefore the theorem is false for the function 7. We shall therefore 
take throughout the proof 


(3) Sf (0, t) = + a, (f) O™* + --- + an (0). 


3. LemMMAI. r being any given positive integer, consider the modular 
System M, composed of all polynomials of the form P(y— z)’+ Qfly, 4), 
in which P and Q are polynomials in z, y, ¢, and f is given by (3). Let 
a denote the degree in ¢ of f, and let* 


m=((- i) 0<d<1. 


*The brackets here, as elsewhere when they enclose a numerical expression, denote 
“the greatest integer in”. They will not be confused with brackets enclosing a function 
and denoting “degree”. 


(q] = #, 
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an(n+1)+2 
20 





Then for co = (9, 9) =| |+ 1, there exists a non-zero 


polynomial R(x, y, t), which is a member of M,, and is such that 
(4) [R(x, y, )] < Im+r, s, cr). 


Proof. Note for future use the inequalities 











n n+d 
(5) m2[GHr-)] 20 41> (PI) 
mtr ™Eie, mpi<Btiy< ety, 


Consider the » members of ¥,;: 


Bi = w(y—2Yy, Jj = 0,1,2,---,n—1. 


Let B; be divided by f(y, ¢), arranging in powers of y, and let R; be the 
remainder polynomial, so that 


By = Rj, mod f(y, #). 
Then 
[Rj(x, Y; t)] < [r, — 1, ar). 


In the case of the degrees in x, y this is obvious from the division process. 
For the degree in ¢, it is only necessary to note that since 7<n, the 
number of steps in the division is at most r, while each step cannot in- 
crease the degree in ¢ of the remainder by more than a. 

If then 


n—1 
Ue, ys) = J Ale, Oy = DI Dainat yt, 
J= 


where, for the present, the ajx are undetermined constant coefficients, be 
a polynomial for which [U] = [m, n —1, o], where o = or — ar, we have 


n—1 n—1 
6) U-y—ay = LAB=LAR=Voe,y,H, mods, 
j= J= 


where . 
[V] < [Im+r, n—1, cor), 


and each coefficient in V is a certain linear form in the ajx. 
We shall now show that the ajx can be so chosen as to make V of 
a degree in y at most equal tos. The total number of coefficients ajx is 


M = (m+1) n(o+1), 
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Consider the coefficients bc in V of terms whose degree in y exceeds s. 
The number of these coefficients is 


N < wm+r+1)(m—s—1) (@r+)). 
Then 


M— N = (m+ 1) n(o+ 1) —(m+r+1) (n—s—1) + ar+1). 


On expansion and proper combination, this gives 


M—WN = (o+ar+1){(m+r+1) (s +1) — nr} — arn(m+1) 
>(or+i1)ér—tan(n+1)r?>7r?{b6q—tan(n+1)} >r? > 1. 


Now, if we equate to zero each of the coefficients be, we shall have, for 
the determination of the ayx, N homogeneous linear equations in M un- 
knowns. Since M>WN, there must exist at least one set of values of 
the aij, not all zero, that satisfy these equations. 

Let R be the polynomial V corresponding to such a set of values. 
From (6) R is a member of M,, and also R satisfies (4). Finally, R is 
not identically zero; for if it were, the U for which it is congruent to 
U(y — x)’, modulo f, would be divisible by f, and still not vanish identic- 
ally. But since the degree in y of U is at most n —1, this is impossible. 
The lemma is therefore proved. 

Henceforth, we shall express the fact that a polynomial such as F# is 
a member of M, by using the notation due to Kronecker, 


R=0, mod M,. 


In addition to the usual properties of such congruences, it should also be 
noted that the above congruence implies 


(7) R® = 0, mod M,—9, e<r, 


the superscript in parentheses denoting, as hereafter in this paper, partial 
differentiations with respect to zx. 
4, Lemmall. If 
g(x, t)-uly, ) = 0, mod &,, 


where the degree of u(y, t) in y is less than n, and u is not identically 
zero, then (x, t) is divisible by { f(x, t)}’. 

Proof. Since {f(x, t)— f(y, }" is divisible by (y— =z)’, it follows by 
expanding that { f(x, )}" = 0, mod M,. Therefore 


{f(x, O}"-u(y,) =0, modM,. 


R , ‘ ‘ Pes “~ = : = < et d deca: Peat oe tee % ao . Sin “t = : . ; a ns ‘ eres 3 
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Suppose /f* to be the highest power of f(x, ¢) that divides y, and suppose 
Q0<a<r. Then polynomials h(t) + 0, X(a, t), Y(a, #) exist for which 
hf* = Xf’+ Yq. It follows that 


h(t) {fle, )}*- uly, ) =0, mod M,. 
But this is impossible; for, if in 
h(t) * (f(a, t)}* , uly, t) a P(a, Y; t) -(y— x)" + Q(x, Y; t) SY; t), 


we put y = 6(t), since f(6(¢), t) = 0, the right-hand member will be 
divisible by (a — 6(¢))” in the domain of polynomials in x having for co- 
efficients polynomials in ¢, 6(t), while on account of the irreducibility of f 
and the fact that the degree of uw is less than nm, the left-hand member 
cannot be so divisible. Hence « must be at least equal to r, and the 
lemma is proved. 

5. Lemma III. With all the preceding notation, and with the added 
hypotheses ; 


r2in, s<-, 


let Pi, G15 P2, V2 be polynomials in t such that 


(pig) =1, (peg) =1, [a] >cor; 


then there exists a positive integer 0 = 0(0,8,9, 7, p1, 1, P2592), such that 
0<o<dr+n’, and R® (zx, y, t) does not vanish identically for x = p,(t)/q (0), 


Y = pa(t)/qe(d). 
Proof. In 


8 
(8) R(a,y,t) = D Aj(x, yi =0, mod M,, 
j=0 


let fi(x,t), *=0,1,---,8’, O<s’'<s8, be a set of A’s, maximal in 
number, that are linearly independent functions of x; that is, such that 
there do not exist polynomials ¢(#), not all zero, satisfying identically 


= ci(t)- fila, t) = 0. 


Then it is evident from the theory of linear dependence that the Wronskian 


A(x, t) = | Ff (x, t)|, «=0,1,---,8, 


does not vanish identically. 
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Let all the A’s be expressed linearly in terms of the /’s, so that (8) 
takes the form 


(9) R(z,y,) = > file t)-Ui(y) =0, mod M,, 


where U;(y) are polynomials in y having for coefficients rational functions 
of t. No U; is identically zero, since y/ has in it the coefficient 1. Further, 
if R be arranged in powers of z, 


m+r 


R(x, y, t) = = gly) x*, 


there must be at least one value of k for which the polynomial gx does 
not vanish identically, since R does not vanish identically. For this k 
we must have 


gk (2) +0, 


because the degree in ¢ of qs is greater than cor, while that of the leading 
coefficient of gx does not exceed cor. It then follows that R(x, ps/qs, t) 
does not vanish identically, and that therefore there must be some value 
of z in (9) for which U;(ps/q2)+0. Take the notation so that Up (ps/qs)+0. 

Then from (9) we get by differentiation 

, 

(10) R©(a,y,t) = p> f(a, t)-U,(y) =0, mod My-a. 
If we multiply these equations (10) by the minors F(z, ¢) of ( in A(z, 2), 
and add, we get, noting s’<n<2n’?<r, 


(11) > F(x, t)s R(x, y, t) = A(x, t)-Us(y) =0, mod My». 


Multiplying, if necessary, by a polynomial in ¢ to remove any denominators 
from Up, it now follows by means of Lemma II that 


A(x, t) = {f (2, t)y"-* D(a, t), 


where D(z, ¢) is a polynomial that does not vanish identically. 

A(x, ¢) is a determinant of order s’+1, the degree in x of each of whose 
elements does not exceed m-+r. Therefore the degree, d, of D in x must 
satisfy the relation 


0O<d< (s'+1)(m+r)—n(r—8’) < (8 +1) nae r—nr+ns 
= Or+ns < dr+n?—n. 
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It follows that for some integer y, O < y < d, 
17 (2,1) 40, 


for if A(p,/q,, ¢) and all these d derivatives vanished, A(z, ¢) would be 
divisible by (x - q; (4) — p, (#))?*; but since f(p,/q, ¢) + 0, this is impossible. 
Now differentiation of (11) with respect to x yields 


s'+ 
(12) AY (x, t) - Uo (y) es >> Te (x, t) »- R© (x, Y; t), 
e=0 
where the 7, are polynomials. But we have shown that 
Av (2, i) U, (22) 0. 
Nn , qe t 
Hence in the right-hand member of (12), we must have for some e, 
O<y<st+y<nty < 6r4+n', 
R® =, 2 Ps ,t +0. 
Nn 
6. Proof of Theorem I. Noting 0 < dr+n?<}tr+ij3r=—r, we 


have from (7) 
(13) R® (x, Y; t) —T P(x, Y; t) . (y— x)?+ Q(z, Y; t) SY; t), 


where, from the proof of Lemma I, 


[P(x, y, \)< Im+r, n— 1, «7, 
(Q(x, y, DO] < [m+r,n—1, cor]. 


We shall suppose that contrary to Theorem I there exist infinitely many 
rational functions p(t)/q(t), (p,q) = 1, satisfying (2). We have shown 
that the degrees of the denominators q(¢) must then increase indefinitely. 
We shall choose from among these rational functions p,/q,; and ps/q2 having 
denominators of suitably large degree, and study the effect in (13) of 
replacing x by pi/qi, y by po/qe. 

Henceforth we shall therefore use the:letters x, y to mean 


x= x(t)= p/n) = pm/n, y = y(t) = po(t/qe(t) = po/ge.- 
Introduce the further notation 


a(t) — 6(t) = u(t), y (t) — 6(t) —_ v(t), 


suppose 


[uJl<O, [v] <0, 
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which will not affect the generality, and write 
4 = max {0, [6(d]}. 
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Consideration of degrees in ¢ then yields 
[R®}] — [R® (x, Y; t)] 
< eor+(m+r+n—1)4+ max {(r — @)[u — vl, [f(y, O]}. 
Now we have the power-series factorization 
Sly, t) = (y— 6) (y — 4) --- (y— ), a | 


where 0%, k = 2, 3, ---, mn, are the n—1 conjugates of @ for the neigh- 
borhood of infinity. From a] 


[y— Ox) = [(y—0)+(6— &)] < ee, ie 


Fag oe an 


2 en meres 


~~ 


where 
C, = max {0, [@—@x]}, k=2, 8, ---, w, 
it therefore follows that 
[fy, I< WwWl+™—De. 
For given q, since we are dealing with solutions of (2), a positive 
constant 6 = b(6, q,) must exist such that for [g.]> 0, [v]<[u]. ge will 


be selected so that this relation (among others) is satisfied. Then, 
remembering (5), c, = c,(@, 0) exists so that 


[R®] <e r+ max {(r—e) [wu], [v]}. 


On the other hand, q”"*’ g§ - R© is a polynomial in ¢, that, by Lemma III, 
does not vanish identically. Hence if we write 


bh = [a], fb, = [qe], 4 
we must have 


(14) G r+(m+r) wy +su2+max {(r—e) [wu], [v]} > 0. 


However, we can show that the quantities still at our disposal can be so 
selected as to contradict this relation. 


First, choose 
1 
$<nin = i } 
2 (+5 


0 1 
oer <7 < F* 





so that 
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C and c, can now be determined from their definitions. Then select 
qi So that 


4¢ 
mm > max |S, ef 


Finally select g, so that 
H, > b(n, 9), 


and also that +, which is to be defined as the integer for which 


ry S fa < (r+ I), 
shall satisfy the relation 


r > max {2n, 4 nt+a} ‘ 


This ensures the two relations 





fy > Co?, 


Now on account of [uw] < —vy,, [vl] <—vy,., we have 


eg r+(m+r) my + see +(r—e@) [ul <a r+m, {m+r—(r—e)v}+sps 








yi ; (n+ vo 8 
<< artmr (Spr —vt 72 4+e4} 
6 vo 8 
(15) artmr (yates) 
2 
< yrtm? (—- —e+vd+ mare 
< artmr(se—et 44] Gq r—mre/4<0; 
and also 
art(m+r) ay + spe +e] <a r+(m+r) my +(s—v) Me 
4 n+ ae a 
(16) <artmr (7 —v+s) = arctan (oy .) 


1 1 
<aqrtmr (—>) <¢f (« — tem) <@, 


Since (15) and (16) contradict (14), the proof is complete. 

7. Application to indeterminate equations. As an illustration of 
the kind of result that can be obtained by means of Theorem I, we shall 
prove a partial analogue of a theorem of Thue.* 





* Landau, loc. cit., Satz 690. 
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THEOREM II. Let f(0, t) =a 6" + --- +n, & +0, n=3, be an ab- 
solutely irreducible polynomial, the a’s being polynomials in t, and write 


g(p, a, 2) = ao p™® +a p*™ "q+ --+ +anQ". 


Let a(t) be any polynomial in t. 
Then there exists a number M = M(6, a), such that for 


P= iqi> mM, 
the equation 
(17) 9(p,9,t) = a(t) 


has no solution in polynomials p = p(t), q = q(t). 

Proof. Suppose the theorem false. Then there exist infinitely many 
solutions (p,q) of (17), for which the degrees of the g’s increase without 
limit. Since for a(t) = 0, (17) has only the single solution p—0, g=0, 
take [a] >0. Write § = p/q. To given § there can then correspond at 
most » solutions (p,q). For, p/q = p’/q implies p’ = ep, q — eg, 
where @ is a rational function of ¢, so that 


g(p', 7,0 = eg p,q, ). 


Therefore (p,q) and (p’, q’) are both solutions if and only if @ is an nth 
root of unity. Hence there must be an infinity of £’s corresponding to 
solutions of (17). 

Let 6;(t), 7 = 1,2,---+,m, be the m branches for the neighborhood of 
infinity of the algebraic function defined by f= 0. The factorization in 
power-series 
(18) 9(p, 4 t) _ ao q”" (§ — 01) (§ — A) --- (FE — On) = a, 


then shows that for some 7, say i = 1, there must exist infinitely many &’s 
such that 


($61) < + (a\—[aol—pn) = Gn, 


C,, Cz,+++ being real numbers independent of p, q. 
Since by the irreducibility of f, 6.:—6,+0 for k = 2, 3,---,n, write 
, = min [6,— 6]. Then, provided 
e>e,—, 
[§— Ox] = [(0.—%) +(§ —6)] 2 GC. 
From (18) it then follows that 


[§—6,] < [a]—[ao]—(n —1)C,—pn = A—pn. 
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But Theorem I implies that this relation cannot be satisfied by infinitely 
many &’s if w is sufficiently large. For, on account of n= 3, we can 
take »<n, and then, for »>C;, A—wn<—vyp. 

Thus the proof is complete. 

Theorem IIT does not remove the possibility of (17) having infinitely 
many solutions (p,q) for some fixed value of wu. In this direction we can 
easily prove the further result: 

THEOREM III. For given f, there exists a constant Cy = C,(f), such 
that for [a|< Cy, (17) has at most a finite number of solutions in poly- 
nomials (p,q). 

Proof. In the foregoing proof of Theorem II, the assumption of mw large 
was used to satisfy the two conditions #>C,—C,, and A—nyw<—vuyp. If 


(19) [a] < [ao] + min [6,— 4)}, jk, 
it follows that C, <C,, while if 
(20) [a] < [ao] + (nm — 1) min [6,— 4), 


then A<0O. If therefore a satisfies both (19) and (20), (note that 
min [6,— 0;] may be positive or negative), the fact that « = 0 is sufficient 
to satisfy the required conditions, and Theorem III follows. 

It is easy to construct examples in which ( is positive, so that in 
these cases it can be definitely asserted that (17) has only a finite number 
of solutions; but there are other examples in which C, is negative, and 
for which Theorem III is therefore vacuous. 

For the first kind of example take 


f (6, t) = te®—t#—2. 


This polynomial is clearly irreducible. The leading terms for the neigh- 
borhood of infinity of the solutions 6(¢) of f= 0 are seen with the aid 
of Newton’s Polygon to be t, wt, w*t, »* = 1, so that min[@,— 6] = 1. 
(20) is therefore a stronger condition than (19), and yields [a}<3. Hence 


t p*— (t* + 2)q° = Do e+bd, t+ be 


has at most a finite number of solutions in polynomials (p, gq) for any 


given constants bo, b, be. 
For the second kind take 


f (0, t) = te®'—toe?+1, 


The leading terms are now @, t-?, —?-*, so that min [@,—96;) = —2, 
(19) becomes [a]<—5, and Theorem III is vacuous, 


GRADUATE ScHooL, CoLtumBIA UNIVERSITY. 


ON INTEGRABLE SOLUTIONS OF ABEL’S 
INTEGRAL EQUATION.* 


By J. D. TAMARKIN. 
The theory of Abel’s integral equation 


fru@ @—9 ak = fe) 


is essentially equivalent to the theory of generalized differentiation and 
integration. Although the literature on both subjects is quite considerable,t 
the results of the present note, simple as they are, appear to be new, 
either entirely or partly, in the sense that some of these results have been 
stated or proved under more restrictive conditions than it is done here. 

1. Existence of the operation J7 f(x). If f(x) is a function of x 
subject to suitable restrictions the operations Zz,2 f(x), Dza/(x) are defined 
as follows: 


Dra f(x) = Iz,a f(a); 
Kafe) = Foy J, SO @—H as, («>0); 
Dra f(*) = Dr lea f(x), (#20, p—1<e<p, p integer), 


where Dz designates the operation of the common differentiation with 
respect to x. Since in the sequel we are dealing exclusively with the case 
a = 0, the letter a will be omitted thus giving the notation Iz f(a), Dt f(a). 

THEOREM 1. If f(x) is integrable (L) for x =0, then 

(i) the operation Iz f(x) for each a >0 exists for almost all values of x, 
and, in particular, at all the points of the set Ey where f(x) is finite and 
J (x), |f(x)| are, respectively, derivatives of their indefinite integrals (a > 0). 

(ii) If I%* f(a) exists (x >0, & >0) then Iz f(x) exists for the same values 
of x and all a >a, and, as function of a, is continuous for a> a, and 
continuous to the right at « = a. The same result holds true even if a = 0, 
provided x C Ey. 

* Received October 14, 1929. 

Tt Davis, 1,2. These numbers refer to the list of memoirs at the end of this note. The 
list of Davis could be completed by many items. Here we mention only an important 
paper by M. Riesz and several articles by Letnikov, Sonine and Nekrassow (See the list of 
memoirs). 

¢This theorem contains as a particular case a theorem of Hardy, 1, p. 146. It is 
assumed in Hardy’s theorem that «, > 0 and the set Ey (independent of «) where the 
existence of J: f(x) is assured, is not specified. Our proof of Theorem 1 is quite different 


from Hardy’s. As to the last part of (ii) cfr. Hardy and Littlewood, 1, p. 582. 
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Proof. We assume here x C Ey. Statement (i) is trivial if « = 0, for 
then we have 


(1) 12 fe) = DI f@) = Df" sak = fe. 


Let now « >0. To prove (i) it is sufficient to establish the existence 


of the finite limit 
—J - 
(2) lim J | f()|@—§)*- dé = lim f | f(a — £)| ce de. 
< S079 


J—>0 


On setting 
t 
0) =f) f@—a\ar 
and integrating by parts we have 


(3) [feo ce drt = @O(t) tr on (a ~1) [ow s** dre. 


The existence of the limit (2), that is the convergence of the right-hand 
member of (3) as 60 is now obvious, since, by definition of the set Ey, 


Fo) =+ J" \f@| 88> |F@)| as to, 


whence 
O(t) = O(). 
The existence of the integral 


[r@e—peas 


being established, we may write 
d 
5 es a—1 a, tn — a—1 
[ I(§) (x — §)* 7 a = S() (@ — §)** dS 


= lim |] f(@—r)c*" dr, 
d>00F 
whence, on setting 


Fi) = ['fe—sar =f" fa 


we have 


(4) If fiz) = Fay Foe (e—1) in F(e)e** def. 


Now, to prove statement (ii) we observe that the existence of I~ SI (x) 
for «> 0 implies that of the integral 


Lr@e—p ep as =["7Oe-poa 
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for all values of @ satisfying the condition «, < a < A where A is an 
arbitrary fixed constant >a. This proves statement (ii) in the case a >0 
(cf. Hardy, 1. c.), the passage to the limit as «>a .+ 0 being readily justified. 
Let now @ = 0 and xC Ey. We have to prove that lim 77 f(x) = f(a). 
a—>0+ . 
Since in (4) the term 
F(a) 2 
I'(@) 
it suffices to consider only the second term 
oe eed . o—2 
T(a) f, F(t) c* dt. 


By definition of the set Ey, F(t)/t> f(x) as t>0. Hence, an arbitrarily 
small positive number 7 being given, we can choose 6 su small that on (0, 6) 


—-0 as «0, 


Fa) =t[f@+o@],  |o(®| <4. 
We write now 


zal = wok. 1s a—2 
T(a) f F(t) t* bt 


a-—l , a—\ i a—l fe dig 
= -—-— a feat — 2 P wteye ldt spa fo L w(t)t 1dt. 


If 6 is fixed the first and the last terms of right-hand member tend respect- 

ively to f(a) and to0 as e>0. As to the second term, it does not ex- 

ceed in absolute value 
|ja—1| 


= } Of . 
Tie+1)"° >y as ad. 


lim |Iz f(a) —f()| < 4, 
a—>0+ 


Hence 


or, y being arbitrarily small, 
lim Ir f(x) = f(a). 
a—>0+ 


0 x 
Remark 1. If the symbol f, be interpreted as lim in then Theorem 1 
J—>0 


holds even when the set Ey is replaced by the set H7 of points where /(x) 
equals the derivative of its indefinite integral. 

Remark 2. Theorem 1 holds also if complex values of the exponent « 
are admitted (and, if « + 0, it is assumed that Rea >0O). If for a value 
of x >0, I f(x) exists, then I* f(z) is analytic in @ in the half-plane 
Rea>Rea,. For any xC Ey, I; f(x) is analytic in @ in the half-plane 
Re «>0. 
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The proofs of these remarks which are fairly obvious, may be left to the reader, 
CoRoLLaRY. If a>0O and B>O, then, at least at the points of Ey, 


(5) Iz IE f (x) = IE Ie f(a) = Te? f (2). 


This relation holds at all the points where either Iz f(x) or f St (a) 
or Ie*? f(x) exists. 

This follows immediately from Theorem 1 by the usual interchange of 
the order of integration in the repeated integral 


: @ 7B ¢(,) 1 i, sf _ ¢\e-4 
(6) Ix Ie f (a) Te TB Jo d&(a— &) ACG §,)P dé. 


Such interchange is justified if f(x) is integrable. 
2. The operation D% 7? f(a). Turorem 2. If f(x) is integrable and 
a =O, then, at least at the points of Ey, 


(7) Dé 18 f(e) = I“ f(a), BDa. 


The proof of Theorem 2 is based upon the 

Lemma 1. The derivative Dr Ir f(x), O<«@ <1, exists if either (i) f(a) 
is absolutely continuous and x C Ey, where f' (a) = Dz f (x); or (ii) at the 
point x the function f(x) is continuous and satisfies a Lipschitz condition 
of order 8 >1 — a, that is, 
(8) If(@)—f@)|<K\|x—FP, B+a>t, 


Sor sufficiently small |w—&|, where K may depend on x. In both cases 
(i) and (ii) we have 


0 Deltf@ = 1@2>* _*s-1 ("£0—-s® 


Te) Fe) Jo @—Hre 7 


but, in the case (i) we can write also 





. 0 g&—1 ; 
(10) De If f(x) = ie +I Def (2). 

The function Dz Ir f(x) is integrable in case (i); in case (ii) it is con- 
tinuous and satisfies a Lipschitz condition of order B+ a—1 (uniformly 
in x) on each interval where (8) is satisfied uniformly in x, that is where K 
may be taken to be independent of x.* 





*The proof of Lemma 1 in case (ii) was given by Weyl, 1 (for the operation J. f (x)). 
See also Hardy and Littlewood 1, Theorem 20, p. 591. A proof analogous to that of Weyl 
was obtained independently by the author and was given in a course on integral equations 
at the Petrograd University, in 1919. Case (i) is merely a special case of (ii), and (10) 
is obtained from (9) if we replace f(x) —f(§) by f: D.fdx and interchange the order 


of integrations. 


ON ABEL’S INTEGRAL EQUATION. 
Theorem 2 follows now from the relations (0 < p—1< a<>p): 
D2 Ie f(x) = DE I2~* If f(e) = De DE 12 13*?-* F(a) 
= Dz Ig"? f(z) = 1 f(a), 


by an easy application of the Corollary of Theorem 1 and Lemma 1. 
3. The operation J* Df f(z). Tueorem 3. If f(x) and D&f (x), «>0, 
are integrable (and defined almost everywhere) and if, on setting 


(11) w(x) = I,“ f(z), OS p—1<a<p, 


the function De w(x) is absolutely continuous, then, at least at the 
points of Ey, 

(12) To Def (x) = Te" f(x) — Te” wy (2), 

where 


(13) pa (2) = 00) +0 O) FP + +++ +o" (0)7 


aP 
p—1)!° 

Proof. Theorem 3 will be proved first in the particular case 8 = ea. 
By definition of the operation D? f(x) we have 


»* DE f(a) os Iz**? I2 D2 w(zx). 


Since, by hypothesis, D2?’ (x) is absolutely continuous, it is readily 
seen that 
I? Dz (x) = o(x)— op (2), 
whence 
ace Dé f (x) ae aati w (x) we E ta—p Wp —1 (x) = I, f(x) — “lai Wp—1 (x), 
and, at least at the points of Ey, 


If Dif (a) = f(a)+Ie? op (a). 
In the general case, where 8 >«, we have only to apply the formula 
18. D& f(a) = 12“ Ie Df f(x). 


It should be observed that the term 7%” ®»—1(x) can be computed without 
any trouble directly from the definition. We leave to the reader this 
computation as well as the derivation of the formulas for 


DiTe f(a), I2Di f(z), when «>, 


which is easily carried through on the basis of Lemma 1 and Theorem 3. 
17* 
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224 J. D. TAMARKIN. 


Remark. If f(x) and Dz f(x) are integrable and w(x) is continuous, 
then the condition that D2?’ (x) be absolutely continuous is not only 
sufficient but also necessary for the existence of a relation of the form 


(14) Te Dr f(x) = f(x) — Iz ? Q(x), 


where Q(z) is a polynomial in z. 
Indeed, since 


Di f(x) = Dzo(x), w(x) = Ir“ f(a), 
we have from (14) 
2°) De f(a) = It* DE w(x) = Inf (x) —Iz*" ? Q(a), 
whence 
Pt" DP w(x) = IS I? Dew(x) = I2 f(x) — Iz Q(a). 


On the other hand, by definition of the function (z), 
Iz o(2) = Ig IE“ f(a) = f(a). 


Hence 


Tz {w (x) — I? DE w(x) + Q(a)} = 0, 


. and, by Theorem 2, 


w(x) = IP DP w(x) — Q(z) 


which shows that D2?~' w(x) is absolutely continuous. It is immediately 
seen then that Q(x) = @p-1(z). 

4, Abel’s integral equation, «>0. By Abel’s integral equation we 
mean here any equation of the form 


Tr u(x) = f(x) 


J (x) being a given and w(x) an unknown function. We have to treat 
separately of the two cases « >0 and «<0, the case a = 0 being trivial. 
The function f(x) will be always assumed to be integrable. 

THEOREM 4. A necessary and sufficient condition for the existence of an 
integrable solution of the equation* 


(15) Izu(x) = f(a), 0< p—l<aecp, 
is that (i) the function 
DE” w(x) where w(x) = IF“ f(z) 


be absolutely continuous, and (ii) » (0) = w'(0) = .-- = w?-Y(0) = 0. 





* By a solution we mean here an integrable function u(x) which satisfies (15) almost 
everywhere. 
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If these conditions are satisfied then the solution of (15) is defined uniquely 
(up to an additive null-function) by the formula 


(16) u(r) = Dr f(x). 


This function satisfies (15) at least at the points of Ey. 


Proof. Let u(x) be an integrable solution of (15). On setting 





w(x) = IF“ f(z) 
we have by Theorem 1 and the Corollary to Theorem 1 
w(x) = I“ f(z) = EE“ eu(a) = EP u(a), 


which proves the necessity of the conditions of Theorem 4. To prove the 
sufficiency and the last part of Theorem 4 we have only to compute 
Iz D- f(x) by means of Theorem 3. 

Remark. Conditions (i) and (ii) of Theorem 4 are equivalent to the 
following set of conditions 

(i) D2~* f(x) is absolutely continuous and f(0)= f'(0) = --- =f” ” (0) = 0 
(p > 2); 

(ii’) the function I2~* D2~' f(x) is absolutely continuous and equals 0 at 
x=0. 

Proof. Assume first that conditions (i-ii) are satisfied. Then 


IP™ f(a) = w(x) = IP DP w(2) 
and, by Theorem 2, ' 
t(a) = DE“ IP DP w(2) = Iz DE w(x); Di’. f(x) = Jg* pp w (x) 
(k = 1,2,---,p—1). 


This shows that D2?~’ f(x) is integrable and that D?~* f(x) is absolutely 
continuous and f(0) = /f’(0) = .-. = f? (0) = 0. 
An easy application of Lemma 1 will show now that 


D;, w(x) — IE Dr f(x) (k= 0,1, “++, p—l1). 


Thus conditions (i’-ii’) are derived from (i-ii), The converse is readily 
proved in an analogous fashion. 

CoROLLARY. A sufficient condition for the existence of an integrable 
solution of (15) is that either D2 I(x) be absolutely continuous or else 
that D2 f(x) satisfy a Lipschitz condition while in either case 





Ce et Pe EE ge ee Sak 3 ; : ; ; — 
ao . i a in pat ee ee ee Ce Peey 2 


DALES pein bres Ge ry 












te ey RSI 







= gm sea 







oad tte HT ee BAe fe aie yet 






aD I) Bi gl We PY 








SEE TS 


Pe ee pee ae 
YORE. SN AE PE 
cr satis 
ew. 


™ 


pe ag Pac naam 
ea 








im ea pa = 


CE SERS 





- 


TON ig Ci 


tt then Pei Fos: 


eer Carer 


ae 


226 J. D. TAMARKIN. 


If one of these conditions is satisfied the solution will be given by 


a fr (0) res 2 D2 f(x), 





(18) u(x) = fe-s 
or by 

deh eta wee, oe i 
a I'(p—@) I'(p—) Jo e— gr" - 
respectively. 


Proof. Since conditions (i’-ii’) are satisfied in the present case, we have 
u(x) = De f(x) = De w(x) = Dr D2 w(x) = Dr IF“ DE f(z) 


which being computed by means of Lemma 1 yields the desired result. 
5. Abel’s integral equation, «<0. It is more convenient in this 
case to present (15) in the form 


(20) De u(x) = f(a) (8 = —a>0). 
The examination of the simplest case 


Dru(x) = f(a) 


shows that the solution can not be uniquely determined if we require only 
that w(x) be integrable and the equation be satisfied almost everywhere. 
In order to avoid unnecessary complications we shall require now that 
equation (20) be satisfied almost everywhere and u(x) be integrable and 
such that D2?-* J2~-“ u(x) be absolutely continuous. 

THEOREM 5. With the agreement above, equation (20) has always solutions 
if f(x) is integrable, the most general solution being, up to an additive 
null-function, 


(21) u(x) = It f(v) + DE“ Qp (2), 


where Qp—1(x) is an arbitrary polynomial in x of (p—1)-th degree and 
0< p—1 Ss acp. 
Proof. That If f(x) is a solution in the sense above follows from 
Theorem 2 and from 
12 * I f(a) = f(a). 


Consequently it remains to find the most general solution of the homogeneous 
equation 


Do v(x) = DE IE“ v(a) = 0. 
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This yields however, 


Iz“ v(x) = Qp-arl(x) and v(x) = Dr“ Q-1(@), 


up to an additive null-function (Theorem 4). 

6. Existence of derivatives of orders lower than a given one. 
As an application of the preceding theory we shall investigate the question 
of existence of the derivatives D* f(x) if D%° f(x) exists and «<a». 

THEOREM 6. If f(x) is integrable and D* f(x), & > 0, exists, is integrable 
and finite everywhere, the same will be true of all the derivatives Dif (x), 
a < a, except that, perhaps, they may be not all integrable.* 

Proof. Let 


0< pmp—liagm<p, OS p—leiaxp; aca, p< wm. 


Since, by hypothesis, 
F(x) = D% f(x) = D% I?“ f(x) 


is integrable and exists and is finite everywhere, the function 


g(x) = DPo* Jo “o F(x) = w(0)+ L, F(x) 


is absolutely continuous (Lebesgue, 1, p. 183), whence f(x) is a solution, 
in the sense of Theorem 5, of the equation 


Die u(a) = F(z). 
Hence, up to an additive null-function, 
f(a) = Ie F@)+ DPQ, (a). 


Furthermore, by hypothesis, the derivative F(x) of the function ¢ (x) exists 
and is finite everywhere, whence g(x) satisfies a Lipschitz condition at 
all points x, although, perhaps, not uniformly in 2. An easy application 
of the Corollary to Theorem 1 and of Lemma 1 will show then 


Di f(a) = DE I“ f@)+ DET %Q, _, (a) 
where 
D? I?“ f(x) = D,, DE* [?*%* F(x) = D,, I3*%* F(a) = I F(a) 
exists everywhere. 


* An analogous theorem, in the case where D® f(x) is bounded was stated by Montel, 1, 
pp. 163-166. Our proof is different from that sketched by Montel. Under the assumption 
of boundedness of DS° f(x) for 2 >0O (but not for x = 0) an analogous theorem was proved 
by A. Marchaud, 1, p. 10. We became aware of this paper after the completion of the 
present note. 
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Remark. Theorem 6 holds true also in the case where aj <0. It reduces 
then to Theorem 1. 

The results of this note can be generalized in various directions: the 
symbol D, in some cases may be replaced by one of the derivative numbers 
of the function in question; the left-hand member of Abel’s equation may 
be replaced by the operation 


f, “ oe u(&) d&, (a, §) bounded, 


or even by a Stieltjes integral 


* w(x, §) 
, G@—sp eu). 


All these generalizations will be treated in a separate article. 
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SEMI-INVARIANTS AND SHEPPARD'S CORRECTION. * 


By WenpDELL H. LANGDON AND OySTEIN ORE. 


Frequency distributions are usually determined either by the values of 
the frequency function at isolated points, or by the area defined by the 
curve for given intervals of the X-axis (histograms). The grouping of the 
elements in the distribution has an obvious effect on the calculation of the 
characterizing frequency-constants, and this effect, particularly for the 
moments, has been studied by Sheppard.+ Let 

o*, L-2, L—15 X,; Ly Xe, 
represent an infinite set of points on the X-axis, such that the difference 

M41 — Y= @ 
is constant. Furthermore, let f(x) be the given frequency-function, which 
we assume so normalized that 
Ces) 

(1) M, —; . SI (x) dx — - 
The moments M, of f(x) are then defined by 


2) 

(2) Mn = [_, *f(a) de, 
—2 

while the actually calculated crude moments are 

— << 

(3) i= 2 @A,, 
i=—o 

where 

“) Ay = JP flit oat 


is the frequency corresponding to the interval (a; — $, 7+ 4). 
Sheppard now assumes that f(x) has a high order of contact with the 
x-axis at +0 so that 
(5) lim a” f2 (2) = 0 
r=+0 
for all positive integral m ands. We then find with good approximation} 
[n/2] 


(6) Mn — Zz 1. awk (.") Mn -2s. 





* Received December 9, 1929. 
7 W. F. Sheppard, On the calculation of the most probable values of frequency-constants 
etc. Proceedings London Math. Soc., vol. 29 (1898), pp. 353-380. 
{See for instance, Jordan, Statistique mathématique, Paris 1927, art. 96. 
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Solving this system of linear equations, we find the following formula for 
the unknown quantities M,: 
i [n/2] A : 
(7) Mn = Mn+ & (19 2 — 2) Be (5) Mao (F 
s=1 
where 


1 1 1 
ae 


ee ee 
are the Bernoullian numbers. 

Sheppard has in the same paper given correction formulae for any frequency 
constants of the form 


(8) oo = 3. F(x) 9n(x) dx, 


where %,(x) is any given differentiable function. 

Among the various systems of frequency-constants, the semi-invariants 
of Thiele take a prominent place, due to their various remarkable proper- 
ties. The semi-invariants are not defined in the form (8), and Sheppard’s 
correction does therefore not directly apply. From the general formula 
expressing the semi-invariants in terms of the moments,* 

M, \% {| Mz \% Ms; \% k—1)! 


a t+ag+-->-+as =-k, a +2a,.+---+s8as = 8, 


we can, by first deriving the corrected moments, M,, from (7), also calculate 
the corrected semi-invariants, 2,. The semi-invariants, 2,, obtained from 
(9) by using the crude moments M,, shall be called the crude semi-invariants. 

The object of this paper is to show that the corrections In —n are, 
for a given n and interval », constant and independent of the special form 
the frequency function might have. This result holds under the same 
conditions as for the validity of Sheppard’s correction. 

Under the assumption (1), the semi-invariants are defined by the identity 


t? 
2! 


(9) 


ae 
(10) e 1! 2! 3! 


= | +- aM, + 
Denoting the right-hand side of (10) by M(t), we also have 
M() =f, f@) eae. 


The crude semi-invariants are then defined by 


} ee 


11) it GE E-+.. om t Vu ¥ 
*R, Frisch, Sur les semi-invariants et moments employés dans l'étude des distributions 
statistiques. Oslo Videnskapsakademis skrifter, II. Hist.-Filos. Klasse, (1926), no 3. 
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and denoting the right-hand side of this identity by M(#), we have 


ne oo 
Mi) = D Ae”, 
where A; is given by (4). = 
In order to find the correction between M(t) and M (t) we replace all 
moments M,, by their expressions (6), and after a short calculation we obtain 





co [n/2] 
¢ a t” w*> My—os 
(12) MO = 2 2, WF DIG — BT 
Now, for a constant s 
< t” M)—25 pau < prt My-2s 


pay 
nas (n — 28)! n=28 (n — 2s)! 


and consequently (12) reduces to 














= M(t), 





{28 
M(t) = = TOP> » (28 a 928 
or finally 
i sin hyp —- 7 
(13) M(t) = M() et ace 
ky 


In this equation we introduce the expressions (10) and (11) for M(#) 
and M(t) using the left-hand side, and taking the logarithm of both sides 
in “ we >a 


(14) = +2 P+ ...= at 44 or + +++ +log sin hyp— 


Now we tg 


slog S. 





, ~ B 
pss — a a. »)28 
log sin hyp x — log x > (—1) Ds(2s)l (2 x) 


s=1 
and (14) therefore takes the form 


uM _ $ Bac 
(15) 2S = Senge 


The comparison of “. coefficients of equal powers of ¢ in (15) then 
gives the result: For an odd index, the corrected semi-invariant is equal 
to the uncorrected; oo 

dosti = dosti. 
For an even index, 





dag = Tag +(—1P5 


The first corrected semi-invariants are therefore 


ai 2 a 4 a 6 
A, = L— is 4 = A+ an A, = Ls — oe 
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ZUR GIBBSSCHEN ERSCHEINUNG.* 


Von T. H. GRoNWALL IN NEw York. 


1. Einleitung. Herr Cramér hat bewiesen, daB die Cesaroschen Mittel 
kter Ordnung der Fourierreihe eine Gibbssche Erscheinung aufweisen oder 
nicht, je nachdem k< ky oder k >ky, wo ky derjenige Wert von k ist, 
fiir welchen das absolute Maximum von 


sinzt 


"1 
(1) S (x; k) = i ed Jcnaae ah dt 


(als Funktion von x betrachtet) den Wert 7/2 hat.+ Von diesem kp zeigt 
Herr Cramér, daB es existiert und zwischen Null und Eins liegt; er hebt 
aber hervor, daB seine Beweismethode ihm keinen weiteren Aufschluf itiber 
die GréBe von ky ergab. 

Es soll hier gezeigt werden, da8 


ky = 0,4395516 -.., 


(wo die letzte Dezimalstelle um eine Einheit unsicher ist). Zu diesem 
Zwecke ist eine eingehendere Untersuchung von f(2;k) fir O0<k<1 
erforderlich, welche zu den folgenden drei Satzen fiihrt:} 

Satz I. Die positiven Maximistellen xm bezw. Minimistellen xm (m= 1, 2, 3,+++) 
von f(x; k) sind folgendermafen separiert: 


) (2m—14 5) w<am<(2m+*>*) x, 


2mm < tm< (2m +=) 1, 


Satz I. Jedes einzelne Maximum f (xm; k) nimmt monoton ab, wenn k 
von O bis 1 wiichst. 


* Received October 26, 1929. Presented to the American Mathematical Society Febru- 
ary 28, 1925 and May 1, 1926. (The results of the present paper, written several years 
ago and intended for a German periodical, have been known to a small group of people. 
Reference to the numerical result having been made recently by Mr. R. G. Cooke in Proc. 
London Math. Soc., (2), 30 (1929), p. 164, we have prevailed upon the author to release 
the paper for publication without further delay. The Editors.) 

+H. Cramér, Etudes sur la sommation des séries de Fourier, Arkiv for Matematik etc. 
(Stockholm), Bd. 13 (1918), Nr. 20. Die Funktion f(x; k) wurde zuerst von Herrn Weyl 
eingefiihrt: Ober die Gibbssche Erscheinung und verwandte Konvergenzphinomene, Rendi- 
conti Palermo, Bd. 30 (1910), S. 377-407. Siehe § 4, S. 395 ff. 

{Fir k=1 wichst bekanntlich f(x; k) monoton mit x; siehe unten, Anfang § 2. 
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234 T. H. GRONWALL. 
Satz I. Fiir k 20,4 und m>1 ist 
Sf (am; k) < > 


so daf fiir die Bestimmung von ko das erste Maximum (m = 1) allein in 
Betracht kommt. 
2. Beweis von Satz I. Aus (1) erhalten wir 


° “1 
(4) St’ (zx) = Sites ® = J, (1— #) cosat dt, 
und durch Integration nach Teilen 
1 
(5) af’ (x) = Kf. (1— ?#)*- sinat dt. 


Wird das Integrationsintervall an den Nullstellen von sin xt zerschnitten, 
so ergibt (5) fiir xf’ (x) eine alternierende Reihe, deren Glieder fiir k > 1 
dem absoluten Betrage nach nicht zunehmen, so da f’ (2) > 0 fiirx>0. 
Ist dagegen 0<k <1, und auferdem 2 = 2mza, dann nehmen die Glieder 
der alternierenden Reihe absolut zu, und das letzte ist negativ, so daB 


(6) St (2ma) <0, m = 1,3, 8, ++. 


Fiir x < 7/2 ist der Integrand in (4) positiv, sowie fiir 7/2 < 2 < am der 
Integrand in (5). Folglich ist 


(7) f@>0, Oren, 


Wir stellen jetzt einen asymptotischen Ausdruck fiir f’ (x) auf, mit Vor- 
zeichenbestimmung des Restgliedes, indem wir bemerken, daf nach dem 
Cauchyschen Satze 


(8) fa t)/' evm#dt = 0, 


wo integriert wird iiber das bei ¢ = 1 eingekerbte Rechteck mit den Ecken 
0,1,1+ai,ai (a>0). Mit a> © verschwindet das Integral iiber die 
Seite 1+ a7, az, und wir haben 


(9) fo-—mera =f" ee 


Auf der Einkerbung ist 1— ¢t = re®’, 0 => 6 > — 27/2, log (1—#) = logr+6: 
und (1 — #)* = e*ed—) — /k ek6- folglich ist auf der Rechteckseite von 1 
bis 1+ 7 


Ma) 


(10) ¢=1+ri, log(i—t) = lgr—>, (I—}* = ree 2, 
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und ( 
. a—**); 
(11) L= ik 2) wer dr = aoe Ti+ ba. 


Ahnlich ist auf der Rechteckseite von 0 bis #7, wenn wir 


(12) y 20, y = aretgy, 0<9 <p 


setzen, 
t= yi, log(I—t) = Slog(it+y)—9i, 
(13) ee 
(1— oF = (1+ y")? ey, 


und 

2) 
(14) Lh =if) a—yikevay, 
oder nach ween Integration nach Teilen 


_ i,k ik@—1) _k&—1)&—2) 
H+ x* x* 


“ike —DG—9) (Pru perro en ey 


a* 
Setzen wir y = tgy und nehmen beiderseits den reellen Teil, so kommt 
k k(i—k(2—hk) 


RT, ~ x 


ki—k)(2—k)(8—k) (*? 
0 


at 








+ 





oe 





(cos p)?-* e~* 8 sin (4 — k) gp dg. 


Die beiden ersten Faktoren im Integrand nehmen mit wachsendem g monoton 
ab, und nach der unter (5) verwendeten Schlu6weise ist das Integral positiv; 
200 


andererseits ist sein absoluter Betrag kleiner als I, e-7¥ dy, so dab 


k kO—k2—4b 
x* x* 
k k—H2@—h , ki—-HA@—-HB—K 


<RL< +H 
a a a 





(15) 





Aus (4), (9), (11) und (15) folgen jetzt fir «>a die Ungleichungen 


(16) SI (« )<- es Nae s sin (o— +-4 ’ 
ik ki—We@-# 
¥ : 


at 





DRixteings OR, 


PR APSE AIH: 


- 





(17) f'(#) > — aaa sin 


ra+h) (2 kn 


=)+ 
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Wegen 0<.k <1 ist der Ausdruck links in (15) positiy fiir «>, und 
mit Hilfe von (7) folgt nun aus (17), da®f Nullstellen von /’ (x) nur in 
den Intervallen 


(18) (2m— 1+ a)a<2< (2m-+ <| ww, m=—1,2,3,--- 
auftreten kiénnen; an den Endpunkten eines solchen Intervalls ist /’ (a) > 0. 
In der Mitte des Intervalls ist nach (16) 


P (x) <- . (1 —z ~k I'(k)) re 0 


wegen /'()>1 fiir 0<k<1, und unter Zuhilfenahme von (6) folgt, daB 
jedes der Intervalle (2) und (3) mindestens eine Nullstelle mit Zeichen- 
wechsel von /’(x) enthalt. Der Beweis von Satz I wird demnach zu Ende 
gefiihrt, indem wir zeigen, da{ (18) nicht mehr als zwei Nullstellen enthalt. 
Dies geschieht nach Sturmscher Art; aus (4) rechnet man namlich leicht 
nach, da® wv == a4" (x) der Differentialgleichung 


(19) uo tu = kok! 


geniigt. Es werde angenommen, da6 mehr als zwei Nullstellen von « in 
(18) liegen; dann ist zwischen der ersten und zweiten von ihnen (vom 
linken Ende von (18) aus gezihlt) « entweder positiv oder negativ, und 
im letzteren Falle ist « zwischen der zweiten und dritten Nullstelle positiv, 
weil sonst an der zweiten « zum Maximum = 0 wiirde, was (19) widerspricht. 
Es gibt also in (18) zwei Nullstellen € und &,, zwischen welchen u > 0, 
so daB w’(&,)< 0, und es ist offenbar 0<&,—&< a. Ferner ist 
vy = sin (#—&) eine zwischen § und §+ a positive Lésung von 


(20) v' ty = 0. 


Multipliziert man (19) mit v, (20) mit «, subtrahiert und integriert von 
§ bis §,, so kommt 


v(&,) uw’ (&) =|. ka* vdx>0,7 


wihrend wegen w’(§,) << 0, v(§,) > 0 die linke Seite negativ oder null ist, 
und mit diesem Widerspruch ist der Beweis vollendet. Wegen des Zeichen- 
wechsels miifte iibrigens eine mehrfache Nullstelle mindestens dreifach sein, 
was (19) widerspricht. 

3. Beweis von Satz II. Weil die positiven Nullstellen von /’ (a) 
simtlich einfach sind, so sind sie fiir O<k<1 regulire analytische 


Funktionen von k. Folglich existiert em und ist fix O0<k <1 endlich, 


— 
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Af (am, k) dim 4 (2:8) 
Lem) $f (em) Se + (ALS , ne 


oder wegen f’ (am) = 0, 


AF (em) kK) (2752 


(21) dk 9k 


und Satz II ist bewiesen, wenn gezeigt wird, daf der Ausdruck rechts 
negativ ist. Aus (1) erhalten wir 


(22) Lan es k) ={'a- log (1— ) Sat dt, 


und durch Anwendung des Cauchyschen Satzes in dem vorhin benutzten 
Rechteck 


a1 Line cot 1+coi 
(23) | (1— 9 BONO eat at = { —{ = 
eJ0 0 1 


Zufolge (10) ist 
eee | a 
I+ri’ 
mittels der Identitat 
ri 


fw "Faw 


wird J, in zwei Integrale zerlegt, deren erstes sofort ausgewertet werden 
kann, und wir erhalten 


itt r(i+k) (rasp = 


L= atk ra+h) i ee 2 


” - =)s mi dr 
1+k xr 2 0 eine, bestantans ll esscekaampaagesien 
+f Pre x (log: 9 itr’ 


Nun ist, wenn & den imaginiren Teil des dahinterstehenden Ausdrucks 
bedeutet, 

) i> wa 

sl A+ ri 


ad ¥ “| te r —+,] sin (2— S| aoe (> +r log) cos (e— in) , 


Ks ist Max (logr—ra/2) = log (2/m~)—1<0 und Min(a/2+rlogr) = 2/2 
—1/e>0, ferner sin (am—ka/2)<0 und cos (am—ka/2)<0 wegen (2), 





(24) 


rie 44 


*eecrti Re ee eee oe : ae 


Ceram fie o 


ry pak se 


» 2 - 
oR te tnt a SAS 




















a he ee ee 


Ser tel aac ae 
a FF er ~ 





238 T. H. GRONWALL. 


so daf der Ausdruck oben fiir = xm positiv ist. Folglich ist der imagi- 
naire Teil des Integrals in (24) fiir x = 2m positiv und 


Jem 
COS |Xm 5) 








x PA+h) | (7’aA+h) 
0 Ls (em) > ae ( ra+h 


oo ka 
-+- > sin (em — key). 
Wegen /’ (xm) = 0 ergibt (16) 
ra+h).. ka k 
(25) “— sin (7m — 9 )>— a 


Xm m 








ferner ist cos pai alan log #m>>0, so dah 





(26) $I (22m) > = ise 008 (em— 9 )\—=. = 


Infolge (23) und (13) ist 


*co d 
T, ={ (1 —yip PECK Y e-evay 
0 


a co Ta « 

= —— + £. J ety Z (1 —yif jog (l—y?) ] dy 
oi H 0 dy y 

Wir haben aber 


d » log (1 — “¥)) _ =yi (4 —1)i)loga—yi +i 
5 ae y?) y ‘ ee 1)¢jlog(1— yz) +7], 
und der imaginare Teil hiervon ist nach (12) und (13) 


(27) 


k—-1 _- 
(28) 2y ye 





a (4 8 __ py aretgy eel 
+- sin (1 ire k) : Dy 
Wird log (1+ y?) = y gesetzt, so ist 
(ety ate hip ek ene 
ea oni eee — 
y 


“e 1 
, * I+ 34 


ferner ist arctg y< y, und folglich (28) kleiner als 


cos (1—k)q- i V2+sin(1—hk) y-(—k) <(1—k) l/ = 


so daB in (27) e 
— 1 3 — 
(29) ws Ls - — my + V3 -(1—k). oo 
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Beachtet man endlich, da® der lineare Ausdruck ka/2 + V 3/2 (1—k) < n/2 
ist, so folgt aus (22), (23), (26) und (29), daB 

Of (x; ») s 1 FOQ+h — 

Ln Pos ke —1 +5 - oe cos (cm wk 


r2=2,, ™m 


Wegen xm >a ist der Ausdruck rechts <—1/2, wenn 7’(1+k)<0, 
dagegen <1/2—C<0 (C ist Eulers Konstante) wenn P’'’(1-+4)>0, weil 
ruse) mit k monoton wiachst von —C fiir k —0 bis 1—C firk=—1, 


ra+k) 
und auferdem 7'(1+k)<1 fir 0<k<1. Es ist also zufolge (21) 


(30) Sf (emi <0, m = 1,2,3,-+>. 


4, Beweis von Satz III. Es ergibt (1), daB 
1 
(31) Flesh) = tim Sf aor ew, 
e—>0 é t 


und der Cauchysche Satz, auf unser jetzt sowohl bei t=O als bei t= 1 
eingekerbtes Rechteck angewandt, 


; a 2 i 1+ of 1 
(32) f(@;kh = : -+ lim 3f- —3f = > +t+3L—hk, 
e—>0 st i 2 


wo 2/2 von der Einkerbung bei ¢ = 0 herriihrt. Wird nun J, wie das J, 
im vorigen Paragraphen behandelt, erhalten wir 


1S aes Ti+) s(x a) 


gitk 
_dr_ 
1+?" 
und 
raictk r(i2+k 
Fe (2m) > ll ee ) cos (em—= 9 S + \ fer» 
Lm Zm 
sowie zufolge (25) 


(33) $1, (0m) > — EG — SOF. 


m Im 





Ahnlich wie (27) i <p man 


c& he ee 7 (Qo) ay, 
vt = * + lim 3 == Te '- - 

und wegen 

é (=e) — —_fi-yi (+99) (AH +84) 


dy y i+y/ y y 


ccd eee aa 
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240 T. H. GRONWALL. 
ist 

1 (1—yif k 
373, (<2) = (I+, n “la—» sinky + 5? FY (igky —kte9)| 


<(ity)? Sa eeeee 
= k(i—k)aretgy<k(i—h)y, 
so dah 
k(1—k _k ki-—k 
(4) 9h<— 4 ROD Pye mvay = — 4 ROSY 


x x 
Aus (32), (33) und (34) folgt 
k 2 I'(k 
(35) % —S (em; k)> =| —4 7) 


m m 


Fiir m>1 ist am=>32a zufolge (2), und fir 0,4 << k <1 ist (kh) < 2,22, 
so da®B die rechte Seite in (35) positiv ausfallt. 

5. Numerische Berechnung von k,. Wird die Potenzreihe fiir 
sinat in (1) eingetragen, und werden die dabei auftretenden Eulerschen 
Integrale ausgerechnet, erhalt man 


+. (— 1)" gent 1 


2 A+A(2+h.---Qn+1+h 2n41° 





(36) I(x; k) = 


Fiir gegebene Werte von & wird nun die kleinste positive Nullstelle 2, 
von f’ (x) berechnet, wobei schon eine rohe Abschitzung der entsprechenden 
Nullstelle der rechten Seite von (17) eine recht gute erste Naiherung ab- 
gibt. Werden noch die zugehérigen Werte von /(x,; k) aus (36) ermittelt, 
so entsteht folgende Tabelle 


k 2, S (a3 k) — 7 
0,43 4,029 1514 + 0,004 061, 
0,44 4,052 6202 — 0,000 189, 
0,45 4,076 2271 — 0,004 369, 


aus welcher der in der Einleitung angegebene Wert von ky interpoliert 


wurde. Zur Kontrolle wurde ky aus dem Gleichungssystem f(x”; k) = = 


ba Ss ba = 0 nach dem Newtonschen Naherungsverfahren mit den Anfangs- 
werten k = 0,44; « = 4,052 6202 nochmals berechnet. 





NOTE ON A CERTAIN POWER SERIES.* 


By A. E. IncHamM. 


1. The series discussed in this note provides the answer to a question 
which arises in the theory of power series and of Fourier series. The 
question may be stated in various ways, one of which is as follows. Sup- 
pose that 

fe) = P An 2” 


is regular and bounded for |z|<1. Then > |\a,\* is convergent (by 
“Parseval’s theorem”), from which its follows (by the Cauchy-Schwarz 
inequality) that 


ic) 


> a! 


1 n* 


is convergent when « > 4. The question is whether this series is necessarily 
convergent when « = 4. The answer is in the negative. This is shown 
by the example 


ee 
(1) fe) = Din * (log n)—¢ exindog nF gn 
2 


where y and c are constants satisfying 


1 
0<y<1l, gitn<es 1, 


1 
(e.g. 7 = },¢ = 9). In this case Sn ? |an| = S'n—(log n)~ is divergent 
since c< 1. On the other hand f(z) is bounded in |z|< 1, and indeed 
continuous in |z| < 1 (when suitable boundary values are assigned).t 
We shall in fact prove rather more, namely that the series (1) is uniformly 
convergent for |z| <1. 





* Received December 13, 1929. 

t Reference to this result has been made by G. H. Hardy and J. E. Littlewood, A con- 
vergence criterion for Fourier series, Math. Zeitschrift, 28 (1928), pp. 612-634 (p. 633 foot- 
note *)), and by Einar Hille, Note on a power series considered by Hardy and Littlewood, 
Journal London Math. Soc., 4 (1929), pp. 176-182 (pp. 181-182). There is a slip in Hardy 
and Littlewood’s statement of the result, which is corrected by Hille. The condition “y = 0” 
on p. 182 of Hille’s paper is presumably a misprint for “vy >0”. Actually, however, I had 
considered the series (1) only for 0< y <1, and I confine myself to this case here, this 
being the only one which is of interest for the application in view. 

The same result has been obtained independently and by a different method by Hille 
in a paper as yet unpublished but kindly placed at my disposal by the author. The present 
note is written at the request of Professor Hille. 
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242 A. E. INGHAM. 


The method employed to establish this result is a form of the “saddle- 
point method” which has been used previously by a number of writers for 
the discussion of similar questions. The fundamental inequality (Theorem 1) 
could, of course, be derived from the general reciprocity formulae of van 
der Corput. But when the functions involved are simple analytic functions 
the results can sometimes be obtained more expeditiously by complex variable 
theory than by the real variable methods used by van der Corput. 

If in (1) we put z = e and take real parts we obtain a continuous 
function g(@) whose Fourier series > (a, cosn 6+ b, sinn@) is uniformly 
convergent for all 6, but for which the series 


>> [an| | On| 
1 
n® 
is divergent. 
2. THEOREM 1. Suppose that O<y <1, and let 


n 1 
Sun (t) = ys y 2 e2ri {vlog »’+rt} 
? Te 
Then there exist an absolute constant A, and a positive integer my dependin 
I y Cp g 


only on y, such that 
1 


| Sm,n (t)| << A (log a 


Jor all integers m, n satisfying n>m—= my, and for all real values of t. 
Since Snjn(t) has period 1 in ¢ we may restrict ¢ to an interval of 
length 1; we suppose throughout that O< ¢< 1. 


Write 
Se) =f, t) = z (log z)7 + tz, 
1 
ds zg 2 etnifiz) 
F(z) = Fre, t) = “oe-nt * 


We suppose the z-plane cut along the real axis from —©oo to 1 and select 
1 


the branches of log z and z ? (regular in the cut plane) which are real 
and positive along the stretch 2>1 of.the real axis. 

We begin by obtaining inequalities for f(z) in a certain region containing 
a portion of the positive real axis. We write 


z2=ut+(1+a)v = ut+er, 


where uw and v are real; « and v are uniquely determined by z, and the 
curves ‘“u = constant” are straight lines inclined at an angle }7 to the 
real axis. 
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Suppose that —3u<v< }u (so that z is confined to a certain angle). 
Then when u—-oo we have, uniformly in v and in ¢ (when it occurs), 


log 2 = logu+log (1+2°) 
= logu+O(1) = (log u) {1+0(1)}, 
f' (2) = (log zi’ +7 (log 2)" + t 
= (log wr {1+ 0(1)}+ 0{(og uv} + 0(1) 
(2) = (log ur {1+ 0(1)}, 
2f" (2) = ry(log z+ 7 (y — 1) (log zr” 
(3) = y(log ur! {1+ 0(1)}. 
Thus we can write ro) 
ef” (2 
uf" (au) a 1+4, 
where 7 = 9(u, v)>0 uniformly. Hence 
f"(@) | _ | ui+a) 1 sa | un—ev 
f" Ww ut+ev uteov 
1 


- Bigttds oo Syd  £ 
a— de = glilts<9 


for u > uw, Where wv is a number depending only on y. Hence 


a GO os (u >, —gusv< yy. 


Further, by (2) and (3), /’(w) and f”(u) are positive for large wu, and 


ri 
uf" (u) = ri fw} 7 {1+ o(1)} 
8 
uniformly in ¢. Also, by (3), u?f"(u) > with wu. 
Combining these results we arrive at the following conclusion. There 
exist an absolute positive constant a, and a constant u,(>1) depending 
only on 7, such that 


(4) I'(w)>0, 
(5) R/"()> SF" >0, 


ri 
(6) uf" > srlf Wo) 7, 


(7) fw >u- 
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; 
Hh Es eh for 
| ie a (8) u2mh, —auslvu<cau. 
4 < (The above argument shows that a may be taken to be 3, but this is 
he irrelevant.) 
‘ee 4 Now let z = u-+ev be any point in the region R defined by (8). Then 
ie <i by Taylor’s theorem (real variable form, with exact remainder, applied 
i ie to (6) = f(u+evé6) and the interval 0 < 6 < 1), we have 
ee oS 
a J £ 1 
Ho fe) = Flu) + orf (wo) + er [ (1— 0)f"(u+ eve) de. 
4 ‘Sf Since 0 = 1+7, 0? = 27, it follows that 
jee | 1 
ai H Rif(ze) = — vf w—20f (1— a) Rf" (w+ ev6)de 
nil s : 1 
1 : <—vf'w—2ef (1— 0) Sf" ao 
/ i if by (5), since w+ evé@ lies in R. Hence 
; . “J 
ba is 5 ; 1 ” 
ie. 4 Rif(2)<—vfw — se (u), 
ee 3 
‘ hi : and consequently 
| |e (9) | Pred) < g—2nrf"(w—ReAf"(w) 
1h; throughout R. 
i Now let m and n be any two positive integers such that n>m>%. 
| | Then by the theorem of residues 
PE, (10) = In— In; 
Bi say, where L(U) = L(m, n, U) denotes generally, for m+4< U<n+43, 
Bi ; the path made up of the three linear segments (one of which may reduce 
iL to a point) 
iy e (11) v= —au, m+ _ac Uv, 
Se (12) u = U, —aUcv<calu, 
i E (13) v= au, U<u<n+ > 
+ and integrals along L(U) are taken in the sense in which tz increases. 
iz All paths of this type lie entirely in R. 
e: Consider first Jm. Using the identity 
3 1 e~ 2Mniz 
‘ a a se 
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where M is a positive ‘uel or zero, we obtain 





—z pri{ sem} 7 


— 2 2ni{ s@- Z it 
lL. = BA jice’ : anit “lat f ey dz it 


L(m+=) 
M 
se f 1\ Je (z)de+ J 
L(m+=) 
say. ‘ this we take 
M = M(m,t) = [y (m+4)]. 
(This choice is in accordance with the 


general principles of the “saddle-point 
method”, and ensures that the line 











Fy (2) dz, 
(m+) 

















L(m+ 4) shall pass near a “saddle- tg 


point” of etl for—Ms} , that is a point at " 
which the derivative of f(z) — Mz bea 
vanishes). There is a similar formula for 

In with M replaced by 


Ws Wiad & Gi (n+-4)]. at 


Now N > MM, since f” (u)>0 for u > uw, so that /’ (u) is an increasing 
function of « in this range. Also the integrals involving g,(z) in the 
formulae for J» and J, can (by Cauchy’s Theorem) be taken along any 
path of the type L(U). Hence, substituting from these formulae into (10), 











we obtain* nt) 
Sun = Sf ule art J ceaty PROMS a) Faas, | 
L(n+ 5) L(m+ =) : 
(14) aie > JutIn—Inm, + 
#=M+1 
say, where ZL denotes indifferently any path L(U). + 











N 
“i y= Zz, x, is, of course, to be interpreted as 0. 
w= MHI 
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Consider now J». Writing /’(m+4) = M+, so that O< #<1, 
and using (9), we have, in R, 
. : i is 
| e2ri{ Fce)—Me} | ee o—2muf’(u)—no9f"(u) + 2" Mo oes Pinas \s (w)—f (m+4)}—2xdo—mory me: 


Now, on L(m+ 4), v has the same sign as w—(m-+4) and therefore as 
St’ (w) —f' (m+ 4) since /’ (u) is an increasing function for u > u,. Hence 


(15) | e2ni{ se)—Me} | — g2RBv— met fw) 


on L(m + }). Further, since all points of Z(m-+4) are at distance 


= Min (9-2 2 a from the zeros 0, +1, +2,--- of e**—1, we have, at 
all points of L(m-+ 4), 


| ermiz 





a 1 /<A,, az |<4n 


where A, is an absolute constant; hence 


— ar | < A, Min (1, e”") < A, &*", 


55 





(16) 


since 0O< #<1. We have also (for u>0) 


1 1 


1 
21<— 24 2, 





(17) by 


Combining (15), (16), and (17), and using A’s generally to denote absolute 


constants, we deduce that 
1 


| Fur(z)|< Agu ? ers" 
on L(m+ 4). Hence 


1 
| Im|< Ag f it 2 eR f") | dz, 
. L(m+—) 


A corresponding inequality holds for |J,|. 
To estimate j, we take the integral along the line L(U,) where U,, is 
defined by 


fp) = 0, m+5<UpSnty. 


These conditions do in fact define a unique Uy for each win M+1<p<N; 
for, when w increases from m+} to n+}, f’(u) increases steadily and 
continuously from f’(m+43)<M+1 to f’(n+4) > N. On L(Uy) we 
have 


NOTE ON A CERTAIN POWER SERIES. 


fi {s@)—pe} | < ARS (wo) — tev" (es) +2 Mw 


eo Uf s' wf" Up} mf’) 


< ets (u) , 


since v, uw — U,, and f’ (u) — f’(U,) have the same sign on L(U,). Hence 


1 1 
: 4 ~ 2 p—avtf’’ (eu) 
ljul|<2 Lw,) u 2e¢ |dz|. 


Using these inequalities in (14), we obtain 


(18) Smrl|<Ao( 2) WU+H (n+) +11 +4)) 


where 
1 


H(U) =| u 2 er" | dz, 


L(U) 


It remains to estimate H(U) for m+4<U< n+}. Writing 
H(U) = H = H,+ 42+ 4s, 


corresponding to the three segments (11), (12) and (13) of Z(U), we have 


first 
aU 1 


Az = J_av U2 eS") | | dv 
1 _1 fw { 2 7 
2 2 TO) de a |—_—!-—— 
<2U?[ e dv tral 
Hence, by (6), 


1-y 


H<2oy tye. 


On the segments (11) and (13) we have, respectively, 


z= u—eau (m+><u<0), 


z2=uteau (u<u<nt3), 


dz 


#14 lea|<1+2a 


on each segment. We have also, on each of these segments, 
1 


ef" (u) = @ef" (uw >a? u?, 
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by (7). Hence 


n+ 5 1 
Ht+h<f | 1 emanceutea [7 oO dy wih, 


m+ — 


Combining these ir spares we obtain 
Le 
1 1 
HW)<27 (If (W)% +4 (mth <usn44). 


In particular 





es | eR 
H(Oy)<27 7 w%4+4<Asy 76% (M+4+1Se<N), 
Bk. | ee ee A 
since y ~ >1, (1—y)/2y >0, so that 7 7% >1. Also 

x. 
1 ~+ in” 

H(m aa 5) <2y 3 i" (m oS 3) +A, 

i on a | ——- 


<2y *(M+1)% +A<Ay ?(M4+1)%, 
and similarly for H (n+) ; 
Using these inequalities in (18) we obtain 


1 1-7 7 1y ") 


nia N 
Smnlt)|<Ary * ( Ze +(N4D” +040) ® 





1— 
N+1 7 1 pni2 Lom 





1 
S247? Sw <24y * fo 2” ae 
u=M+1 M+1 
a | 9 wy 
<2Ay 7.“ (W+2) 7 
17 lac + 
4A AWTyY wy 
(19) ee — <1 __(N+2) ¥ <2A,(N+2) 7, 
y P42 
1 


since y ee ae == \y al +2> 2. 
Now when »—© we have, uniformly in ¢, 


N+o=f" (n+) + 0(1) 


= flog (n+ 2)" +00) 
= (log ny’ {1+ 0(1)} 


A 


2 ae 
(N+2)°% =(logn)?” {1+ 0(1)}. 
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Hence there exists an integer m,(>w,) depending only on 7, such that 






ez. Saty 
(N+ 2) 7” <2(logn) 


for n>m,, O<t<1. It follows from (19) that nf 
sain | 






| Sm,n (t) | << 4.4; (logn)? 


forn>m=2m,. This proves the theorem. ¥ 









3. THEOREM 2. If O<y < 1, c>3(1+y), the series 





> erin dog ny ” 


1 
n® (log ne 


is uniformly convergent for |\z| < 1. 

It is sufficient to prove uniform convergence for |z|] == 1; uniform con- 
vergence for |z| < 1 will then follow by Abel’s test (or alternatively by 
the maximum modulus principle). When |z! = 1 we can write 


g = ere (¢ real). 
Denoting the coefficient of 2" in (20) by an, we then have 


(20) 









n n 
i Sin,v aoe Sm,»—1 
--s agai yess (log ve : 


where Sm,» = Sm,» (é) in the notation of Theorem 1 (Smm = 0). By 
partial summation and Theorem 1 it follows that, if n>m 2 m,, 

















































n ‘ n—1 1 Sm, n 
ett = = 1 Sm (Tears — meTD) + log*n 
= Satp/( 1 4. A(log ny” ret” 
2 
<. = A (log ¥) eas — vy log? . + 5) + (log n)° 
= a+) c A 
2 if 
<42 (log ») v (log v)ert +t e—Latp | Loe 
(logn) | 







c—3(1+y7)>0, we have 
n—1 A 
<A 
cm v (log aia r (log n)? 


for n>m > my,ce (> my), since Sy» (logy)*% is convergent and 
(logn)-?+0 as n>. Since my,,e is independent of ¢ the uniform 
convergence of (20) for |z| = 1 follows. 


Hence, writing 6 = 


n 
> ay 2” 


m+1 
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i sg 
; 4. The series (20) provides, as explained in § 1, an example of a power 
k bi ee 
JB 0) 5 series >’ a, 2", uniformly convergent in |z| < 1, for which Sn ? |ay| is 
| Be divergent. We have only to choose a y so that O<y<1, and then (as 
Pe is clearly possible) a c so that $(1+y)<c<l. 
i | sl By using, in place of (log )’, more slowly increasing functions we ob- 
Ti by be tain more precise results of the same kind. If, for example, we take 
iar R: 2nin (log log n)” 
at ae a = — (n = 3) 
{ d cg (n log n)? (log log n)° 
e f | where O<y<1, 4(1+y7)<c<1, we obtain a series >'a, 2", uniformly 
. convergent for |z|} < 1, for which 
a |an| 
to y n 
| iH ee 1 
Pee (n log n)? 
4 f + is divergent. The method of proof is similar. We first show, by the 
Hh . method of § 2, that 
k i] P | na 2ri{y doglogy? +vt} tap 
eb © ——__—— < A’ (log log n)? , 
5) é , vy=m-+1 : 
Ht (v log v) 
: 1} for n>m = my, and then use partial summation as in § 3. 
He 
if 
Hie 
oe 
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THE SEMI-INVARIANTS AND MOMENTS OF 
INCOMPLETE NORMAL AND TYPE III 
FREQUENCY FUNCTIONS.* 


By C. C. Crata. 


Introduction. The changes that occur in the values of moments and 
semi-invariants of frequency functions when one or both of the tails are 
cut off at an arbitrary distance from the mean are of importance in at 
least three different connections in mathematical statistics. First, given 
a truncated frequency distribution, the problem of completing it or of 
adding on the missing tail or tails may be provided with a solution by 
means of tables of the results of the present problem, to which it is the 
inverse. Second, the common procedure in finding the moments or semi- 


—1 
invariants of an index, say y/z, is to write it y/mz (1+ =| and to 
a 


expand the binomial.t The resulting series of moments is not in general 
convergent. The author has argued in this situation that since the series 
will certainly be convergent if the variation of x is restricted to an 
interval about its mean small compared with the mean itself, the method 
is valid in those cases when this restriction can be supposed to be in 
fact satisfied, and that for low orders the moments and semi-invariants 
obtained when the variation of x is unrestricted can be substituted in the 
formulas valid in the restricted case without causing a significant numerical 
error. The present paper was prompted originally by the desire to examine 
more closely this argument, especially in the more doubtful case that the 
distribution of 2 is not normal. And third, the formulas obtained in 
investigations into the distribution of statistical parameters due to sampling 
are in terms of the parameters of the parent distribution, whereas in 
practice these formulas are used by substituting into them values of the 
parameters obtained from a sample. The error that is caused by this use 
of sample values instead of the true or “presumptive” values has been 
the subject of much discussion, but I believe it will be worth while to 
call attention to the fact that in case the sample is the best possible one 
of N observations, in the sense that frequencies in it are proportional to 


* Received August 29, 1929. 
+See for example, two papers by the author: 1. The Frequency Function of y/z, 
Annals of Mathematics, Vol. 30 (1929), pp. 471-486. 2. Chapter III of my thesis, An 
Application of Thiele’s Semi-invariants to the Sampling Problem, Metron, Vol. VII, No. 4, 
Dec. 31, 1928, pp. 3-75. 
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the corresponding ones in the parent, its parameters will still present 
a considerable systematic error due to the fact that the sample is necessarily 
of finite range. 

The moments of the incomplete normal frequency function have already 
been studied and tabulated by Prof. Karl Pearson and Dr. Alice Lee.* But 
in this case, aside from the means of calculating the semi-invariants directly, 
the mathematical form of the results obtained are of some interest. The 
simple law followed by the semi-invariants of the Type LI distribution 
function affords a ready opportunity for a similar study for one of the 
most useful classes of skew distributions. 

I. The semi-invariants and moments of incomplete normal 
frequency functions. The semi-invariants, 2,, of the incomplete normal 
frequency function are defined by, 


Nett art at ss f od ost de 
V2n d- 


2/2 = (z—t)® 
i fre = @, 
7 


in which z and c are in the s.andard units of the complete normal frequency 
function and JN is the total frequency of the curtailed distribution. On 
setting z— t= y, the right member of (1) becomes, 


a ail v2 d "Van re a tf. sie iy| 
c 7 
“ nas LAO+A(). 


The next step is to obtain a formal development of /, (t)+.(¢) in powers 
of ¢. Therefore I set 


A = aot ay t+ oy a ttt ray t+ — 





(1) 











(2) 


and for the calculation of ay, a,, ad2,---, I have 




















_ +t? _ eto 
TAP = Bethe * , 
2 _ (ett 
ch M(ethe ? , 
ee. 

Uh = Hyi(ct+be a 


dt" 





* Karl Pearson and Alice Lee, On the Generalized Probable Error in Multiple Normal 
Correlation, Biometrika, Vol. VI (1908-1909), pp. 59-68. 
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in which, of course, (—1)’ H,(x) is the Hermite polynomial of order r. 
This gives for /, (4), 


3) A®= tote t+ H, Of+hOL+-. +H04 +.., 


in which 







ay = f eV¥?2 dy. 
Similarly I set, 


A(t) = byt htt htt a het ne 





and 





















_ ct _ et 
tT = Hebe? , a 
, 
2 _ e-— .. 
dfs = H,(c— tbe . ’ 








dt? 





_ ct 
Th iy Bailey, 








Tete 
_ = 






so that, ii 
A(t) = bo +e“? 






(4) t? t8 t’ ; 
<|-1+- nf - A; (0) a + +++ t(—D" Hal) | + sf ‘ 
with | 
by = [evr dy = a. 3 

This gives the desired development, ' ) 





fi +fall) = 2do+2e-%2 | 
<|MOF +O T+ +HraOgee+-| | 





so that now (1) becomes, 





nett aiet a htt: % 
._ se" ia 2 i! 
(5) = Vazete ! nof+mot+ ves 






ee a 


f2r 
L$ Hara OG ++}. ) 
But i 


) eF2 dz = d. 
V2" . V2n’ a 
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so that dividing both sides of (5) by WN gives, 
htt sy htt 5 htt: 8 





[a (c) £ + Hs, () “oe 


so + Hi Ogee + +f. 


(6) = fates 


Ao 


Rewriting this, 
i. OE ita. 
Pas + 2 (A,—1)0+ Br Ast?+--. 


(7) —¢c/2 2 4 
“ 1+" lH sr t Hala; + ‘4 


it is apparent that the terms on the right less unity account precisely for 
the difference between semi-invariants of the complete and of the incomplete 
normal frequency functions. 


To evaluate the 4,’s it is only necessary to note that (7) is of the 
well-known form 


164s 2a... 1 1 : 
e ute t = I+ mitt opel + op osO + +, 
and that the law which gives semi-invariants in terms of moments, with 
fy == My == +++ = Moy. = --- = O, is at once available. That is, 
corresponding to, 
dest, = 0, (r = 0,1, 2,---), 
de = fe, 


A, = m— 345, 
A, = Me— 15m, + 3023, 
= fg — 28 hu, M,— 352 + 4204, wo — 630u4, 
= yy) — 45m, M, — 210m, w, + 1260, uw + 315045 m, 
— 18900 w, 43 + 22680 13, 
dig = Myy — 66 yy My — 495 pe, + 2790 0, m2 — 462 pe? 
+ 27720 fp, My M, — 83160 pu, HS + 11550 w# — 311850 p? nF 


+ 1247400 w, wf — 124740048, 
and in general, 
a yyy (—1)rtstt+- 1 f(y + st+t+...)—I1]! n! 
L_, = bbe : 


at ats ae ee 
Mog Moy Moe 


(2a)! [2d)!P[2o!]f-.- rts! tl... 


A 
(8) 4 





in which a, b, c,---, r, s, t, +++ are all positive integers, the summation being 
performed for all terms for which 
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a>b>c.-.--,2(ar+bs+ct+.-.--) = n,* 


exactly the same expressions hold for 4,, 42—1, 43, 44, --- if first every- 
where h;, is substituted for u;, where 
e-e2 
hy = Hy-1(c). 


ao 





A numerical example is given at the end of this section. 

Professor H. C. Carver suggested to me that this problem could also be 
attacked by deriving the recursion formula for moments in this case. 
Starting with the differential equation, 


dz = —tzdt 


a solution of which is 
e = Ce", 


multiply it thru by ¢” and integrate both sides from cto —c. This gives 


c 
cfr dz = —cf" eat, 


of which the right member is —e,+:, by definition the (n+ 1)st moment 
about the mean of the incomplete normal frequency distribution in the 
standard units of the complete distribution. Integration by parts on the 
left gives, 


*c 
cf eds = cet"| —n cf zt-1dz = Ce“? [*—(— co)" ]—na@y-1, 
a —c 


C being an undetermined constant. Combining, the sought recursion 
formula is 
nti = Nan1—Ce? [c*—(—c)"]. 


It still remains to choose C so that @»o, the total frequency of the in- 
complete distribution will be unity. For this, I have 


°c 
c= cf. ee at = 20a 


by (3), whence C = (2a). Finally, the recursion formula in uni- 
frequency moments is 


— lo —(— oy. 





(9) On+1 => Nan-1— 





*For a development of this formula see my thesis, or Ragnar Frisch, Sur les semi- 
invariants et moments employés dans |’étude des distributions statistiques, Skrifter utgitt 
av det Norske Videnskaps-Akademi i Oslo, II. Hist. Filos. Klasse, (1926) No.3. (Oslo, 
i kommisjon hos Jacob Dybwad.) 
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| oe 

i . | Setting 

ae | —¢/2 

he j af d — "< ’ 

>. q ee | 

q i" oa the formulas for the calculation of the successive moments take the simple 
ae hy | forms: 

¥ Bee as = @h = +++ = aarti =—--- = 0, 
ie eo (10) a, = 8a,—c'd, 

4 a] a = 5a,—e'd, 

i eS . . . . . . . . . . e 

ti at pa ~ ae 

; a) aor = (2r—1) @y-2~—c*" d. 





Sgn Bee edo me 


ie 
{be ISS 











These give at once interesting explicit expressions for these moments: 

Eee. | 4 Gs — 1—cd, 
EL a, a, = 8—3cd—c'd, 

+i. t i @, = 15—15cd—5'd—c'd, 
a (11) ap = 105—105cd—358 d—Te&d—c'd, 
“i J a (2r)! i — - 

2 Gor = oF —d [ce + (2r—1) ce” $4 2r—1) (2r—3) c+... 
Ht + (2r—1)(2r—3).--5-3c]. 
‘ee f These expressions for a@,’s are the coefficients of #”/(2r)!’s in the right 
& ‘ member of (6) and they could be substituted for 2,’s in (8) in order to 
s? obtain the 4:,’s directly. But for actual computation it is more convenient 
1 +t to take advantage of the method of semi-invariants und use (7) instead. 
i ¥ But the order of magnitude of successive moments of the incomplete normal 
a4 frequency depends directly on the properties of the polynomials defined 


| Fee by (11). 
For a numerical illustration of the calculation of 2,’s, let c= 5 (in 
standard units of the complete distribution, of course). Then from the 








i : : | general formula, 
ie ‘ (—1)" Hy (c) = c®— “GO mt n(n—1) oP (n — 3) a? 
ee(—1y n(n—1) --- (n—r+1) gtr, 


2”. r! 
I get, 
H,(c) = — 5, | HH, () = — 25100, 
H,(c) = — 110, Hy, (c) = —169100, 
Hz (c) = —1950, Hi,(c) = 792600; 
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and 
d = ¢« “2/q, = [ov [Pee ae] y 0.000002973442. 
Next, 
h, = —0.000015—, | h; = —0.074633_ , 
hs —0.000327 , | hy = —0.502809 , 
hs = —0.005798 _ , | hy, = 2.356750+. 


On setting these in (8) as explained above, finally, 


—1 = —0,000015, 
= —0,000327, 

— 0.005798, 

—= —0,074639, 

10 == —0.503257, 
1 = 2.328640. 


Il. The semi-invariants and moments of the incomplete 
Type III frequency function. The range of a Type III distribution 
is already limited in one direction. I shall consider in turn the case in 
which only the “infinite tail” is cut off and the one in which the range 
in both directions is curtailed with respect to that for the complete 
Type III distribution. 

For the first case, again let the infinite tail be cut off at c standard 
units from the mean. Then the semi-invariants, 2,, of the incomplete dis- 
tribution are given by, 


Lt 224+2704... 
(13) Neer me == Fe 


% z a—1 
(1 + “) e~% et dz, 


> 


in which z = —™, a= 7, N is the total frequency of the in- 
x 8:2 

complete distribution, and yy) = a?”~! e~* [I'(a*)]. Note that all quantities, 

then, are expressed in the standard units of the complete distribution. On 


setting a+z = o, the right member of (13) reduces to 


a+e 
Yo ev—at aa [ w@-1 e—wta—h) dw, 
and on putting »(a— t)=y, to 
a+c)(a—t) 
Yo e— gi" (a — t)-” in y*— eV dy 


— enat (1 = t/a)-@ [rT (a*)] me ai “7 dy 


(14) 
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ie 

i | Boe 

ee i I write k for a+ c, and as in the preceding section, I am concerned with 
Lae 3): oe 

it ee the formal development of 

(a ; atid 


k(a—d) 
9) =f ytevdy 


in powers of ¢ and I set, 


1 1 
y (t) on Mot t+ Sy ae P+ oy as @+... 


at ais ens 
oo. 


Seine 
TEP 


coer nes 


Next 





2 


— = —k[k(a— t)]°— e*@-0 


At es SA 
RA AON etc ae en Me oar is 
pa igi es Se seers 


i 2 
Fog gh — LOE ae 
SIS SES remegne a 
HO 
aie tee ae is 
satin 
a 
~ 


and if I define the polynomial, Wn» (x), by 


it ! Wmjn (x) = & D(x" e~*). 
it i (if » is not integral, Wm,».(a) is not strictly a polynomial in 2, but is 
b : equal to a polynomial times 2*—” as it is shown below. Note also that 


Umm (x) is the Laguerre polynomial of order m.) I have 


cee 





(15) “ = (—kY Waa [i (a — t)] eka—b , 








This gives for the coefficients in the expansi6n, 


SE ECCT 
Si 


oa 2. 
t = y* eddy, 


* z 5. tem Ge orig 
RO MS OR Ee ER Re es oh 
A RNG nee 
= + = 
- . > : 


on 


0 
a= k (ka)” Ie ka — —k Wo,a?—1 (ka) e -ka 
dy = k* Wr a-1 (ka) ee, 
a ls = —Kk* Wr as (ka) e™, 


ir 


a (—k)’ Wr—-1,a?—1 (ka) c™. 





+ 

i 

i 

L +t Returning to (13), it can now be written, 

hak Tt+ 2 te+ Lie ; 
& a A Ner' + As ie inne 

: Le eat 1 

} 8) aap Tea [tet | Ya lhe) 





eet (Kk) Wy ari (ka) = bali | | 


ne .. I divide both sides by 
a * . ‘ _ de “i Be 
N = F(a’) = I(k, a*’—1), 
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in Pearson’s notation,* and the equation for the calculation of the required 
semi-invariants becomes, 


ir 1 
pitt gi hatt g het tee 


eka 


(17) =e (lta) + 


& Ke Wo,ar—1 (ea) tk? Wr ars (ka) = +... 


Ao 


t” 
E(B Waa (ka) + |}: 
If both sides of (17) are divided by 


e~# (1 — t/a)”, 


this has the effect in the left member of replacing 4,, 42, 43, ---, 4r, «++, by 


~~’, = , 


A—h, = 
1,—A, i 


respectively, as may be seen at once by letting c+ , i.e, kK in (17), 
in which case the incomplete distribution becomes complete and the 4,’s 
become 4,’s which follow the law given in (18). This latter fact is apparent 
upon expanding 

e~@ (1— t/a)-* 


in powers of ¢ in (17) after letting k > .t 
I set simply, 


eka 
(19) Pra = (— ky mom Diy gPuasl (k a); 
ao 


then in the expressions for semi-invariants in terms of moments about an 
origin not at the mean, viz.: 

* Karl Pearson, Tables of the Incomplete /-function, His Majesty's Stationery Office, 
London, (1922), p. vii. 

+ For the complete Type III distribution this law is proven by J. F. Steffensen, Mate- 
matisk Iagttagelseslaere, G. E. C. Gads, Copenhagen (1923), p, 60. 
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41 = M1, 
A, = a — Hh 
dg = wg — 3+ 2ut, 
Ay = wy — 45 mi — Bye + 1203 wy — 6 us", 

(20) 25 = ws — 5 eg wi —10 5 w+ 205 wt + 30 mg ot — 60d wt + 24 my’, 
dg = 15 — 6 mh oF 15 4 b+ 30 m4 wi — 103 + 1205 3 mt 


<n ° 4+ 30s" ae ey + 360 p23 wy — inands 





(—1yrtette- Sth eaet.. y=) ec! wes 
hn , = EEE. (aly (b)e(cl)t--- rial tl. wa we He +> 


in which a, b,c, ---, r, 8, t, --- are all positive integers, the summation being 
performed for all values such that a>b>c.---, ar+bs+ct+---=n, 
it is only necessary to substitute p,—1’s for w;’s in the right members thruout 
to get the quantities of (18). 

In order to conveniently write out the polynomials, Wm,»(x), it is useful 
to observe that they are readily expressible in the form of symbolic ex- 
pansions of binomials. By Leibniz’s formula, 


Wm, s (x) = et Jym (a” e~) = —-m™ oh—™— m Cr nin gn—mt1 
+ mC, nm—2) gn—m+2 + mee - on 1)” mC; ne gn—mtr -~ i= a ia 1)" x, 
in which, 


n® = n(n —1)(n—2)---(n—s+1), forn 2s => 
= 0 ’ ” n<s2 
== | ’ » &§ = 0. 


This suggests the compact form, 
(21) Wm,n(x) = 2”—™(n — x)”, 


in the expansion of which [n®}> is to be replaced by n®. Thus from 
a table of binomial coefficients the complete expressions for Wm,» (a)’s can 
be written out at sight. 

It is interesting, also, to see what form the well-known recursion formula 
for moments of a Type III distribution takes in case the distribution is 
incomplete as in the above. Starting with the differential equation, 


idy -_—s_— ifat+s _ i+az 





(22) 


y dz 1+2a “6¥2’ 
which has the Type III frequency function as a solution, separate the 
variables, multiply both sides of the resulting equation by yz” and integrate 
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each side from —a to c. (All quantities in this discussion are in the 
standard units of the complete distribution.) This gives 


f@tae dy = — fia +az)e"ydez, 


of which the right member is 


— @n— Gent, 


and the left is 
(az"+2"+)y |? —naen1—(n+1)an, 


in which the e@,’s are again moments of the incomplete distribution. Com- 
bining, the recursion formula is 


a= alee B]—o(it Smeg) 
since 


2 a—1 
y = Yo (1+ =) e*., 


The constant y% is to be assigned so that ag = 1. But 


= g\?-1 
“2g > wf, (1+ =) ee“ dz 


= ogi», f, #3 a? eda = e a" yw a, 
after the usual substitutions, with a) defined as before. From this, 
Y = q2—1 e—@/q, 
and on setting this in (23) it becomes 
@n41 = [a+ és — ke" (ka)? e—*4/ay. 
This can be more neatly written on noting that for » = 0 it gives, 
(24) a, = —k(ka)* e*4/a. 


Thus I write the recursion formula finally, 


(25) On+1 = n [en + =| + = a) ° 


a 


With @ = 1, and @, computed from (24), (25) gives successive moments 
very conveniently. It should be remembered that the @,’s are moments 
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about the mean of the complete distribution and not therefore about the 
mean of the incomplete one as is shown by the fact that a: +0. 

Numerical examples will be added and discussed in the section that 
follows this. 

The second case, in which the Type III distribution has its range 
curtailed p standard units to the left of the mean (a>p) and q standard 
units to the right, is handled in quite the same way. The right member 
of (13) now becomes, 


A *q 2 a “9 (*q 
w f (1+ =) e* et dz = w | O(z)dz 
—p a a 
(26) 


q J 
= Yo lf A(z)d sient bi 0(2)ae| 


ent 1 *a+@) (a—t) *(a—p) (a—t) 
SE eee § ge yo e¥ dy — y? e-¥dy 
t , I'(a*) 0 0 


= Sf 


Setting a—p =k, and a+q = kg, it is evident that the defining equation 
for the 4,’s in this case becomes, 


7 ter et 
Att Ast +—A4,t+--- 





(27) Ne gr" 
enat 1 a , Oe —k,a gy 
— ne Fa) fate “" S(a, ke, t)--bo—e  S(a,ky, O], 
(4 
a 

where S(a,k,t) represents the series of (16). Now 
7 — S— by 
= I'(a*) ’ 


and on dividing both sides of (27) by 
Ne™ 
t a* ? 
1— — 
a 
I have the following equation for the calculation of the 4,’s: 


a 1 ~ 2 1 Tv 
a ll 5 Aa Agi +5 AA tit: 
(28) , 


=] + [es S(a ; ks ; t) —e _ S(a, k, ’ t)] . 





Ao aca by 
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Now I set, 
( ky en 
fg? Do 





Wy—1, az—1 (ky a) cae Pra 


and, 
(29) (— ke)” & ** 
ag — Do 





W,—1, ar—1 (ky a) = Pr—, 
and finally, 





” eg 
Pr—1— Pr-1 = Pr-1 


and the p,—:’s so defined play the same role as in the first case in the 
calculation of (4,—A,)’s. 

The recursion formula for moments in this case is obtained by similar 
modifications. I start with 


qd 
[atone dy = —f" at azje"ydz, 
and arrive in a similar manner as before at, 


Gina = n[Gn—1-tan/a}+ [ka(—p)"(kia)® — e** keg" ga)” ? e"](ao—bo), 


in which a, is the n-th moment of the incomplete distribution, but which 
is taken about the mean of and in the standard units of the complete 
distribution. For n= 0, 


e, = [k, (ky a)®—! e—™4 — ky (ky a) era] (dy — bo)". 


Writing the right member as a@,,; +a 2, the recursion formula can be 
more compactly written, 


(30) @ni1 = Nl@n1+an/al+q" a2+(—p)" en. 


Ill. Numerical examples and discussion for the incomplete 
Type III frequency function. I shall first show in detail the cal- 
culation of the semi-invariants and moments of the incomplete Type III 
frequency function in the case that a2, = 1.0 and c= 6 (i.e., only the 
infinite tail is cut off, at six standard units from the mean). Then 
a=2/a,=2; k=a+c = 8; ka=16; and a®’—1= 3. Then to 
calculate the wW,—1,a:-1 (ka)’s in this case, I have, 

Wo3(16) = 16° = 4096, 

YWi3(16) = 3-16?—16* = —3328, 

Wo (16) = 3 .16—2.3.16?+ 16° = 2656, 

Ws3 (16) = 3 —3-3°.16+3-3.167>—16* = — 2074, 
Was (16) = —4-39+6.3° .16—4.-3.-167+ 16% = 1576, 
Ws53 (16) = 10-3 —10.3°.16+45.3.-16?—16® =— 1156. 
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Similarly, 
We (16) = 808, | Yos (16) = —136, 
W713 (16) = — 526, | Yios (16) = 16, 
Was (16) = 304, Wiu3 (16) = 62. 
Next, 


e ka e 16 


Ao fe T (4) I (8,3) 





= 0,0000000187 576, 





using the tables of the incomplete I-function mentioned above. Then 
from (19), 





po = — 9.0006, Pe = — 381.7847, 
p, = —0.0040, Pp = — 165.532, 
Pe = —0.0255+, | ps = — 765.351, 
ps = —0.1593, DP = — 2739.15—, 
py = —0.9687, Pio = — 2578.02, 
ps = —— 5.6843, | pu = 79918.8. 


Then setting pr—:’s in (20) in place of w,’s as explained, I get finally, 


Ld, = A, = —- 0.0006, 
A,—k = 4-1 —= — 0,0040, 
Ia—tp =4Q—1 =— 0.0255, 
4k =U : = — 0.1594, 
4;—4s = 45—38 = — 0.9702, 
= i, = = — 5.7089, 
oo i? — — 32.0324, 
L—, = %— =P —= — 168.597. 


The accurate calculation of 4’s grows somewhat tedious but it is easy 
to closely estimate a few more values. Since all the p,’s up to and 
including pio are negative, all the terms obtained when p,—1’s are 
substituted for «/’s in the values of 4, 410, and 2,, of (20), and all but 
the first terms in the case of 2,.. will be of the same sign, namely 
negative. And since all the terms after the first are small relative to the 
first in these expressions, the value of 























The function #3 (16) crosses the z-axis twice more but the factor (—k)" 
in (19) rapidly increases the oscillation of the values of p,’s. 
In this case I will also compare the @,’s with the @,’s by means of 


dg —dg = dy —315 


Z 


~ 


A 


10 — Aro assis hio— 
u—an cia Au 
12 — Ars = his — 


the recursion formula (25). 


— k (k ay" e~*4/ ao 


ay 
as 
as 
a4 
as 
a6 
ay 
as 
as 
19 
11 


Gi2 


It is possible to substitute these values 
but the calculation is more troublesome. I did, however, use the values 3 
so found up to 4, as a check on both my algebra and my arithmetic. ba 
Note that the ratio of a, to a,-1 is not greater than c, which is 6, up 
to r = 12, as it is easy to show must be the case for any finite r. 

In order to see how things come out for a smaller degree of skewness, 
Then a=5, k=10, ka= 50, and 
This time it is more convenient to compute values of 


I chose a, = 0.4 and c=5. 


Iie dl 


li i ddd 


2, = —0.0006, 
0.9960, 
0.9726, 
4.3142, 

11.7225—, 
46.0977, 
179.9507, 
780.4490, 
3529.026, 
16710.40, 
81676.73, 
410043.2, 


2835 
2 


14175 


2 


155925 





4 


Here, 


a’—1 = 24, 

Wr.o4(50)/50%. These give, 
50-74 Woo, (50) = ~='i10,, 
50—*4 Wy 24 (50) = —0.52, 
50-4 Wo.4(50) = 0.2608, 
50-4 Ws 04 (50) = —0.125248, 


50-74 W404 (50) = 
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is slightly <<— 765.351, 


” 


od 


oo 


ay 


as 


“eg => 


a4 
as 
as 


a = 


as 
ag 
G19 
G1 


G12 


| 50-4 Woo, (50) =  0.00929057, 
| BO-* wo (50) = —0.00804465, 
| BO Weo4 (50) = 0,00070880, 
50-24 Wo 04 (50) = 0.00000514, 
0.05699584, 50-4 W004 (50) = —0.00013113, 
50-4 Ws.o4 (50) = —0.02416038, 50-4 Yu. (50) =  0.00009328. 


» <—2739.15, 
” i — 2578.02, 


» << %9918.8. 


3 :. pi ag — Sagi: 


5 Tb aes i 
aha de PRIS 


























= 0.0, 


é ied i 


-- 1.0, 
-- 1.0, 
os 4.5, 7! | 
a 13.0, a) | 
= 55.0, 

= 243.0, 
1235.5, 
6886.0, 
= 42106.5, 
= 279392.5, fy 
—= 1999830.25. qf 


! 


in (20) to obtain the 4,’s directly 





a a ae oer a eee og, Sno eae «fer, a 
be 2 


20 


ieee fs > 


SSO 2, Hyatinee aareract gear Ph eee 


ORO NEES er ee ree — 
eo eee fe BP 





* Tere > er Sam ert 
bia OMe . 
om Pa rare 
TSS, 
Soa 24 i 
> 7 
ey * " 


Other tier Sin yee sialon tie 
n r - 


nee 


wr m 





Piste MD ie 
2 pitas 


™* * 





266 Cc. C. CRAIG. 








Next, 
eka 5074 5074 
—7. — = #Fe5 100, 2h) = 0.00001852957, 
and then, 
po = —0.0002, Pe = — 1.7215-+, 
~, = —0.0010, ph = — 5.6416, 
ps = —0.0048, ps = 18.134, 
ps = —0.0232, Pp = 0.952, 
ps = —0.1056, Pio == 242.98, 
Ps = —0.4477, Pu = 1728.4. 
Whence finally, 
wai, owe bh = — 0.0002, 
i—’, = i,—1 = —0.0010, . 
4;— 4, = 4,—0.4 = — 0.0048, 
4—4, = 14,—024 = —0.0232, 
As —4s = 45—0.192 = —0.1056, 
Ag— Ag = 44—0.192 = — 0.4483, 
4 — 4; = 4,—0.2304 = — 1.7282, 
Ag—A, == 4,— 0.32256 = — 5.7041, 


and as before I estimate that, 


dy —4g = dy — 0.516096 is slightly <— 13.13, 
hio— Ay = dio — 0.9289728 ,, ” < 0.952, 


Ay, — Ay, = 44, — 1.8579456 is approximately 242.98, 


dig — Arg = Are — 4.08748032 ,, 7 1728.4. 


These two numerical examples and the one given of the moments of an 
incomplete normal frequency distribution shed some light on the considerations 
adduced by the author in regard to the matter of finding the moments 
and semi-invariants of indices, such as y/x or v,/v3” = «,. If the distribution 
function of the variate which appears in the denominator is normal or of 
Type III with skewness not exceeding 1.0, it is evident that restricting 
its range to not more than five or six of its standard units from its own 
mean does not much affect the values of the first four semi-invariants or 
moments. But it is also apparent that the employment of moments or 
semi-invariants of a much higher order is quite another matter, especially 
for Type III distributions. 


In the first example with «= 1.0 and c=6, a, = 4,/23? = 0.9804, 


3 


and in the second with «; = 0.4 and c= 5, as = 0.3958. That is, the 
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skewness estimated from the incomplete distribution in these two cases is 

very close to that of the complete distribution. But this will not remain 

the case if c is made smaller or if the distribution is curtailed at shorter 

distances in both directions from its mean. It is of considerable interest 

and importance to see what the systematic error is in several selected 

instances in estimating the value of a; for the complete distribution by 

assuming it to be that given by an incomplete distribution of which it is 

otherwise as perfect a sample as the given finite number of observations 

can be. For example, I have taken Professor Carver’s table of areas under 

the Type III curve* and with a, = 0,4, have constructed the following 
reduced frequency distribution: 

Sz 1 fe 2 

10 11 

12 12 

12 13 

11 14 

10 10 15 











This is, then, as perfect a sample of 98 as it would be possible to get 
from an infinite parent distribution which is of Type III with a, = 0.4. 
But the total range of this distribution is within three standard units of 
the mean and computing a, for the sample, I actually find, using Sheppard’s 
correction, for it the value 0.257, which is not very close to 0.4. Taking 
p = 3 and g = 3, which includes a little more than the range of 
the sample distribution, I found a3 = 0.275. The “expected” or mean 
value of a, in samples of 98 from a parent of the given type is about 
0.38.7 

Below I tabulate comparisons of the a@,’s of complete distributions, 
with @3’s defined as above which are the a@,’s found from the incomplete 
distributions which are obtained by limiting the range of the given com- 
plete distributions. Before proceeding with this, however, I will first give 
an example of the calculation that is involved, using the formulas developed 
for the case in which the Type III distribution is incomplete in both 
directions from its mean. 

Let ag = 0.4, p = 3, and gq = 4. Thena=—5,k,=—=2,kh =9, 
ka = 10, kka = 45, and a?—1 = 24. I get, 

*Glover and Carver, Introduction to Mathematical Statistics, Edwards Brothers, Ann 
Arbor (in mimeographed form), (1926), p. 48 ff. 

ft See the author’s paper, Sampling in Case the Parent Population is of Pearson’s 
Type III, soon to appear in Biometrika. 
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10-*4 Wo, 24 (10) = 1.0, 
10-4 W,4(10) = 1.4, 
10-*4 We 04 (10) = 1.72, 


45-*4 Wo, 24 (45) = 1.0, 
45-4 Wy 04 (45) = — 0.4666667, 
45—*4 Woo (45) = 0.2059260. 
Next, 
1074 e710 1074 e710 
ak  rarase Tas rrr, 


45M e* — 0,0002194616. 

lg — bo 

Then from (29), 
py = — 0.001975 +, | ps = — 0.000146, 

pi = — 0.008296, pi = 0.000410, 

ps = — 0.032946, ps = — 0.001007, 








and, 
Po = — 0.001829, 


= — 0.008706, 
ps = — 0.031939. 


Setting these in (20) as before, 





A, = — 0.001829, 
4,—1 = — 0.008709, 
3 —0.4 = — 0.031987. 
Finally, . 
al A; 0.368013 __ 0.373. 





sacha Be ~~. (0.991291)®? 


To use the recursion formula (30) in this case also, I have, 


a= —po = _—_—(0,0001464182, 
G2 = po = —0.001975154, 
and then, 
@, = @y+a12 = 4, = -- 0.001828736, 


“| 4 4¢—3a,, = 0.991294, 
. = 0.362576. 


R | 
nw 

| 

| 
o—-.,, 
ae 
o| 


R | 
o 
| 


These give, 


| 


i, = —0.001829, 
4, = 0.991290, 
Jd, = 0.368014, 


which are in the expected agreement with the values found just above. 











FREQUENCY FUNCTIONS. 269 


If it be supposed that the incomplete distribution is of Type III, one 
can go ahead and compute the higher semi-invariants by use of the formula, 


ly = (r—1)! a, 


in which for a one uses @ = 2/a; = 5.36376. The higher moments can 
likewise be computed from 


lniit = nN [@y—-1 + a,/n) 


again using a fora. For a; —0.4, p= 3, and g=3 I will compare 
these semi-invariants 4,, and moments a,, up to the twelfth order with 
those of the corresponding complete distribution in the following table: 
(Here 


4, = ~-0.015342, 2% = 0.949789, A, = 0.254968 
giving a = 0.275451 and @ = 7.26082.) 





r i o a — 

1 0.0 0.0 0.0 0.0 

2 1.0 1.0 1.0 1.0 

3 0.2755— 0.4 0.2755 — 0.4 

4 0.1138 0.24 3.1138 3.24 

5 0.06270 0.192 2.8172 4.192 

6 0.04317 0.192 17.5090 20.3920 

7 0.03568 0.2304 31.3718 49.6224 

8 0.03440 0.32256 152.808 212.21536 

9 0.03790 0.516096 419.338 736.523776 
10 0.04697 0.9289728 1895.05 — 3235.681035 
11 0.06470 1.8579456 6803.34 13836.59980 
12 0.09801 4.08748032 31152.4 66033.01100. 


In the first of the two tables below the p and the q in each case is 
in general chosen so as to cover the entire range of a Type III distri- 
bution with the given skewness which has been scaled down so that the 
entire frequency is 1000, frequencies being saved to the nearest integer only. 





c p q A, i, as &; 
0.1 4 4 —0.0003 0.9985— 0.09534 0.0956 
0.2 3 4 —0,0007 0.9932 0.1992 0.201 
04 3 4 —0.0018 0.9913 0.3680 0.373 
05 3 5 —0.0003 0.9981 0.4907 0.492 
10 2 5 —0.0027 0.9853 0.9213 0.942. 
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For a; = 0.1, p = q = 3, the computation required the value of 


Ay — bo 

T (400) > I (23,399) — I(17,399), 
which is considerably beyond the limits of the tables of the incomplete 
T-function of Pearson. But (a>— b))/I' (a?) is the area under the incom- 
plete frequency curve and I made use of the table of areas under the 
Type III frequency curve of Professor Carver mentioned above. The values 
are there given to only four places of decimals. 

The second table is similar to the first with the exception that the scaled 

down entire frequency is now only 100. 





Cs p q A, Ag As as 
0.1 3 3 — 0.0040 0.9718 0.06494 0.0678 
0.2 3 3 — 0.0079 0.9967 0.1302 0.131 
0.4 3 3 — 0.0153 0.9498 0.2550— 0.275 
0.5 3 + — 0.0029 0.9875-+ 0.4498 0.458 
1.0 2 + — 0.0106 0.9520 0.7910 0.852. 


It thus appears that the systematic error involved in estimating the 
value of «; from a small sample is rather large and is always in defect. 
Fairly complete tables of the kind given above would be useful in this 
connection. These could be computed from a table of areas under the 
Type III frequency curve such as have been used in the above with no 
difficulty beyond the labor involved, which would not be excessive. 

A table of this kind would have another equally useful application in the 
inverse problem in which one is given the incomplete Type III distribution 
and is required to find the characteristics of the complete distribution, 
i. e., to add on the missing tail or tails. 
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ON TRANSFORMATIONS OF CLOSED SETS.* 


By S. LEFscHETz. 


In two papers published in recent yearst we gave a fundamental formula 
for the number of signed coincidences and fixed points of transformations 
of manifolds. For a pair 7’, 7” of transformation of an orientable M,, 
without boundary into another, My, it is as follows: Let T,, be the 
cycles representing the two transformations on the product manifold M x M’; 
f’, g” the matrices of the coefficients of the transformations induced on 
the p-cycles by 7 and 7”, @?, BP the Kronecker index matrices for as- 
sociated fundamental sets of dimensions p and n—p on M, and My 
respectively. Then the number of signed coincidences is the Kronecker 
index 


(1) (En+ Tn) = 2(—1)" trace (a?) "gy? BP (f"*Y. 
To have the number of signed coincidences of two transformations of M, 


into itself, we merely consider them as transforming M, into another copy, 
Mn, of itself. Then 8? = @? and in place of (1) we have 


@) (Tn-T) = D(—1)"* trace (a?) g? a? (fy. 
The number of signed fixed points of 7” is obtained by taking for 7” the 


identity. Denoting the corresponding cycle by In, and since g? = 1, we 
have after replacing p by n—p, the number of signed fixed points 


(3) (Tn T2) = > (—1)” trace f”. 


I have recently extended (1) to transformations of the manifold part of 
any complex, i. e. to transformations of subsets K — L, where L is a sub- 





* Received December 21, 1929. See Comptes Rendus, vol. 190 (1930), p. 99. 

+ Trans. Amer. Math. Soc., vol. 28 (1926) and vol. 29 (1927), to be designated by 7r. I, 
Tr. Ii. Another paper related to these questions appeared in these Annals, (2), vol. 29 
(1928). We shall designate it by Annals and its notations and terminology will be adopted 
throughout with the following mild modification: An oriented complex Cx, of the type of 
Tr. I No. 6, will be called k-chain, a convenient term due to Alexander. Its boundary 
will be designated by F(C,). Finally we shall find it convenient to introduce, as now 
quite customary, the closure A, of a point-set A, or sum of A plus all its limit points. 
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complex of K and all cells of K— L satisfy the manifold conditions. This 
can even be done when the manifold conditions are taken in the strictly 
combinatorial sense introduced by Alexander, with cells and spheres merely 
defined by homology characters. The extension demands essentially that 
we substitute for ordinary or absolute cycles, the relative cycles of Annals 
and prove the corresponding duality relations loc. cit. However, in this 
extension the manifold conditions continue to be essential and there is no 
hint as to what happens when they are not satisfied. 

Now Hopf* took an arbitrary complex K, and proved that (3) is valid 
for single valued continuous transformations when the fixed points are 
isolated and on the n-cells of K, a curious result. If K’ is a copy of K 
and A,, 4°, the images of 7’ and the identity on K x K’, the index (A, - 4)) 
is found here to be independent of the mode of orienting the cells of K 
and again 
(4) (A, - 42) = > (—1)? trace f’, 
as if we had a manifold. 

Now Hopf’s proof is interesting but appears to apply exclusively to the 
case that he considers. Indeed Hopf expressed it as his opinion that his 
result stands by itself and breaks down for the more general type. 

We have recently taken up the question from a wholly different angle 
and shown that Hopf was unduly pessimistic. J¢ zs possible to generalize 
the situation so as to make our formulas hold for a very general class of 
continuous transformations of closed sets whose Urysohn-Menger dimension 
and Betti numbers are finite. That class includes all continuous single 
valued transformations and in particular the number of signed fixed points 
is still given by (3). 

It is scarcely necessary to emphasize the importance of the preceding 
result. Formula (3) would seem thus to aquire a fundamental importance 
in the whole domain of real analysis. 

The complete extension that we have just mentioned will appear in our 
forthcoming Colloquium Lectures (the Providence Colloquium) now going 
to press. In the preseat paper we shall derive the extension of (3), i.e. 
the number of signed fixed points for a closed set. 

What happens when the Urysohn-Menger dimension and the Betti numbers 
are infinite? This is still an open question, possibly not amenable to the 
methods of combinatorial topology. 

1. Intersection of a chain and a closed set. The pseudocycles. 
Let G, be a compact metric space whose Urysohn-Menger dimension is n. 
According to Mengert G, is the homeomorph of a subset of a Euclidean 





_* Proc. Nat. Acad., vol. 14 (1928); Math. Zeitschr., vol. 29 (1929). 
7 Menger: Dimensionstheorie, p. 295. By S, we understand a Euclidean r-space. 
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Sont+i1, therefore also of a bounded subset of an S,, where x is any integer 
= 2n-+1. We choose ry such that r—n is even, but otherwise wholly 
arbitrary, and identify G, with its image on S,. 

Regarding the Euclidean S, we are only interested in its finite part. 
However for various purposes it is convenient to have an M as the basic 
space. To obtain one we close up S;, at infinity by a point, which turns 
it into an r-sphere H,. Our theory of Kronecker indices and intersections 
(Tr. I, Part I) can then find free play in H,. 

We need the following result, easily derived from the proof of the 
theorem Annals No. 26. There can be found a sequence {N‘} of polyhedral 
neighborhoods of G whose total intersection is G such that: (a) N‘*+1.C Ni; 
(b) Any cycle I, on N‘ is & to a cycle on N*#* mod Ni. 

2. If C,-, is any chain whose boundary F'(C,—,) does not meet @ then 
FCS,—N’ for i large enough. On the strength of this, if y. = {I} 
is a cycle on G, we find as in Annals, No. 31, that (7'-C) is constant 
for 7 large enough. We define that constant value as the Kronecker index 
(yu-Cy—n). Similarly of course for (C-y), and these indices behave under 
permutation or change of signs of C, y, as other indices. 

We now propose to characterize a C,-, such that (y-C) = 0 for 
every y. Let i be such that the F(C)C S—WN*. Any cycle TC NO 
can be considered as the a of some sequence {ri} defining ay,. Due 
to the choice of {N}, all the 7’s whose j >i are on N‘. Since F(C) C S— Ni 
the numbers (¥-C), 7 >7, are all equal. By assumption their value is 
zero, hence ('-C) = 0. It follows that if @‘+! is the boundary of N**!, C 
is a cycle on N*t! rel @ such that (7-C) = 0 whatever the absolute 
cycle F of N***, But N**' is a manifold with @ as its boundary. Hence 
(Annals, No. 15, Th. IT) CS Orel ® on N***, Therefore there exists a chain C” 
on ®, hence not meeting G, such that C&C’. Conversely let C & C’ which 
does not meet G. Then for 7 sufficiently high C = 0, rel +1, (T?.C) = 0 
and therefore (y-C) — 0. Therefore we have proved 

THEOREM. In order that a chain C,—» whose boundary does not meet G 
be & to one which does not meet G it is necessary and sufficient that 
(yu-Cp—n) = 0 for every cycle yu of G. 

There is a curious analogy with the theorems of Annals, Nos. 15, 31. 
However the situation here is exactly the reverse. Formerly the comparison 
of cycles and complexes was as regards their behavior outside of G, the 
indices being taken on the complementary set of G; here on the contrary 
it is only the points near G that matter. 

3. We now introduce the finiteness of the Betti numbers of G. Under 
the circumstances we can find a finite maximal independent set y’, 
h =z }, 9, «+>, R, (G), where T, = {Tit}. There exists then an 7 such that 
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the cycles i (j fixed) are independent on N’ for every j sufficiently large. 
It follows then by a simple argument resting in essence on the theorems 
of Annals, No. 15, fhat there exists a C,-, with F(C)C S— N’, such that 


(y*-C) = th 


where the ?’s are arbitrary rational numbers. Thus the ?#’s determine on 
S, a true family of chains whose boundary does not meet G. On that 
S,, G@ is S to a chain not meeting G, when and only when the ?’s are 
all zero. There is an analogous family on any SDG. The totality of 
all these families, corresponding to assigned ?¢’s will be called an (n—¥)- 
pseudocycle, Sn_. of G. We define d = 0 by the condition that every tf = 0. 
An equivalent requirement is that in the associated family {C,—u} there is 
a representative not meeting G. 

If dn, are several pseudocycles and Cr—p the associated C’s we define 


bing = Zh. 


as corresponding to ; 

Cr—u = Be di Camps 
Linear dependence is then introduced as usual and we have a corresponding 
Betti-number, @n—.(@). The duality relation e,—,, = R, follows practically 
by definition. As for the Kronecker indices we set 


(y-d) =(y-C), (6-7) = (C-y). 


From these conventions plus the fact that r—vn is even we find readily: 

I. The Kronecker-indices (y-0), (6-y) behave as regards the distributive 
law and permutation of terms like ordinary indices of pairs of cycles of the 
same dimensions on an Mp. 

II. In order that y 0 (6 30), it is necessary and sufficient that (y.d) = 0 
whatever y (whatever 9). 

The replacement of r—yw by »—ym may seem puzzling. Actually it 
does not greatly matter what value of r is taken provided that r—n is 
chosen once for all even or odd. The choice here made has the advantage 
that when G is an M, without boundary everything goes back to the 
situation of 7r. 1 without any change whatever. 

The chains C are cycles rel S—G in the sense of Annals. When G = P 
a point they become the cycles of the point in the sense of Van Kampen 
(Leyden thesis 1929) who made use of them in his proof of the invariance 
of combinatorial manifolds. 
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4. Product* of two closed sets. We will now consider a second 
closed set G’ whose dimension and Betti-numbers are likewise finite and 
denote by accents all analogues of the elements associated with G so far. 
Of course again G’ C S, with r’—n’ even. Then Gx G’ is a closed set ¢ 
CS,xS,.. The analogue of {N*‘}, {NW} for @x@’ is the sequence {N‘x NW} : 
each term of which is a neighborhood of the product set on the product 
space. 

5. Consider now the cycles of G, @’: 


y,={f), r= U7) 













and two chains C,, Cz defining two respective pseudocycles dgin—r, 9t4n'-+’. 
The products Ix C’, i sufficiently large, all define one and the same 
pseudocycle of @xG’. For if j>i 





NY? D Cun > Ti — The 

Hence (7r. I, Formula 59.2): | 
Cut X Cp > (TI—T*) x C'+ (—1)" Cup x F(C’); 

(M—T*) C'S (—1)F Cur x F(C’), 











a chain which does not meet G x G@’, since F'(C’) does not meet G’. 
The new pseudocycle thus introduced will be designated by yy 9,4,_,. 


We have a similar pseudocycle 6 x y’ associated with all products Cx Ir". 

If D, D’ are two pseudocycles of the respective types y x 0’, dx 7’, 
whose dimensions have »-+ n’ for sum, it is a simple matter to verify that 
the index (T‘x C’.C x I"), i sufficiently large, is fixed. We designate it 
naturally by (y x 6’.6 x y’). If we combine this definition with (54.3) of 
Tr. I we find that that formula holds here as if G, G’ were manifolds of 
n, n’ dimensions. 

An identical treatment is applicable to all combinations of subscripts 
#, v, 6,t. In place of indices we have intersection cycles on G x G’ of 
the same dimensions if as we were dealing with manifold products. It all 
comes down to showing that {Tix C’.C x r"} determines a unique cycle 
on G x G’. We call the intersection y x 6’. d x 7’, and find that the formula 
of Tr.I, No. 55, holds for it. In short as far as the intersection theory goes 
everything is as if the G’s were manifolds provided that in each expression 
yx 6, y-0, (y- 0), one term stands for a cycle, the other for a pseudo- 
cycle. 




















*By product AX B of two sets A = {a}, B= {d}, is meant the set of all ordered 
pairs (a,b). For details regarding product complexes and sets, see Jr. I, p. 29. 
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6. As a preliminary to the extension Of the coincidence and fixed point 
formulas, it is necessary to obtain an analogue of the theorem of 7’r.I, No.52, 
for certain pseudocycles of G x G’, For our purpose it is sufficient to 
consider a chain Ds such that the projection* of its points on S’ is always 
at finite distance. 

We first return to the independent sets {y po of No. 3, and select for 


each 7 — mw an associated set is defining a ‘ated independent set of 
pseudocycles, {dn—u}» of G. Since the cycles for ~< yr, are in finite 


number, and independent for each set, there exists an N such that the 
eycles I; / with the same j are independent on N‘ for some J sufficiently 
large. We can then take for H, a simplicial complex of which they and 
the chains - are all subchains and N‘ a subcomplex. As for the C’s 
we can even omit their cells exterior to N*. A wholly parallel situation 
takes place as regards Sand G@’ and we have lr’, N", etc. We choose 
however, the simplicial complex H’ with the infinite point Q’ of S;, as vertex 
and the simplexes with Q’ for vertex all exterior to N’’. 

The argument of Jr. 1, No. 50, enables us at the outset to replace Ds, by 
a subchain of H x H’ having exactly the same properties. This may 
necessitate replacing H or H’ by subdivisions with smaller cells, but there 
is no objection to that. We assume then that Dis a subchain of H x H’ 
whose projection on H’ is finite. 

7. Let us subdivide the ¢ subchains of H, into two categories, the first 
to consist of a maximal linearly independent set {Bi} of which no boundary 
meets G, the second of a set of cells { E/} no linear combination of which 
is a B. Every ¢-subchain is a linear combination of these two types with 
rational coefficients. We do likewise for H’ except that the B’’s are to 
be cycles. 

Therefore ; 

Ds = > xy Bix BeAtD> yy Bix Els 


+ D> wy Et x Blt+> vy Ei x Eels. 


Our reduction will consist in adding to Ds chains corresponding to pseudo- 
cycles % 0 and which are projected at finite distance on S}. 

If in any term of the sum the first factor does not meet G or the second 
does not meet G’, that term is a chain which corresponds to a pseudo- 
cycle 0. Since its second factor must not include Q’ as vertex, the 
term may freely be suppressed. We can then assume that every EZ’ in the 
expression of D, has a closure E’ which meets G’. By assumption also 


*The projection of a point A x A’ on S is A and on S’ it is A’. 
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every E meets G. If we calculate F(D,) by (49.2) of Tr. I we find then 
that it includes a chain 


Et > vy F (Bes) 


which meets GxG@’. Since Ds must define a pseudocycle this chain must 
be = 0, i.e. every vj—0. Therefore the last sum in D, can be suppressed. 
After the preceding reduction F(D,) will include a set of terms F(B)x B, 
BxF(E’), F(£)xB’ whose sum is again = 0. There are no terms 
with F(B’) as factor since B’ is a cycle. ° 
Suppose that we have cancellation of BxF(E’) with terms of another 
type. Symbolically there will arise a relation of type 


Dy, Bit+> F(B)+> FE) =0. 


Therefore there is a subchain of H, 
Chys -> Yij Bi. 
We have then by (49.2) of 77.1 


i 
Chas 


x EY > vy (BX EY, + (— 1)!" Cf, x FBZ,)). 
The right hand side is YO on S,xS,, hence determines a pseudocycle YO. 
We can subtract it from D,, as a consequence of which the terms in 
Bix Ei , Will be replaced by terms C‘x F(E’). Since F(Z’) is a B’, these 
go into the third sum in the expression of Ds. 

In the Ds, as now reduced only the first and third sums will be present. 
This time we obtain an identical relation for the coefficient of Bi Pe 


> v4 F(B) +> uj F(E) = 0 


and this is ruled out, since the first sum represents a chain that does not 
meet G, whereas for the second the reverse is true. Therefore every u = 0. 

Thus Ds has been reduced to its first sum, i. e. to a linear combination 
of terms BxB’, where B defines a pseudocycle of G and B’ is a cycle. 
The consequence for 4c, (¢ = s-++-n—r) the pseudocycle of Ds, is manifestly 


a homology: 
42 D4, Or, 


which expresses the analogue of the theorem of 7’r.I, No. 52. 
If the projection of D on S were bounded the result would be the same 
except for an interchange of y and 0. 
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6. Application to transformations. Let 7 be a single valued 
continuous transformation of G into itself. If we choose a system of 
coérdinates for S,, the transformation will have the form 


ai = fi (a1, +++, Xr), a= 1,2,---,7 


where the /’s are continuous and single valued on G. Since @ is closed 
and bounded, we can find single valued functions F; (7, ---,z,), continuous 
and bounded for all values of the 2z’s and coinciding on G with the 
respective f’s.t From this it follows readily that we can associate with 7 
a new single valued and continuous transformation 7'* of S into 8’ such 
that 7*S is a bounded chain of 9’. 

We now take advantage of the fact that R,)(G) is finite—It has for 
consequence that our problem is reducible to the case where G and G’ 
are connected. This being the case we can establish the existence of 
a continuous single valued transformation J of S into itself which is the 
identity on G and such that JSC N*. There exists also a similar trans- 
formation J’ for G@’, S’, N’.—From this we infer: (a) Since 7* may be 
replaced by J’ 7’* we may assume that 7*S CN’. (b) The representative 
chains of any pseudocycles of G may be replaced by their J transforms 
and hence assumed on N’ and similarly for G’ and N”. (c) If Sx S’D A, 
projected on N” and representative of a pseudocycle of G x @’ which is 
0, then Sx S’D B,C, chains projected on NV”, such that B does not 
meet Gx G’, while C> A+B. 

7. Let now S; be a copy of S, with G’ as the image of G on it. As 
a consequence of what we have just said the image of the transform 7'*S 
on SxS’ in the sense of 7r. I, Part Il, is a chain D, with a bounded 
projection on S’. It follows from No. 5 that if 4, is the pseudocycle of D,, 


we have f 
‘Mua 
A > #,; ex, 


The parallel with (57.1) of Tr. I is now complete. 

Let J designate the identity on G. The associated starred transformation, 
I*, can be taken as a single valued transformation of 8’ into S which 
reduces to the identity within a sphere of very large radius on S’ and 
then so modified that the projection of D> its image, on S, is bounded. 
Hence if A, is the pseudocycle that it determines, 


0 7 2] 
ox ma, vi x Ont. 


The index (4,-4,) is by definition the contribution to (D,- Dy) of the 
intersections of D,, D?, on a neighborhood N‘ x N” of @ x G’, whose 7 is 





f Carathéodory, Vorlesungen iiber reelle Funktionen, 2nd edit. 1927, p. 620, th. 2. 
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sufficiently large. Owing to (a) of No. 6, these intersections occur as near 
as we please to the images of the fixed points of 7* on G, i.e. as near 
as we please to the fixed points of 7. If 7 had no fixed points, then 7'* 
would have none on @ and (A,-4)) 0. Therefore, when (dn- 4x) + 0, 
T has at least one fixed point on G. 

To calculate the index in terms of the effect of TJ on the cycles of G, 
all that is needed is the extension of (59.1) of 7Jr.I. But that is now 
an elementary matter since we merely have to compare contributions to 
indices such as (D,-I'yXCy—y), on Nx N” and (T*T,-Cr_y) on N", 
which is done as in Ty. I, Nr. 60. 

From this point on and on the strength of (c) of No. 6 the derivation 
of the fixed point formula (3) is absolutely as in 7r.I and it is therefore 
completely established. 

8. Conclusion. The right hand side of (3) or (4) shows that (4, - 4)) 
is a topological invariant of 7’, since the matrices /” are invariants. Therefore 

THEOREM. Every continuous single valued transformation T' of a closed 
set G, whose Betti numbers and dimension are finite, possesses an index given 
by (4) which is a topological invariant. When it is + 0 T has at least one 
fixed point. . 

9. Application. If the dimension of G is finite and every Ry (GQ) 
= 0 for p>0, while Ry(G) = 1, every continuous single valued trans- 
JSormation of G has at least one fixed point. 

For here f? = 0 when p>O. Moreover G is a continuum since Ry = 1, 
hence every zero-cycle is a multiple of any one point. Therefore f° is an 
integer + 0 and (4,-4,), equal to that integer, + 0. 

The question of the existence of a fixed point in the case just considered 
was raised with us two years ago by Alexandroff, and as we see the reply 
is affirmative. 

This extends and includes of course the noted result due to Brouwer 
concerning the cell and the projective plane. 

10. The extension to coincidences and fixed points in general is quite 
straightforward. Naturally restrictions such as those of Tr. Il, No. 30, have 
to be put on the transformations, but these are inherent in the method 
and cannot be avoided. 

The identification of the result just obtained with that of Hopf when G 
is a complex, merely demands that we show that in his case the chains D,, 
Di. intersect K x K’ in chains whose index is (4,- 4%). This is done how- 
ever by a transparent comparison of indicatrices of the sort repeatedly 
given in our papers. 

11. Remarks. I. One may define Brouwer’s degree, @, in the special 
case where R,(G)=—1. If Fy, is an n-cycle not 20, @ is determined 
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by the condition 77—ers0. It is likely that this definition with Fr 
taken as a suitable relative cycle, gives at one stroke the degree of the 
topological manifolds recently investigated at great length by Wilfrid 
Wilson* and Hopf.t 

II. The part played by the dimension m is merely to locate a homeo- 
morph G in some Euclidean space, through Menger’s theorem. We might 
as well have assumed at the outset that G had that property and then 
the dimension would not have figured in the problem. 

12, (Added in the proofs.) We have just succeeded in removing all 
restrictions as to the dimensions and finiteness of the Betti numbers of 
the spaces. The proofs will appear in our Colloquium Lectures, Ch. VII. 





* Math. Ann., vol. 100, (1928). 
+ Ibid. 


PRINCETON, NEW JERSEY, 
December 20, 1929. 














HYPER-TENSORS.* 


By H. P. Roperrson. 


1. Introduction. The problem which lies at the foundations of tensor 
analysis may be stated as follows. Consider an n-dimensional manifold M 
which may be referred to a codrdinate system a? (¢ = 1, 2,---,m) or to 
any other codrdinates x‘ obtainable from the 2’ by transformations 


(1) a: xt = a (z) 


analytic and reversible in the neighborhood of a point P of M. The 
problem is then to associate with the point P(a») of M and each cotrdinate 
system x a set of N numbers X“ (a), (@ = 1,2,---, N), which transform 
on passing to a new codrdinate system x in such a way that the law of 
composition is fulfilled. That is, if the “components” X* in the new 
cobrdinate system xt = a‘ (x) are obtained from the original “components” 
X® in x by the transformation 


A: X* = F*(a, X) 


which depends only on the transformation a (and through it implicitly on 
the point P under consideration), the components X in a third codrdinate 
system 2? = b‘(x) obtained from x by the transformation & are given by 


B: X* = F¢ (6, X) 


and the functions F“ must be such that the same result will be obtained 
by passing directly from the system 2 to x by means of the resultant 
transformation ba: z* = b' {a(x)} = (ba) (2): 


F* th, F(a, X)} = F*« (ba, X). 


In particular, we confine ourselves to representations @—> A of the set 
of all analytic transformations a by homogeneous linear transformations, 
i.e. we take as 
(2) A: X" = f3 (a) xX? 


a linear homogeneous function of the components X. (Here, as usual, 
repeated indices imply summation over their range—1, 2,---, for Latin 


* Received August 9, 1929. 
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indices and 1, 2,---, N for Greek.) The condition of composition then 
becomes simply 


(3) Sy (b) £3 (a) = ff (ba). 


To the inverse a— of @ must correspond the inverse A~'of A and consequently 
the rank of ||fs (a)|| must be N. In particular fg (1) = 43. 

We are interested, then, in discovering matrices || /3|| of rank N depending 
on an analytic transformation a in the neighborhood of P such that the 
functional equations (3) are satisfied. Since the /3 are not to depend 
explicitly on the actual coérdinates of P we are only concerned with trans- 
formations of the relative codrdinates 2— a*, and we may consequently 
take P as the origin in all coérdinate systems. It is natural to consider 
the transformation @ as determined by its various derivatives evaluated 
at P, i.e. by the coefficients a -+- of its Taylor expansion 

a: P= dataset... 
J 2! sk 
about P, and to take these quantities, or some of them, as the arguments 
of Sp (a). Denoting the transformation @ explicitly by these coefficients 
a* (at, a$,,---), the law of composition of transformations a, & is expressed 
by 
(4) ha: (be ai, beai.+ bs aé ad, -++); 


these are the arguments of Ss (ha) in (3). 

We recognize in vectors and tensors quantities whose transformation 
law satisfies the condition of composition —in fact they are, as has been 
shown by H. Weyl,* the only quantities of this kind depending on only 
the first derivatives a§ if we restrict ourselves to transformations @ which 
are unimodular at P. They are not, however, the only quantities satis- 
fying the conditions of composition which occur in the absolute differential 
calculus. For example, the coefficients of affine connection have a trans- 
formation law which involves the second derivatives a$, in addition to 
the first, and they are uniquely determined in each codrdinate system. 
Again, recent work by Veblen? on the foundations of infinitesimal geometry 
makes use of quantities (projective vectors and tensors) whose laws of 
transformation also involve the ag,. 

In order to avoid cumbersome phraseology I have ventured to call all 
such quantities XY“ hyper-tensors; from the foregoing they must necessarily 


*H. Weyl, “Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen durch 
lineare Transformationen”, Math. Zeit., 23 (1925), p. 271. 
7 O. Veblen. “Projective Tensors and Connections”, Proc. Nat. Acad. Sci., 14 (1928), p. 154. 
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behave like tensors on restricting the transformations a to the unimodular 
homogeneous linear group. They are “invariants” in the sense defined by 
O. Veblen.* H. Weyl and the authort have given a brief discussion of the 
general problem of the determination of hyper-tensors and have applied 
it in detail to the infinitesimal-geometric problem mentioned above. It 
is the purpose of the present paper to give the construction of all hyper- 
tensors whose law of transformation depends on the first and second 
derivatives a$, a$,, and which reduce to ordinary (or relative) tensors 
on restricting the transformations a to the affine group. This will be 
accomplished by direct solution of the functional equations (3) rather than 
by the Lie theory of continuous groups, which was employed in the general 
discussion cited above, as the direct method seems to involve no more 
difficulties and has the advantage of yielding the results in completely 
integrated form. 

2, General conditions on the representations. The first step in 
the solution is to obtain a set of differential equations for the components 
f3 (a) of the matrix | fs'|| from the condition of composition (3). This 
we accomplish by differentiating (3) with respect to iy and with respect 
to bin. This yields two sets of equations, each of which may be solved 
for the derivatives of Sp (4a) with respect to its second set of arguments; 
the result of this computation is 


aft (a) 
; 0fp (ha) OP enue <i se pS) -, 
6 y= f@gae=-f0———§, 
0 (ba)i, sf °F o Sr a, 
where a/ is the normalized cofactor of a’ ina= a _ete.t Now remem- 
bering that fs (1) = 63 and setting 
Rene — (f* 
; _— t 
0 ai, a=1 Ps: 


we find two equations for the derivatives of f3 (@) with respect to its 
second set of arguments by choosing successively 4 = 1 and & — 1 in (5); 





* 0. Veblen, “Invariants of Quadratic Differential Forms”, Cambridge Tract in Mathe- 
matics and Mathematical Physics, No. 24 (1927). 

+ H. P. Robertson and H. Weyl, “On a Problem in the Theory of Groups arising in the 
Foundations of Infinitesimal Geometry”, Bull. Amer. Math. Soc., 35 (1929), p. 686. 

tA word concerning the meaning of this differentiation may not be out of place. The 
a;, are symmetric with respect to the two lower indices, but fp (a) is to be considered 
as a function of all these n* quantities which is symmetric with respect to aj, and aj,. 
In the differentiation these two arguments are to be considered as independent and 


(ba);, is to be taken as bi ay,+ bi. aj at where the parentheses about the indices r, s 


indicate the symmetric part (br. + bs,)/2 of Re: 
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(the first choice gives directly equations for f(#), but 6 is arbitrary). 
We find by this process the equations 
7) Ss 


— (2's £F sj ok — Crsk f% ar 
gat, rt Sp 8 Os = Cpe Sr % 
J 


(6) 
the second two terms of which must be identical. The conditions of 
integrability are 

(7) gf Ope = Op! CPE. 

These necessary conditions (6) and (7) on the representation are also suf- 
ficient, provided (3) is satisfied for the affine group, as can be seen by 
retracing the steps in the above derivation. 

Since the representation A is to reduce to a tensor transformation for 
as, = 0, an X-codrdinate system can be chosen in which the matrix is 
decomposed (for a, = 0) into irreducible square matrices alligned along 
the main diagonal. Let there be m of these irreducible submatrices, each 
of which gives the transformation law of a tensor of simple symmetry, 
and let their dimensionalities be Ny (# = 1, 2,---,m). Use as indices 
corresponding to terms in the wth set e,, 8, etc. (so that the elements 
of ||,fs|| in the sub-matrix formed by the intersection of the mth set of 
rows and the vth set of columns are designated by fit). Now the 








" ne tia Sgn (as, 0) are homogeneous in the 
/ le, Haak th man i as in the sense that Sg" (xa, 0) 

| Z Io, Z i Me fam . a = xh fae (ag, 0) and we omaha the 
a V7 ny ae . = coordinates (i. e. choose the codérdi- 

2 So? Sa, F nate sets 1, 2,---,m in such order 


LL Y : : -f - 
; 1“ UY 
Zi 
Yo 
A matrix arranged in accordance with 


Fig. 1. the above rules will be said to be in 
normal form (Fig. 1). 
We now obtain certain necessary conditions on the constants C and the 
degrees o, which in turn yield considerable information concerning the 
matrix || fj || itself. First, 





that) the degrees o, of homogeneity 
form a non-decreasing set: 








<< %<+-- < Om, 











(8) or = 0 unless o, = on +1. 
For on taking a = (*02, 0), where x is arbitrary, we have by the 
above 
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Fpl (282, 0) = #7" O50 (=0 it w +») 


and on applying this to (6) for « = a,, 8 = fy we find 






ceue xv? aa i get x 


Bye By 
from which (8) follows. In particular 






(8’) Cite = 0 for p2-y». 





Now let @ be general and consider ‘the double equality (6) for 8 = £,; 
all coefficients C in the last member vanish in accordance with (8’), whence 
it follows that f,” is not a function of a3, i.e. 





i eben eercteera ee . SSS r 





fy! (@) = fg‘ (a, 0), fz" (a) = 0 for w>l. 





Employing the method of mathematical induction, we assume that for 
o=1,2,---,» S58 is independent of at, and tsi = 0, #>e and ask if the 


assertion holds for @ = » +1. Each term of the last member of (6), written 
for « = ay, 8 = &y+1 contains either an / of the type f,* or aC of the 
e 









Riper Seo 


aaa a ee ae 










type Cee 7 O>Y, all of which vanish in virtue of the above assumption 





and (8’). Hence Sat ” # >v, is independent of a$, and consequently the 

assumption above is true for ge —v-+1 if it is for @e—1,2,-.--,”. But 

we have just seen that it is true for » = 1, whence it must hold for all e. © 
We have, then 


(9) Sg @) = Fok (a3,9), = f"(@) = 0 for w>», 


i.e. the matrices in the diagonal are not functions of the second derivatives 
and all portions of || ts || below these diagonal matrices are empty (cf. Fig. 1). 


In virtue of this reducibility there exist invariant sub-spaces X““ = X°#+ 
—=.-..= X¥% = (0) in X-space, where mw is any fixed number between and 
including 1 and m. The transformation induced in this sub-space by A 
is itself a representation of a, as is also the transformation obtained by 
projection with respect to this invariant sub-space. Stated in terms of 
matrices, if || fs || describes the law of transformation of a hyper-tensor, 
then do also the matrices obtained from it by omitting the first (m—vyp) 
or the last w sets of rows and columns. . 

The fundamental equations (6), (7) may now be written with the aid 
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v— 
(7) : 2 _[eges® Gren — Cau Cre*| = 0. 

In order to determine the effect of the distribution of the o’s on the 
representation, consider that set of o’s which are congruent to a given 
one mod 1 and denote them by o,, »y = 1, 2,---,a. Then by (8) Car ° =z 9 
for c+1’, 2’,---, (v—1)’.. In consequence of this the last expression of (6’) 
for « = «a,, 8 = Ay, vanishes, whence Kt= 0 unless » = 1’. Applying 
the same argument for « = a,, 8 = Ay we find that the only C’s which 
do not vanish are multiplied by Sats the whole expression must therefore 


vanish unless # = 1’ and we conclude that Sit is zero unless « = 1’, 2’, 


Proceeding in this way, or by mathematical induction, we readily show 
that /;%—=0 unless » = 1’, 2’,---, 2’. Similarly, starting with the fact 


that. Cyne = 0 for r+ (w+1)’, (w+2)’, ---, a’ and applying it to the second 
member of (6’) we find that i = 0 unless vy = a’, (xv +1)’,---, a’. But 


on combining these two results we see that the sub-matrices of || f3 || formed 
by the intersection of the wth set of rows (columns) with the 2’th set of 
columns (rows) are empty unless w = 1’,2’,---, a" (a’,(a+1)’,---, a’) and 
the complete matrix is consequently decomposable into two matrices, one 
of which consists of these non-vanishing sub-matrices. Each of these 
matrices is in normal form and is itself a representation; in order that 
a representation be transitive it is therefore necessary that all the o be 
congruent mod 1, and we may restrict ourselves to this case without loss 
of generality. 

Similarly, we show that if the degree o,;, of one of the square matrices 
exceeds that of the preceeding one o, by more than | the representation 


is intransitive. For in this case Ch. = 0 for w<t<y; the last 
expression (6’) for the derivative of in ; vanishes, and consequently also 
in. itself. The only non-vanishing C’s in (6’) for « = ay, 8 = Ary2 are 
multiplied by i. and these vanish by the preceeding remark; we there- 
fore have I. =. Preceeding in this way we can show that Sat == 0) 


for # <t<y and the representation is intransitive since the entire sub- 
matrix formed by the intersection of the 1st, 2nd, ---, rth sets of rows 
with the («+ 1)st, (e+ 2)nd, ---, mth sets of columns is empty. If ail the 
homogeneities ¢ are equal it is obvious that the representation reduces to 
a tensor representation, for in this case all the C’s vanish. 
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Transitive representations are subject to the above conditions, which we 
now bring together and apply in order to obtain a unifie:’ view of the situation 
(cf. Fig.2). Each point in this ' " W 
description is an immediate pire ay P o i% 
consequence of these con- ¥Y 
ditions and equations (6’). U 
First, we divide the homo- Th 
geneities o into a number ' : 
of classes I, II, ete. according 3 Y eT 
to their values: all o’s con- : WH 

LL 


tained in one class are equal aD 5 be* 55 = 
and are greater by unity : Y are 
than those of the preceeding Gy “he 

class. The rows and columns e 
of the matrix are thereby 
divided into sets I, II, ete. 
in accordance with the class 
of the corresponding dia- 
gonal elements; we denote 
the sub-matrix formed by the Ath set of rows and the Bth set of columns 
by (A, B). All elements of (A, A) are zero except those lying in the 
diagonal sub-matrices which define the tensor representation at, = 0; 
because of this the normal form of the representation is undisturbed 
by a permutation of the o’s belonging to one class. The two expressions 
of (6’) for the derivative with respect to a, of an element of (A, A+ 1) 
are linear and homogeneous in the elements of (A+1,A-+1) in the same 
column and in the elements of (A, A) in the same row respectively, and 
are independent of a$,; the C’s must be such that these two expressions 
are identical, but there are no conditions of integrability to be satisfied. 
More specifically — as follows immediately from the fact that the square 
matrix found by omitting from || /? || all elements except those in the last 
set of rows and columns of (A, A) and the first set of (A+1, A+1) 
must define a representation, together with the above remark concerning 
the permissability of permuting the o’s belonging to one class — that 
portion of (A, A+1) formed by the intersection of the rows of one 
irreducible sub-matrix of (A, A) and the columns of one such in (A+ 1, A+ 1) 
must be filled in in such a way that the square matrix formed by it, these 
two irreducible matrices and the corresponding null-matrix from (A+ 1, A) 
must itself define a representation. Next, the derivative of an element of 
(A, A+2) is linear in the elements of the same column of (A+1, A+2) 
and, again, in the elements of the same row of (A, A+ 1); the conditions 
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of integrability (7') insure the identity of these two expressions as well 
as their integrability. The elements of (A, A+ 2) are then found by simple 
quadrature and are homogeneous quadratic functions of the a$,. Proceeding 
in this way we find that the elements of (A, A+7') are homogeneous 
T-ics in a$, whose derivatives are linearly dependent on the elements of 
(A+1, A+7) in the same column or the elements of (A, A+ 7’'—1) in 
the same row and again the identity of these two expressions is insured 
by the conditions of integrability. 

With this we have essentially reduced the general problem of determining 
all hyper-tensors depending on the a$, in addition to the a$ to the simplest 
case m = 2, 6, = 0,+1: the determination of hyper-tensors whose trans- 
formation matrices consist for a$, = 0 of but two irreducible sub-matrices 
whose degrees of homogeneity differ by unity. There then remains only 
the task of selecting these (in general under-determined) representations in 
such a way that the conditions of integrability (7’) are satisfied. 

3. Solution of reduced problem. It would at first appear that 
the determination of the C’s for this reduced problem offers considerable 
difficulties, for the explicit formulation of the transformation matrix of 
a tensor with simple symmetry properties is in general rather complex 
and unwieldy.* But since, as follows from the preceeding section, the 
transformation matrix of a hyper-tensor which reduces for a$, = 0 to 
tensor matrices of two consecutive classes I, I], each of which contains 
an arbitrary number of irreducible matrices, is formed by constructing the 
representations based on each pair of irreducible matrices, consisting of 
one from each class we may reverse the order of these processes: first 
solve an appropriate more general problem, and then separate out the 
particular portion desired. Thus if the two matrices on which the 
representation is to be built are those of contravariant tensors of ranks 
r,r+1 with simple symmetry properties, we may first solve the more 
extended problem in which I, II consist of the transformation matrices 
of arbitrary tensors of ranks r, r+1— i.e. in which the matrix 
corresponding to each simple symmetry of tensors of ranks 7, r+ loccurs 
once and only once — and subsequently separate out the particular 
portion desired by allowing all portions of (I, II) to vanish (i. e. equate 
the corresponding C’s to zero) except that in which the rows of the 
irreducible matrix under question in I intersect the columns of the one 
considered in II. 

We accordingly now determine the most general hyper-tensor built upon 
two arbitrary tensors. We need in principle only consider the case in 

* Cf. H. Weyl, “Ober die Symmetrie der Tensoren usw.”, Rend. Cire. Mat. Palermo, 48 
(1924), p. 29. 
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which the tensors are contravariant of general ranks r, r+1, for all 
others must be obtainable from these by appropriate symmetrization; for 


example, the simplest “covariant” hyper-tensor, that in which Se, ‘= a, 


tae = 1 must be obtainable from the above for r= m—1 by a process 
of alternation and division by the determinant a. We have 


ee Ae i, ee tees Kens 
(10) te, = Spek = Aj. +++ aj; h, = L-s-hgg = Gt o°* GEL, 
4, 
Gay 


and the equations for f° = fix, are 


. 0 fe, i-+-t, st ke k, of ke Pe ae i » 
(0°) Ga = ORR ant on ate dy de OE a af a 

Jk ‘ 
In order to determine the coefficients C from this identity let a = (A; dj, 0) 
(4’s arbitrary, 7 not summed); we then find 

Byes i. jk Eas. 

Chr 14 (41, eee An, Ai — hi, eee Ai j An) = 0 
(indices not summed). From this we conclude that all components C are 
zero unless the set of subscripts is a permutation of the set of superscripts. 
We can therefore write 


i,-++é, jk l i UG ww 
(11) Ch -baskgs = 2c br; ++ O¢ OR, Oi, 


as a sum of products of Kronecker deltas over all permutations 
P = (1, 2,---,r+2) of (1, 2,---,r+2) with arbitrary coefficients cp. 
(The sum, and therefore each term of it, must be symmetrical in j and k 
to conform with the symmetry of C in these indices.) Each term of this 
sum, and consequently the general C itself, renders the second and third 
members of equation (6) identical, as can be seen by direct substitution. 
Finally we have ‘sah 

(12) Fs BE se = a ay" owe a," —— art 

as the complete solution of the reduced problem. The symmetrization 
processes mentioned above impose conditions on these otherwise arbitrary 
coefficients cp. 

These results can be given a simple interpretation by considering the 
representation formed from one of the terms of the sum (11), i.e. take 
all cp = 0 except a given one and iet it be unity. Such representations 
are of two types according as r+2 is either r+1 or r+2 in the 
permutation considered, or not. By appropriate transformation (a permuta- 
tion) of codrdinates in hyper-tensor space it can be readily shown that 
22 
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all representations of the first type are equivalent to that for P = 1 and 
all those of the second type to that for P = (1, 2,---,r—1,r+2,r,r-+1). 
Furthermore, we now see that these normal representations 

a a ve a, rae ay, a ay} rey a, Or, 
(a, = aj ai) can be obtained 
from those for r= 0O*, 1 
(Fig. 3) by r-, (r—1)-fold 
outer multiplication with the 
simple tensor representation 
ai respectively. These sim- 
plest cases (7 =O for the 
first type and r — 1 for the 
second) are given in Fig. 3. 








1 a, a: a:. 








re) a: 0 az ay 























Fig. 3a. Fig. 3b. Although the above gives the 


construction of all representations 
for which m = 2 from two simple contravariant hyper-tensors and the affine transformation 
a’. = 0 itself, it is often convenient to construct representations directly on two arbi- 
trary covariant or mixed tensors—say of contravariant ranks u, «’ and covariant ranks v, v’ 
(the condition o, —o,+1 being then u’—v'’ =u—v+1). This is accomplished by 
exactly the same process as the above; it will be found convenient, however, to invert 
the set of indices of C arising from the covariant ranks in order to preserve the usual 
summation convention—i.e. the v super-script indices arising from the covariant ranks 
of f in the superscript «, are written as subscripts on C. As before, we find that the 
u-+v'+2 upper indices of C must be a permutation of the lower ones, and that C is 
expressible as a sum of products of Kronecker deltas. Here again classes of represen- 
tations—depending on the ranks uw, v etc.—are equivalent and are obtainable by outer 
multiplication from a few simple types. As an example of such a representation consider 
the construction of that one for which u—1, v= 2, u' = v' = 0: fa: =a; ay a, is 
the mixed tensor representation with one contravariant and two covariant ranks and 
fg? =1 is the identity. There are then three possibilities for Ci%,-; 41, J,’ dy and an 
equivalent one obtained by interchanging J,, 4, and d; di? dy. Consider in particular 
this latter; it yields f hh ai, ai, ay and we find that the n® quantities — X “/X *s trans- 
form like the n* coefficients /%,1, of affine connection. - 


No essential gain in generality is obtained by considering the hyper-tensors built on 
two relative tensors, for equation (6’) requires that in order that such a representation 
be transitive the difference in the weights of the two relative tensors must be an integer 
and the representation is consequently contained in the above, except for multiplication 
by an arbitrary power of a. This may be seen from the fact that a relative tensor of 
weight 4 (integral) may be considered as an ordinary tensor of rank nA greater, com- 
pletely antisymmetric in the m indices of each of the additional A sets. 





* This first type for r = 0 is what Veblen calls a contravariant projective vector. 
(‘‘Projective Tensors and Connections”, cited above.) 
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4, Conclusion. Having obtained the solution of the reduced problem 
m == 2 there remains only the discussion of the conditions of integrab- 
ility (7’) which only appear in the next step of the construction of the 
general hyper-tensor as outlined at the end of § 2, and is therefore a step 
peculiar to representations of the type m = 3. We do not here attempt 
to give the explicit solution of these conditions because of the unwieldiness 
and complexity of the general case. But this task of determining the cp’s 
in any specific case is in principle simple and straightforward: on replacing 
the C’s by their values in accordance with (11) and the a priori symmetry 
conditions on the tensor representation a8, = 0, (7’) becomes a multiple 
sum of products of Kronecker deltas whose coefficients are bilinear forms 
in the coefficients cp belonging to two representations of type m = 2 of 
consecutive lowest homogeneities. Equating coefficients of the same products 
of Kronecker deltas then gives the explicit conditions on the cp’s— sym- 
metry conditions on the coefficients C and therefore on the representation 
itself. In case these symmetry conditions for any consecutive pair of 
representations of type m= 2 are incompatible with those of the given 


tensor representations fa" the representation as a whole will be intransitive. 
Hyper-tensors whose law of transformation involve in addition third or 
higher derivatives a.. etc. can be discussed by the methods here deve- 


loped, with a corresponding increase in complexity. 
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THE COMBINATORIAL THEORY OF COMPLEXES.* 


By James W. ALEXANDER. 


I. Combinatorial Analysis Situs and Geometry. 


1. In Combinatorial Analysis Situs, it is customary to think of a space 
not as an infinite aggregate of points, but rather as something determined 
by a partition composed of a finite number of inter-related entities, called 
cells. If K and L are two partitions of the same space we assume that 
it is always possible to transform one partition into the other by some 
finite sequence of operations of a definite, prescribed type. It is on the 
basis of this assumption that the theory is built up; consequently the theory 
rests on its own foundations and is quite independent of classical geometry. 
We may place the above interpretation on the treatment given in this 
paper if we regard a symbolic complex, § 5, as a partition, a symbolic simplex 
as a cell (of a rather specialized type but involving no idea of “straight- 
ness”), and two equivalent complexes as different partitions of the same 
space. 

It will also be possible, however, to establish a direct connection between 
combinatorial analysis situs and what may be described as rectilinear 
analysis situs, a branch of elementary classical geometry. The relation 
between combinatorial, rectiliniar, and general point theoretical analysis 
situs is discussed briefly in §§ 2-3, and again at the end of the paper. 

This paper is closely related, both in content and method, to a series 
of papers by M. H. A. Newman,} from which I have borrowed quite shame- 
lessly. It is hoped, however, that the present treatment will further clarify 
the relation between the combinatorial and geometrical theories of complexes 
and that it will avoid some of the formal difficulties of Newman’s theory 
thanks to the introduction and systematical exploitation of so-called simple 
transformations, § 9, in terms of which we express the most general trans- 
formations allowed. Behind each formal proof there will be a simple 
geometrical picture which will help to make the proof tangible. 

2. In classical geometry, an n-simplex is the n-dimensional analogue of 
a tetrahedral region (with boundary included). Thus, for example, a 0-simplex 





* Received January 3, 1930. 

t The term was used in a somewhat broader sense in my paper on Combinatorial Ana- 
lysis Situs, Trans. Amer. Math. Soc., vol. 19, pp. 301-329. I am here giving it what 
seems to be its more generally accepted meaning. 

t Cf. in particular, “On the Foundations of Combinatory Analysis Situs”, Proc. of the 
Royal Acad. of Amsterdam, vol. 29, pp. 610-641. 
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is a point, a 1-simplex a line interval (ends included), a 2-simplex a tri- 
angular region (boundary included), and so on. An n-simplex has n+1 
vertices. We shall represent it by a symbol of the form 


(2:1) 





A= Ay Ay +++ An; 


where the marks a; appearing in the symbol denote the respective vertices 
of the simplex. Any k+1 vertices of A determine a k-simplex B, called 
a k-component of A. If k is equal to m the n-component B of A merely 
reduces to A itself, if k is less than m the component B lies on the 
boundary of A. 

An n-complex K (in the restricted sense of the term here used) will be 
any finite set of n-simplexes such that if A and B are any two simplexes 
of K they either have no point in common or else meet in a k-component 
common to both their boundaries. An n-complex K may be represented in 
all its essential topological features by an algebraic form of degree n+ 1, 


(2: 2) K = Du, u,--- a, 


where each term of the form is the symbol for one of the simplexes of 
the complex. 
Two n-complexes K and Z will be said to be congruent if there exists 


a one-one correspondence, 
aj: bi 


between the vertices a; of K and the vertices }; of LZ such that the sub- 
stitution a;:b; carries the algebraic form associated with K into the 
algebraic form as associated with L. 

A complex K’ will be said to be a partition of a complex K if the 
point set determined by K’ is the same as the point set determined by K 
and if, furthermore, each simplex of K’ either is a simplex or part of 
a simplex of K. Two complexes K and L will be said to be equivalent 
(in the sense of rectilinear analysis situs) if there exist partitions K’ 
and L’ of K and LZ respectively such that K’ and L’ are congruent. 

We shall prove at the end of the paper that a necessary and sufficient 
condition for the equivalence of two complexes in the sense of rectilinear 
analysis situs is the equivalence of their symbols (2:2) in the sense of 
the combinatorial theory about to be developed. 

3. It may be well to point out, very rapidly, the relation between 
rectilinear analysis situs and analysis situs of the more general, point 
theoretical type. In the general theory we are concerned with figures 
made up of arbitrary arrangements of points and regard two such figures 
as equivalent (homeomorphic) whenever there exists any point-for-point 


Ps vg Se a nie Se Tok en Ea Pe er ope $e 








































i 





eae 








un Segre Sash ecm - 


Lite adatigepnemnsnds Bird sec ami stealer, eam ie 


= 


Sg SPE RASS ego 
Sh. ; 


Aa a ee oe 
eC RE PE 
a Site i aris " 


Bs eT a 


—— . 63 aoa 
ET MS ee eee 
— ae ne 


Fhe ee yr 
Pare ma 
¥ 


vicaigclenai sige 
rend 


ee 


Lah Sr me eae 
* 


iN ial a a aall 





bee aR 
ae a 


= 


r 
pS BE 
ee ge ee 


aed eee 
EY Se pa 


t= 


Se ee 


SS 
* 








Bre fee ete 


Me ee at 
Las 





a if 
iy fy 





294 J. W. ALEXANDER. 


continuous correspondence between them. In the rectilinear theory, how- 
ever, we confine our attention to figures made up of a finite number of 
flat n-dimensional pieces, each bounded by a finite number of flat (n— 1)- 
dimensional pieces. Moreover for two such flat figures F and G to be 
equivalent there must exist a point-for-point continuous correspondence 
between them which is linear in patches: that is to say, made up of a finite 
number of linear correspondences each defined between a portion of F 
and a portion of G. It is easy to prove that a flat figure / may always 
be cut up into a complex K; also, that if two flat figures F’ and G are 
cut up into a pair of complexes K and JZ respectively, then a necessary 
and sufficient condition for the equivalence of F' and G under continuous 
transformations, linear in patches, is the equivalence of the complexes K 
and Z in the sense of § 2. 

If two complexes K and L are equivalent they are, of course, homeo- 
morphic. Whether they can be homeomorphic without being equivalent 
is still an open question when we go beyond two dimensions. We know 
that complexes of dimensions 0, 1, and 2 cannot. 


II. The Algebra of Complexes. 


4. We shall now start afresh and develop the theory of complexes from 
the purely formal, combinatorial side. In so doing, however, we shall be 
guided at every step by the underlying geometrical significance of the 
symbols with which we are operating. 

Our basic symbols are to be certain marks, 


Ao, Uy, Agy***, 


called (symbolic) vertices, and two special marks 0 and 1: these last with- 
out immediate geometrical significance. The number of marks a; used in 
the course of the discussion is always to remain finite, but is to be allowed 
to go on increasing indefinitely as the discussion progresses. We shall 
assume that we have the imagination to invent a new mark as often as 
the occasion arises to use one. 

The marks, 0, 1, a, a@,--- will be combined by addition and multi- 
plication. Moreover, addition will be associative and commutative, while 
multiplication will be associative, commutative, and distributive with respect 
to addition. We shall assume that the marks 0 and 1 satisfy the custo- 
mary relations 


O+a—a, 
(4:1) 0-a= 0, (a = 0, 1, or a), 
l-a=>a, 
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and that we also have the two relations 


i+i1=0, 


(4:2) ai: a = 0. 


All other relations among the marks are to be formal consequences of 
(4:1) and (4:2). 

In view of relations (4:2), the most general polynomial Z/ in our algebra 
will have unit coefficients, (i.e. coefficients reduced modulo 2), and will 
contain no term with repeated vertices. Moreover, we shall always have 


H+N=0, H-1=0 orl. 


5. From now on, our attention will be fixed on homogeneous polynomials 
of arbitrary degree. A homogeneous polynomial K of degree n+1, 


(5:1) —  K=Qai,a, --- m, 
will be called a (symbolic) n-complex; one consisting of a single term, 
A = MQ +++ Gn, 


a (symbolic) n-simpler. The product of any k-+1 marks appearing in the 
same term of a complex K will be called a (symbolic) k-component of K. 
In particular, a O-component will be called a vertex, a 1-component an 
edge, an (n—1)-component a face of K. 

A complex K will be called a sub-complex of a complex LZ if all its, 
terms (and, therefore, all its components) are components of L. Two 
complexes will be said to be non-intersecting if they have no vertex (and, 
therefore, no component) in common. 

THEOREM [5:1]. The product of a k-simplex A by an l-simplex B, (A, B 
non-intersecting) is a (k+1+1)-simplexr AB. 

Obviously. 

THEOREM [5:2]. Every complex K is a sub-complex of a simplex. 

As, for example, of the simplex A obtained by multiplying together all 
the vertices of K. j 

To obtain a simple geometrical picture of a symbolic complex K, let 
us agree that we shall always represent the symbolic simplex determined 
by the combined vertices of K by a geometrical simplex S, and that we 
shall represent K itself by the geometrical complex made up of the 
components of S determined by the respective terms of K. 

According to our definitions, the polynomial 1 of degree 0 will be 
a symbolic complex of dimensionality —1. We shall not try to attach 
any particular geometrical significance to this complex. 
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6. With each complex K there is associated another complex K called 
the boundary of K. For the special case where K reduces to a vertex a its 
boundary @ is, by definition, the complex 1,* while if K reduces to a simplex A 
of higher dimensionality than 0 its boundary A is, by definition, the complex 
obtained by summing all the faces of A. Thus, for example if a, b,c, --- 
denote vertices, we have 


a=i 
(6:1) i sleatin te 
abe = ab+acthbe 


The boundary of the complex 1 is, by definition, 0. The boundary 
of a perfectly general complex K of dimensionality greater than —1 is, 
by definition, the sum of the boundaries of all the individual terms of K. 
Since all the coefficients of a complex are reduced modulo 2 the boundary 
of a O0-complex is either 0 or 1 according as the 0-complex is the sum 
of an even or of an odd number of vertices. The boundary of a general 
complex K of dimensionality greater than 0 is the sum of all the faces 
of the complex that are components of an odd number of terms of K. 

It may, perhaps, be helpful to observe that the law for finding the 
boundary K of a complex X is similar to the one for finding the derivative 
of a polynomial, the difference being that the derivative of each symbolic 
vertex a; is here to be set equal to unity. 

The following theorem may readily be proved in the same way as the 
analogous theorem about differentiation. It will be used in nearly every 
subsequent proof. 

THEOREM [6:1]. Jf K and L denote two complexes, then 


(6:2) K+L = K+L, 
and iat ieee 
(6:3) KL = KL+ KL. 


Since we are confining our attention to homogeneous polynomials, the first 
of the above relations presupposes that K and LZ are of the same dimension. 
The second relation holds whatever the dimensions of K and L. 

A complex is said to be closed (as distinguished from open, or bownded) 
if its boundary vanishes. 

THEOREM [6:2]. The sum and product of two closed complexes are both 
closed. 

By (6:2) and (6:3). 





*A different convention, making the boundary of a vertex 0 was adopted in my other 
paper; loc. cit. 
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Lemma [6:3a@]. The boundary of an n-simplex is closed. 
Proof. The lemma is true for the case n = 0, because we have 


a@=1 and 1=0. 


We prove it for greater values of » by induction. Given an n-simplex A, 
we write it as the product DB of a vertex by an (m—1)-simplex. We 
then have 

(6:4) bB = bB+B. 


Now, by the hypothesis of the induction, the boundary of B vanishes. Hence, 
by (6:4), the boundary of 6B is 
B+B=0, 

which proves the lemma. 

THEOREM [6:3]. The boundary K of an open complex K is always closed. 

Because K is the sum of the boundaries of the individual terms of K. 

A component A of a complex K will be said to be internal if it is not 
a component of the boundary of K. 

7. Let K be a complex and A an arbitrary component of K. We may 
then group together the terms of K with the component A, take out the 
factor A from this group, and thus write K in the form 


(7:1) K = AP+Q, 


where A is not a component of Q. If K is of dimensionality m and A 
of dimensionality k, the complex AP will be called an (n:k)-cluster of K 
with the core A. The complex P will be called the complement of A with 
respect to K, the complex Q the residue of AP. If A is a complete term 
of K, the complement P of A will be unity. 

THEOREM [7:1]. A necessary and sufficient condition that a component A 
of a complex K be internal is that the complement P of A with respect 
to K be closed. 

Proof. Write 

K = AP+Q. 
Then s Resto e 
K = AP+AP+Q, 


where A is not a component of AP+Q. Thus, we see that A is an internal 
component of K if and only if P vanishes. 

8. An n-complex K will be said to be k-connected provided that if A 
and A’ are any two mn-simplexes of K there is always a sequence of 
n-simplexes of K beginning with A and ending with A’ such that two 
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consecutive simplexes of the sequence have a k-component in common. 
An n-complex K will be said to be connected provided it is 0-connected. 
It will be said to be completely connected provided it is (m — 1)-connected. 

The following two theorems are obvious: 

THEOREM [8:1]. Jf a complex K is k-connected it is also l-connected, 
provided O<1< k. 

THEOREM [8:2]. A sufficient condition that an n-complex K be k-connected 
is that it be connected and that each of its (n:0)-clusters be k-connected. 


Ill. Simple transformations. 
9. We now propose to find the combinatorial equivalent of a few simple 
geometrical operations. Consider a geometrical n-simplex A with the 
faces A; and boundary _ 


Then, if we choose a new vertex a at some interior point of A we may 
clearly subdivide the simplex A into a complex K composed of the n+1 
n-simplexes determined by the vertex a and the respective faces A; of A. 
The formal operation corresponding to this subdivision is one replacing A by 


aA = aAyp+aA,+-+>+aAn. 


Strictly speaking, the symbol aA cannot exactly represent the complex K; 
for, according to our conventions, the symbol aA implies that the n+2 
vertices implicitly contained in aA are the vertices of an (n+-1)-simplex aA, 
whereas the n+2 vertices of K all lie on the m-simplex A. However, 
the symbol aA represents a complex congruent to K, which is enough 
for our purposes. If we like, we may picture the complex aA as one 
obtained from the complex K by a slight displacement of the vertex a. 

A somewhat more general subdivision of a geometrical simplex A may 
be obtained by placing the new vertex a at an interior point of an arbitrary 
component B of A, where B may either be A itself (taking us back the 
case already considered) or else a component of the boundary of A. The 
symbolic operation corresponding to this subdivision is one replacing BC 
(= A) by a BC. 

After this brief geometrical digression we shall return once more to the 
formal theory. Let K be any (symbolic) n-complex, A an arbitrary com- 
ponent of K and a any vertex not of K. We then define the simple sub- 
division (A, a) of K as the operation transforming the symbol 


K= AP+Q 
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In view of what we have said above, the formal operation (A, a) obviously 
corresponds essentially to the geometrical operation of placing a new 
vertex a on the component A of K and cutting up each of the n-simplexes 
of K with the component A in the manner described above. 

To simplify the wording of certain theorems we shall allow the trans- 
formation (A, a) to be applied to a complex K even when A is not a com- 
ponent of K. In such cases, the understanding will be that the trans- 
formation (A, a) does not effect a subdivision of the complex K but simply 
leaves K invariant. We shall never apply a transformation (A, a) to a com- 
plec K if a is a vertex of K. Moreover, the symbol (A, a) will always 
be taken to imply that a is not a vertex of A. 

If a simple transformation (A, a) carries a complex K into a complex L 
the inverse transformation carrying L back into K will be denoted by 
(A,a)-'. It will not be permissible to apply the transformation (A, a) 
to a complex ZL unless there exists a complex K such that K is carried 
into L by (A,a). If the simplex A and vertex a are neither of them 
components of the complex Z the transformation (A, a)—! of Z will always 
be permissible. For, according to the conventions made above, the trans- 
formation (A, a) will transform Z into itself. Therefore (A, a) will exist 
and will also transform Z into itself. 

The transformations (A,a) and (A,a)~ will be called simple trans- 
formations of order k, where the number k is the dimensionality of the 
simplex A appearing in the symbol (A,a). A simple transformation (a, b) 
of order 0 merely replaces a vertex a (when present) by a vertex b. It 
may be regarded as a degenerate case either of a subdivision or of the 
inverse of a subdivision. 

In the sense of the formal theory, two complexes will be said to be 
congruent if and only if it is possible to transform one into the other by 
a sequence of simple transformations of order 0. They will be said to 
be equivalent if and only if it is possible to transform one into the other 
by a sequence of simple transformations of arbitrary orders. At the end 
of the paper we shall prove that a necessary and sufficient condition for 
the equivalence of two geometrical complexes K and LZ is the formal 
equivalence of their symbols in the sense just defined. 

We shall use the symbol 
K-L 


to indicate that a complex K is equivalent to a complex L, and the 
symbols 

K-L, (A, a), 
K-L, (A, a), 
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to indicate that K is transformable into LZ by the operations (A, a) and 
(A, a)— respectively. 

10. A transformation (A, a) operating on a complex K will be said to 
be internal if it leaves the boundary of K invariant. The condition that 
it fail to be internal is, therefore, that A be a component of the boun- 
dary K of K. If A is not a component of K, in which case the trans- 
formation (A, a) leaves K as well as K invariant, we shall still speak 
of (A, a) as an internal transformation in order to condense the wording 
of certain statements. A transformation (A, a) will be said to be internal 
if it is the inverse of an internal transformation (A, a). 

THEOREM [10:1]. If a simple transformation carries a complex K into 
a complex L it carries the boundary K of K into the boundary L of L. 

Proof. There will be no loss of generality in lettering the complexes 
in such a manner that the transformation from K to Z is a simple sub- 
division (A, a). We may then write 


K = AP+Q, L = aAP+Q, 


whence, 
 K= AP+AP+Q 
+aAP+AP+4+ Q, (A, a), 
=AaP+Q =L. 


Remark. In this and subsequent proofs we must keep in mind that the 
boundary of the boundary of a complex always vanishes, [6:3], so that 
any letter with a double bar over it may be set equal to zero. 

CoROLLARY [10: 1a]. If two complexes K and L are equivalent so also 
are their boundaries K and L. 

The next theorem is significant because of its many applications. We 
compare effect produced on a complex K by two simple subdivisions (D, a) 
and (Z, b) taken in the order named with the effect produced by the same 
two transformations taken in the reverse order. Suppose we have 


K-K,, (D, a) (Z, b), 
K->R,, (E, b) (D, a). 


The theorem tells us, in substance, that the complexes K, and Kg are 
either identical or else reducible to the same complex L by the application 
of one suitable simple subdivision to each of them. 

To allow for the case where the simplexes D and E have a common 
component C we shall write 


D = AC, E = BC; (A, B, C non-intersecting). 
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The theorem, which we are now ready to state, will be valid even if one 
or more of the simplexes A, B, C is not a component of K. 

THEOREM [10:2]. Let K be a complex, let A, B, C be three non-inter- 
secting simplexes, and let a, b, c be three distinct vertices, not vertices of 
A, B, C or K. Then, the two sequences of transformation 


t, = (AC, a) (BC, b) (Ba, ¢) 
and 


shears (BC, b) (AC, a) (Ab, c) 


both transform the complex K into the same complex L. 

Proof. Let us consider the effect of the transformations +, and t, on 
each individual term of K. If a term P lacks the component A, the 
transformations +, and t, each produce the same effect on P as the 
transformation (BC, b) taken by itself. (Remark: The factor (AC, a) of 1, 
leaves the term P invariant and, therefore, does not introduce the vertex a 
which must be present if the factor (Ba, c) is to have any effect.) Simi- 
larly, if a term P lacks the component B, the transformations 7, and t, 
produce the same effect on P as the transformation (AC, a) taken by it- 
self. If a term P lacks the component C, the transformations rt, and t, 
both leave P invariant. Thus, there remain to be considered only terms 


of the form 
P = ABC.-D, 


in which all three of the components are present. Now, if we apply suc- 
cessively the three factors of the transformation 1r, to a term of this last 
sort we shall have eee 
P—> aB(AC+A0C) D, (AC, a), 
+ {aBAC+ bad (BC+ -BC)} D, (BC, b), 
={aB(A+ bA) C+ abABC} D, 
> {c(B + aB) (A+bA4)C+abABC}D, (Ba, c). 


Moreover, by symmetry considerations, the complex into which the term P 
is transformed by tz will be obtainable from the last line in (10: 1) by 
merely substituting the letters a, b, A, B, A, B for the letters b, a, B, A, B, A 
respectively. But this substitution leaves the last line invariant. There- 
fore, the transformations +, and t, both produce the same effect on the 
term P. This completes the proof of the theorem. 

There are several useful special cases of the theorem. 

(i) The case C—1, 

Here, the transformation 7, reduces to 


t, = (A, a) (B, b). 


(10:1) 
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(Remark: The third factor of 7, produces no effect, because the second 
factor removes the component B, when present, and therefore also the com- 
ponent Ba.) The transformation rt, reduces to 


2 = (B, b) (A, a). 
Thus, we have the corollary: 
CoROLLARY [10:2a]. Two simple transformations (A, a) and (B, b) are 
commutative provided A, B, a, b are non-intersecting. 
(ii) The case B= 1. 
Here the transformations r, and rt, reduce to 


 ecaee (A C, a) (C, b) (a, c) saa (AC, ¢) (Cc, b) 
tz = (C, b) (Ab, c) 


and 


respectively. Hence, by transposing the last term in the first member of 
the equation 7, = 7,, we have 


(10:2) (AC, c) = (C, b) (AB, c) (C, Bb)". 


Now, let AC be a simplex of dimensionality k and C a simplex of 
dimensionality /(/<k). Then, by (10:2), we have the following corollary. 

CoROLLARY [10:2b]. A simple subdivision of order k is the resultant of 
three simple transformations of orders 1, k —1, and | respectively, where l is 
any order less than k. 

By repeated applications of this corollary we are led to the following 
fundamental result: 

CoROLLaRY [10:2c]. Every simple subdivision (and, therefore, every simple 
transformation) is the resultant of simple transformations of orders 0 and 1. 

Whence, also, 

CoROLLARY [10:2d]. A necessary and sufficient condition for the equi- 
valence of two complexes K and L is that one be transformable into the other 
by a finite sequence of transformations of orders 0 and 1. 

The next corollary is essentially a re-statement of Theorem [10:2] and, 
therefore, requires no separate proof. 

CorOLLARY [10:2e]. In the notation of Theorem [10:2], let K’ be the 
complex obtainable from K by a transformation (AC, a), 


(10:3) K->K', (AG, a), 


and let L and L’ be the complexes obtainable from K and K' respectively dy 
a second simple transformation (BC, b), 


K, K+ &, 2, (BC, b), 
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Then the complex L' is obtainable from the complex L in the following 
three steps: 

(10:4) Lol’, (AC, a) (Ab, c) (Ba, ce), 
where c is any new vertex. 

Let us observe for future reference that neither LZ, LZ’, nor either of 
the two intermediate complexes in the passage (10:4) from LZ to L’ has 
the component BC. For LZ and L’ have both been obtained by a trans- 
formation (BC, b) and are, therefore, surely without BC. Moreover the 
transformations (AC, a) and (Ab, c) cannot restore the component BC since 
the vertices a and ¢ are not vertices of BC. 

Let us further observe that if the transformation (10:3) is internal so 
also are the three factors of the transformation (10:4). Perhaps the easiest 
way to prove this statement is to go back to Theorem [10:2] of which 
the corollary is a paraphrase. To say that (10:3) is internal is to say 
that the factor (AC, a) .of c, in [10:2] is internal; whence the vertex a 
cannot appear on the boundary; whence the component Ba cannot appear 
on the boundary; whence the factor (Ba, c) of t, must be internal; whence 
the vertex c cannot appear on the boundary; whence the factor (AJ, c) 
of t, must be internal. Thus, we have shown that the three factors of 
the transformation (10:4) are internal. As a consequence of this observation 
we have at once the following corollary: 

Coro.uary [10:2f]. If K and K’' are two complexes differing by a simple, 
internal subdivision (AC,a) and if L and L’ are the complexes obtained 
Strom K and K’ respectively by a simple subdivision (BC, b), where A, B,C, a, b 
are non intersecting, then L is transformable into L’ by internal trans- 
Sormations. 

LemMA [10:3a@]. Let Ky and Ky be two complexes such that one is trans- 
JSormable into the other by a sequence of simple, internal transformations. 


(10:5) Ky > K, >: + -> Kn-17 Kn. 


Then, given any simplec D not an internal component of either Ky or Kn 
the sequence (10:5) may always be so chosen that D is not an internal 
component of any one of the intermediate complexes K;. 

Proof. We shall choose the sequence (10:5) in an arbitrary manner 
and show how to modify it, whenever necessary, so that D shall not be 
an internal component of any intermediate complex. : 

The case where D is a component of the boundary Ky of Ky may be 
disposed of at once. The complexes K; all have the same boundary Ky 
as K,. Consequently, the simplex D is on their common boudary and 
not an internal component of any of them. 
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Consider, next, the case where D is not a component of the boundary Ky 
of Ky but where all the vertices of D are. In this case, we shall apply 
to each complex K; of (10:5) the transformation (D,a), where a is not 
a vertex of any of the complexes K;, thus obtaining 


Ki>some Lj, (D, a). 


The transformation (D, a) will effect a simple internal subdivision of every 
complex K; with the component D, thereby eliminating D. It will leave 
invariant those complexes K; which do not have the component D; whence, 
in particular, we shall have 

K, = Ly, K, = Ln. 


Now, to fix matters, let us suppose that the transformation K;— Ki+, is 
a simple subdivision (Z,b). Let us write D— AC and E = BC, 
(A, B,C, non intersecting), to exhibit any factor C which D and EF may 
have in common. Then since the vertices of D—= AC are all on the 
boundary K, of K;, and since the new vertex b is internal to K; we 
conclude that b is not a vertex of A. Thus, it is clear that A, B, C, a,b, 
are non intersecting. (The only doubtful point was the possible intersection 
of b and A). Whence by [10:2f] it is possible to pass from ZL; to Li41 
by simple internal transformations. If the transformation K;—> Kis: is not 
a subdivision the inverse transformation Kj;,:—K; must be one, and we 
arrive at a similar conclusion. It follows, at once, that we may pass 
from Ly) to Lp, via the complexes Z;, by simple internal transformations 
no one of which introduces the component D. 

There remains the case where some vertex d of D is not on the boundary 
of K. In this case, all that we have to do is to select a new vertex c 
not a vertex of any complex K; and apply to each complex K; the change 
of vertex (d, c), giving us, 

K;—> some J;, (d,c). 


The complexes J; evidently do not have the component D since they all 
lack the component ¢ of d. Therefore, we may go from Ky to Ky, by the 
sequence of simple transformations 

Ky > Jo > J > + + + @In-1 > Jn > Bn. 


This completes the proof of the lemma. 
THEOREM [10:3]. Let Ky and Ky be two complexes such that one is trans- 
Sormable into the other by a sequence of simple, internal transformations, 


(10:6) Ky > Ki > +--+ > Kn-1> En. 


Then, given any complex L such that no component of L is an internal 
component of either Ko or Kn, the sequence (10:6) may always be so chosen 
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that no component of L is an internal component of any one of the inter- 
mediate complexes K;. 

For, by repeated application of the lemma, we may modify an arbitrarily 
chosen sequence (10:6) in such a way as to eliminate successively any 
components of Z appearing among the internal components of the com- 
plexes K;. At each modification of the sequence, we shall be careful, 
whenever we introduce a new vertex to pick one which is not a vertex 
of L. In this way we shall be certain never to introduce one component 
of LZ at the same time that we are eliminating another. 

Theorem [10:3] enables us to draw the conclusion that, under the con- 
ditions specified in the theorem, a complex K,+ JZ may be transformed 
into a complex K,-+ LZ without disturbing the complex Z in the process. 
In this form the theorem will be used repeatedly. 

THEOREM [10:4]. Let K and L be a pair of non-intersecting complexes, 
and let K' and L' be a second pair of non-intersecting complexes such 
that K' and L’ are equivalent to K and L respectively. Then the product 
K' L’ is equivalent to the product KL. 

Proof. A sequence t of elementary transformations carrying K into K’ 
will carry KL into K’L unless a factor of t introduces a vertex of L, 
in which case, it will not be legitimate to apply the transformation t to KL. 
However, by a certain number of changes of vertex (simple transformations 
of order 0) we may transform the complex Z into a congruent complex Ly 
such that no vertex of ZL, is a vertex of either K, K’, or any complex 
appearing during the transition from K to K’. Now, we obviously have 


KL>~>KI,—> K'Ily. 
Moreover, by a similar argument, with the rdles of the K’s and L’s reversed, 
K'L, > Kj l'> K'L’, 
whence 
KL-K'L’. 
THEOREM [10:5]. If a complex K is k-connected so also is every complex 


equivalent to K. 
For we readily see that a simple transformation carries a k-connected 


complex into a k-connected complex. 


IV. Elements, Spheres, Manifolds. 

11. An n-element will be defined as any n-complex which is equivalent 
to an n-simplex. The order of an n-element will be the minimum number 
of simple transformations required to reduce the n-element to an »-simplex. 
Every 0-element is a 0-simplex and, therefore, of order 0. For a 0-simplex 
is a vertex, and every complex equivalent to a vertex is itself a vertex. 

28 








Soins ceed ne DRM om 











‘ Papp siiieneen rai Fn Sh ac ena - 
eR SOS Lee ae oh a 











A RL AE ty AAP GAEL 5 
Vara TNT 


er, Jee Se aieas: Soe) tah 


pega Det 
— 


©. bpaeS 


Se by eee 


i} OH, 
| 
in 

4 


306 J. W. ALEXANDER. 


An n-sphere will be defined as any n-complex which is equivalent to 
the boundary of an (n-+-1)-simplex. The order » of an n-sphere will be 
the minimum number of simple transformations required to reduce the 
n-sphere to the boundary of an (m+ 1)-simplex. Every 0-sphere is the 
boundary of a 1-simplex and, therefore, of order 0. For the boundary of 
a 1-simplex is the sum of two vertices, and every complex equivalent to 
the sum of two vertices is itself the sum of two vertices. The boundary 
of every 0-element is the complex 1 which plays throughout the role of 
a sphere of dimensionality —1. 

An n-complex will be said to be simply connected if it is either an 
n-element or an n-sphere. The complex 1 is simply connected, since it 
is to be thought of as a sphere. 

THEOREM [11:1]. The boundary of an n-element is an (n —1)-sphere. 

Proof. By its definition an n-element is equivalent to an n-simplex; 
therefore, the boundary of an n-element is equivalent to the boundary of 
an n-simplex, by [10:1a). 

THEOREM [11:2]. Every n-sphere is closed. 

By [6:3e] and [10: 1a]. 

THEOREM [11:3]. The product of a k-element E by an l-element F, (E, 
F non-intersecting), is a (k+1-+-1)-element EF. 

By [5:1] and [10:4]. £4 a 

THEOREM [11:4]. The product of a k-element E by an l-sphere F, (E, F 
non-intersecting), is a (k-+-1+1)-element EF. 

Proof. Consider first the case where EZ is a k-simplex and F the 
boundary of an (7+ 1)-simplex F. Factor the k-simplex # into a (k —1)- 
simplex and a vertex, EH = Aa. Then, 


EF = AaF-AF, (F, a), 


where, by [11:3], the product AF is a (k+/+1)-element. This disposes 
of the special case under consideration; the general case follows immediately 
from the special one, by [10:4]. 

THEOREM [11:5]. The product of a k-sphere E by an l-shere F (E, F non- 
intersecting) is a (k+1+1)-sphere EF. 

Proof. Consider first the case where E and F are the boundaries of 
two simplexes # and F respectively. Since EH has the same vertices 
as E it cannot intersect F. Therefore, by [11:4], EF is a (k+1+-2)- 
element. Moreover, the boundary of EF is EF; whence, by [11:1], EF is 
a (k+/-+1)-sphere. The general case follows, at once, by [10:4]. 

As an immediate corollary to [11:3], [11:4], and [11:5] we have the 
following comprehensive theorem. 
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THEOREM [11:6]. The product S of any set of non-intersecting simply 
connected complexes S; is simply connected. Moreover S is an element unless 
its factors S; are all spheres, in which case it is likewise a sphere. 

12. A component A of a complex K, 


K = AP+Q 


will be said to be regular if its complement P with respect to K is simply 
connected; otherwise it will be said to be singular. A complex K will be 
called a manifold if all its vertices are regular. Every 0-complex is 
a manifold, since the complement of each of its vertices is the simply 
connected complex 1. 

The first two theorems about manifolds will be proved together, along 
with a corollary to the second. 

THEOREM [12:1]. All the components of an n-manifold are regular. 

THEOREM [12:2]. If an n-complex K is a manifold so also is every complex 
equivalent to K. 

CoROLLARY [12:2a]. Every simply connected n-complex is a manifold. 

These three propositions are obvious for the case » = 0. For the 
general case, the proof will be made by induction. In proving theorem 
[12:1] for a general value of n, (7 > 0), we shall assume the corollary for 
values of m less than the one under consideration. 

Proof of Theorem [12:1]. Let A be any component of an n-manifold 
M, and let b be any vertex of A. Set A=0DB, and write M in the form 


M = b(BP+Q+4+R. 


Now, since M is an n-manifold, BP+Q is simply connected and of 
dimensionality »—1. Therefore, the complement P of B with respect 
to BP+ Q is simply connected, by [12:2a], which we have a right to 
apply here in making the induction. But P is also the complement of 
)B = A with respect to M. Therefore A is regular, which is what we 
needed to prove. 

Proof of Theorem [12:2]. Since every complex equivalent to K may be 
carried into K by a sequence of simple transformations, the proof evidently 
reduces to showing that if two complexes Z and M differ by one simple 
transformation then if either of them is a manifold so also is the other. 
Let us choose our notation so that the transformation from Z to M is 
a subdivision 

L-M, (A, a). 
The vertices of M are then the same as the vertices of L except for one 
additional vertex a. 
28* 
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Consider first a vertex b common to LZ and M. We shall prove that 
if b is regular with respect to either LZ or M it is regular with respect 
to both of them. 

Case 1. The vertex } is not a vertex of A. Then we may write L 
and M in the forms 

L = (AP +Q)4+(AR +58) 
M = b(aAP+Q4+(aAR+S8) 


respectively, where, in special cases, certain of the sub-complexes P, Q, 
R, S may vanish. Thus, the complement AP+ Q of b with respect to L 
differs from the complement aAP+Q of b with respect to M by the 
transformation (A, a), which is either a simple subdivision or the identity. 
Consequently, if either of the two complements is simply connected so 
also is the other. 

Case 2. The vertex b is a vertex of A. Then, if we set A= DB, we 
shall have 

L= (BP+Q4+2 
whence, by applying (0 B, a), 
M = b(aBP+Q+aBP+R. 


This time, the complement BP+@Q of b with respect to L differs from 
the complement aBP-+Q with respect to M by the simple subdivision 
(B, a). Therefore, again, if either complement is simply connected so 
also is the other. 

What we have said is sufficient to prove that if M is a manifold so 
also is LZ. Because every vertex b of L is a vertex of M, and we have 
just shown that if 6 is regular with respect to M it is also regular with 
respect to ZL. To prove that if Z is a manifold then M is also one we 
shall still have to show that the new vertex a of M is regular. Let 
us write 

L=AP +Q, 
M = aAP+Q. 


Then, if Z is a manifold P is simply connected by [12:1]. Therefore, 
AP is simply connected, by [11:6]. Therefore, a is regular, which com- 
pletes the argument. 

The corollary follows immediately from the theorem. We see by in- 
spection that every vertex of a simplex or of the boundary of a simplex 
is regular. Therefore every simply connected complex is a manifold, by 
[12:2] and the definition of simple connectedness. 

THEOREM [12:3]. The product of two non-intersecting complexes K and L 
can only be a manifold if both K and L are simply connected. 
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Proof. Suppose that L, for example, is not simply connected. Write 
the complex K in the form 
K = A+P, 
so as to exhibit one of its terms A. Then 


KL = AL+PL. 


Now, by hypothesis, the complement L of A with respect to KZ is not 
simply connected. Therefore, KZ is not a manifold. 

This theorem supplements theorems [11:3], [11:4], and [11:5] by telling 
us that a product KZ is never simply connected unless both K and L are. 

THEOREM [12:4]. An (nm —1)-component A of an n-manifold M is a face 
of at most two n-simplexes of M. 

For the complement of A with respect to M is simply connected and of 
dimensionality 0; hence, it consists either of a single vertex b or of the 
sum of two vertices b and c. Therefore, there are at most two n-simplexes 
Ab and Ac of M with the face A. 

From this last theorem and the definition of the boundary of a complex 
it follows that the boundary of an n-manifold is the sum of those (m — 1)- 
components of the manifold that are faces of but one n-simplex of M. The 
boundary of a O-manifold vanishes or is equal to unity according as the 
manifold is the sum of an even or of an odd number of vertices. 

THEOREM [12:5]. A component A of a manifold M is internal or on the 
boundary of M according as its complement is an element or a sphere. 

For we have 


(12:1) Saar 


M = AP+AP+Q. 
Whence, 4 is a component of M if and only if the boundary P of the 
simply connected complex P vanishes; that is, if and only if P is a sphere. 

THEOREM [12:6]. The boundary of an open n-manifold M is a closed 
(n —1)-manifold M. o. 

For, by relation (12:1), the complement of each component A of M with 
respect to M is a sphere P. Hence, M is an (n —1)-manifold with internal 
components only. 

THEOREM [12:7]. Every (n:k)-cluster of a manifold is an n-element. 

For it is the product AP of a simplex A by a simply connected complex P. 

THEOREM [12:8]. A necessary and sufficient condition that an n-complex K 
be a manifold is that all of its (n:0)-clusters be simply connected. 

For, by [11:6] and [12:3] a necessary and sufficient condition that an 
(n:0)-cluster with centre at a be simply connected is that the complement 
of a be simply connected. 
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THEOREM [12:9]. Every connected n-manifold is completely connected. 

CoROLLARY [12:9a]. An n-element and an n-sphere are completely connected. 

These two propositions may be proved simultaneously by induction with 
respect to n. They are immediate consequences of [8:2], [10:5], and the 
fact that a simplex and its boundary are both completely connected. 

THEOREM [12:10]. Let M be a closed, connected n-manifold and P an 
n-complex made up of some but not all of the n-simplexes of M. Then the 
complex P cannot be closed. 


Proof. Let us write 
M = P+Q. 


By [12:9], the manifold M is completely connected. Therefore, if A is 
an n-simplex of P and B an n-simplex of Q there exists a sequence of 
n-simplexes of M beginning with A and ending with B such that two 
consecutive simplexes of the sequence always have a face in common. 
Let A; be the first simplex of this sequence that belongs to Q and let A;-; 
be the simplex immediately preceding A;. Then, the face which Aj-1 
and A; have in common is not on the boundary of any simplex of M 
except Aj: and A;, by [12:4]. Therefore, it is on the boundary of but 
one simplex Aj-; of P. Therefore, it is on the boundary of P. There- 
fore P is not closed. 

CoRoLuary [12:11]. Let M be an open, connected n manifold, and P an 
n-complex made up of n-simplexes of M. Then the complex P cannot be closed. 

Let us merely point out, in passing, that a class of complexes having 
some but not all of the properties of manifolds may be defined by imposing 
the restriction that all k-components shall be regular, though components 
of lower dimensionalities may be singular. 

THEOREM [12:12]. Jf all the k-components of a complex K are regular 
so also are all the components of K of dimensionalities greater than k. 

Proof. Every component A of K of dimensionality greater than k may 
be expressed as a product BC, where B is of dimensionality k. Let us 
write 

K= B(CP+Q)4+ 28. 


Then, by hypothesis, B is regular; therefore CP+Q is simply connected. 
Therefore, also, the complement P of C with respect to CP+Q is simply 
connected. Therefore, finally, BC = A is regular in K. 

Let us say that a complex is k-regular if all its k-components are regular 
(and therefore, also, all its -components, (J>k)). Then, it is easy to prove 
the following theorem. 

THEOREM [12:13]. Jf a complex K is k-regular, so also is every complex 
equivalent to K. 
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The proof is similar to that of Theorem [12:2] and will, therefore, be 

omitted. 
V. Stars. 

13. An n-star will be defined as the product of an (n—1)-sphere E by 
a vertex a not of E. The centre of the star aE will be the vertex a; 
the boundary of the star, by the definition of the boundary of a complex, 
will be the sphere Z, i 
aE= E. 
A 0-star consists of a centre alone; its boundary is the sphere 1. 

THEOREM [13:1]. very n-star is an n-element. 

By [11:4]. 

If an n-element E is reducible to a star a# by a sequence of simple, 
internal transformations the transformation E-aZ will be spoken of as 
one which stars the element E and will be denoted by 


E->aE, [E, a}. 


When it is possible to star an element /, the minimum number of simple, 
internal transformations required to bring about the starring will be called 
the order of starring o of EZ. With the aid of the following auxiliary 
lemmas we shall prove that every element may be starred. 

LemMMA [13:2a@]. Let M be an n manifold and E an n-element made up 


of simplexes of M, 
M= E-+J. 


Then, if the element E may be starred the manifold M admits the following 


transformation _ 
M>akE+J7 


where a is any vertex not of M. 

Proof. The lemma follows, at once, from [10:3] provided no internal 
component A of # is a component of J. But the complements of A with 
respect to H and M are both spheres, and the first complement is made 
up of simplexes of the second. Therefore, by [12:10], the two complements 
coincide. Therefore, the cluster of M with core at A is made up entirely 
of simplexes of #, which proves the lemma. The lemma would not be 
true, if M were a general complex instead of a manifold. 

Lemma [13:28]. Let E and F be two n-elements such that E is trans- 
Sormable into F by a simple subdivision (A, a). Then, if E may be starred 
so also may F. 

Proof. If the transformation (A, a) is internal, we may, of course, star 
the element F' by first transforming it into #. We shall treat the case 
where (A, a) is not internal by induction. with respect to the order of 













































rs Seen 


ee 
Ka SS 


ae i 


4s 
& & SIR SEER rs So : a 
oe di SRR IES SE ig Bae RE gh Te 


EET LY MATAR ETI, ORE TERE I 
er 


es rom < 


ae 


ee eee 


Se Hi ngaeseat ioe ee ne: 
ep = 


= 


ne ee a 
ees Sa ‘ 
as 


per 


& 
Pose arty 











ee pee ae 


sgh 


ive 


Bi 


oe 


Pg ERP 


i ot 
om 


= 





PEI 867 


sot SAT NEAR ic RIAD OL GRRE GE LED 
POLO Se 


a, — 
ik Ng eRe ce EGE ARS OT BEM 
- 


_ 


sce Rin ghia RR Pg te at Ae 
ce egg eens fe eee 4? 


att wey 


deed, 
ae 


ap ss haease 








o 
ae 


a oe aN a 


312 ‘J. W. ALEXANDER. 


starring of HZ. If the order of starring o of E is zero, the element £ is 
already a star aE. Therefore, F is also a star aF; for, by hypothesis, 
the transformation (A, a) operates on the boundary F of E, whence 


aE—>aF, (A, a). 


If the order of starring o of F is greater than zero we may transform the 
element E into an element A, of order of starring «—1 by one simple, 
internal transformation. Let F, be the element into which Z is carried 
by the transformation (A, a). Then, by the hypothesis of the induction, it 
is possible to star Fj. Moreover, since either E> E, or Ey> £ is an 
internal subdivision it must be possible to go from F to Fy by simple, 
internal transformations, by {[10:2f]. Therefore, finally, it must be possible 
to star F. 
LemMA [13:27]. Jf an element E may be starred the product AE of the 
element E by a simplex A which does not intersect E may also be starred. 
We shall first dispose of the case where the simplex A is of dimensio- 
nality 0: that is to say, where A reduces to a vertex a. The proof of 
this special case will be made by induction with respect to the order of 
starring o of E. If we have o=—0O, the element £ is itself a star of 
the form bE; therefore, the product af = abE may be starred in one 
step, as follows: 
abE>c(a+Dbd)E, (ab, c). 


This last expression is obviously a star because the product (a+b) E is 
a sphere. For the case o>0O the element £ is reducible by one simple, 
internal transformation to an element Ey of order of starring o—1. Let 
the element Ey, be chosen (as it obviously may) in such a way that a is 
not one of its vertices. Then, by the hypothesis of the induction, it will 
be possible to star the product ak). We now consider separately the 
following two cases. 

Case 1. The transformation E,— E is a subdivision. Then, by Lemma 
[13:2], it is possible to star the product aE, since it is possible to star 
the product aX). 

Case 2. The inverse transformation H > EZ, is the one which is the sub- 
division. Call this subdivision (C, c). Then it is easy to prove that Z will 
be starred by the internal transformation (aC, c) [aZ), b] (oC, c)—. For 


suppose we write 
E = CP+Q, 
whence, 


Ey = cCP+Q, 


and 
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(Note: C is internal, therefore P vanishes, by [12:5]). We then have, 
ak = a(CP+Q) 


+> a(cCP+Q+4+cCP, (aC, c), 
= aK+cCP 

> b(Ey+ ab) +cCP, [a Ep, B1, 
= b(cCP+Q+bak+cCP 

= chOP+bQ+baE i 
> b(CP+Q)+ bak, (dC, c), 





= b(E+aE) = baE, 
which stars the product aL. 

We have disposed of the case where the simplex A is a vertex a. The 
more general case, where A is of dimensionality n >0, follows immediately 
by induction with respect to n. For let us factor A so as to exhibit one 
of its vertices: A= aB. Then we shall have AE—aBE. Moreover, 
by the hypothesis of the induction it will be possible to star BE. There- 
fore, finally, it will be possible to star aBE, by the special case of the 
lemma already proved. 

THEOREM [13:2]. very n-element E may be starred. 

The proof will be made by induction with respect to the dimensionality n 
of EH. The case n = 0 is trivial and requires no proof. For the general 
case » >0O we shall make a second induction with respect to the order 
of #. If w vanishes the element FZ is a simplex and may therefore be 
starred by one simple subdivision, 

E->cE, (E, c). 


If w is greater than 0 there exists a simple transformation carrying the 
element # into an element EZ, of order »—1. Moreover, by the hypo- 
thesis of the second induction, the element EZ, will be reducible to a star. 
There will now be two cases to consider. 
Case 1. The transformation E,-—>£ is a simple subdivision. Then, by 
[13:28], it must be possible to star E, since it is possible to star Ky. 
Case 2. The inverse transformation H— EZ, is the one which is the 
simple subdivision. Call this subdivision (C,c). Then if C is an internal 
component of E the element FE may, of course, be starred by first trans- 
forming it into H,. Thus, there remains only the case where C is a com- 
ponent of the boundary EZ of Z. Let us now write 
E = CP+Q, 
whence, 
E = cCP+Q 
and 
Ey = cCP+CP+Q. 
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Since C is on the boundary of EZ its complement P with respect to E is 
an element. Hence, by the hypothesis of the first induction, the element P 
(which is of dimensionality less than n) may be starred. Therefore, also, 
by [13:27], CP may be starred. It is now easy to prove that E may 
be starred by the transformation [CP, c] [Z, b] (bC, c)'. For we have 


E> c(CP+CP)+Q, (CP, cl], 
= Ky+cCP 
> b(eCP+CP+Q)+cCP, [Eo, b}, 
= cbhC P+b(CP+Q) 
> bCP+b(CP+Q), (bC, ce), 


= b(CP+Q) = DE. 


14. Theorem [13:2] is a most useful auxiliary theorem, as is well brought 
out in Newman’s papers. We give below a few of its applications. 
THEOREM (14:1). If E, and Ey are two n-elements with a common boun- 
dary E but with no common internal component their sum E,-+ Ey is an 
n-sphere. 
Proof. Let a, and ag be two vertices distinct from those of E, + A. 
We then have i 
E,+h>ayE+a,E [E,, a:] [Ee, ag], 
= (a, + ag) E. 


Moreover, this last expression is the product of two spheres and is, there- 
fore, itself a sphere, by [11:5]. 

It would be very desirable to complete Theorem [14:1] with the following 
one: 

Given any n-sphere F and any (n—1)-sphere E made up of components 
of F’, then F' may always be expressed as the sum EF, -+ £, of a pair of 
n-elements with the common boundary E but with no common internal 
component. * 

In default of a proof of this theorem we shall have to be satisfied 
with the weaker one given below, [14:2]. 

LemMA [14:2a@]. Let M be an open manifold and M its boundary. Then 
if N is any manifold equivalent to M there exists a manifold N equivalent 
to M and bounded by N. 





*This theorem can be proved for spheres F of dimensions n = 0, 1, 2, or 3. In my 
paper “On the Subdivision of 3-Space by a Polyhedron”, Proc. of Nat. Acad. of Sci., vol. 10:6 
(1924), I have given a proof which uses a certain amount of geometrical machinery but 
which is theoretically expressible in combinatorial terms, because of the connection between 
combinatorial and rectilinear analysis situs. However, the proof in question does not 
appear to generalize. 
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Proof. The problem evidently reduces to the case where the trans- 


formation M—>WN is a simple one, because a perfectly general trans- . 


formation M— N can always be factored into simple ones. 

Suppose M— WN is a simple subdivision (A, a). Then if a is not a 
vertex of M we may apply the subdivision (A, a) directly to M and so 
obtain at once, the desired manifold N. When a is a vertex of M it is 
necessarily an internal one, otherwise we would not be allowed to apply 
the transformation (A, a) to M. Therefore, we have only to change a to 
some new vertex b by an internal transformation (a, b) and then to 


apply (A, a), | 
M>N (a, b) (A, a). 


Suppose M— N is the inverse (A, a)—' of a simple subdivision. Then, 
it will not, in general, be legitimate to apply the transformation (A, a)~! 
directly to M. The problem will, therefore, be to transform the manifold M 
internally to such a form that (A, a)—! will afterwards be applicable to it. 
Now, the simplex A cannot belong to the boundary M of M, since (A, a)— 
is applicable to M. Moreover, we may assume that A is not an internal 
component of M, for if it were we could eliminate it at once by a simple 
internal subdivision. All that we need then, is to star the cluster of M with 
core at a in order to reduce M to such a form that (A, a) will be 
applicable. The details of the proof are as follows. Let us write 


M = aP+ Q. 
Then the boundary of M is 


M = aP+(P+Q) 


where P must be of the form A R, since (A, a)~! it applicable to M. Thus 
we have 


M-— baP+bP+Q, [aP, 0). 
=aA(Rb)+bP+Q. 


The transformation (A, a)~! may now be applied to this last manifold and 
will give the desired manifold NV. 

LemMA [14:28]. Let M be an open n-manifold and E an (n—1)-element 
on the boundary M of M. Then if a is any vertex not of M we shall have 


M- M+ ak. 


Proof. Consider, first, the case where the element £ is a star bE. Then, 
if we star the cluster of M with core at b the manifolds M and M+aLk 
will be carried into manifolds of the form 
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cbE+P 
and o 
(ch+-ab) E+ P 


respectively. Moreover, these last two manifolds will be equivalent, since 
the first will be transformable into the second by (6, a) (ca, b). Therefore, 
M and M-+aE must also be equivalent. If F is not a star, let N be 
the manifold obtained from M by starring E. Then, by the previous 
lemma we may transform the manifold MW into a new manifold N bounded 
by N. Moreover, if the transformation is made, as is always possible, 
so as never to introduce the vertex a, then this same transformation will 
be applicable to M-+a£ and will transform this last manifold into 
N+abE. Thus, we are back to the case already considered. 

We shall now prove together two more simple lemmas. 

Lemma [14:2y]. If the residue of each (n:0)-cluster of an n-sphere E is 
an n-element so also is the residue of each (n:k)-cluster, (k <n). 

LemMA [14:20]. The residue of each (n:0)-cluster of an n-sphere E is 
an n-element F. 

For the case » = 0, both lemmas become trivial. 

For the case n>0O we shall proceed by induction. In proving lemma 
[14:2y) for a given value of x we shall assume the correctness of both 
lemmas for smaller values of 2. 

Proof of lemma [14:27]. Consider an (n:k)-cluster of E with the core A, 
and let b be any vertex of A, 

A = DB. 


The sphere Z is then of the form 
E = W(BP+Q)+R, 


where P is the complement of )}B — A and BP the complement of b. 
Now, the complex # must be an n-element, since we are assuming that 
the residue of each (n:0)-cluster is one. Moreover, the complex Q must 
be an (mz —1)-element, by lemmas [14:20] and [14:2y] applied to the 
(n —1)-sphere BP-+Q. Therefore, by lemma [14:24], the complex Q+0R 
is an n-element. But this last complex is the residue of the (m:k)-cluster 
with core at )B = A. Hence, lemma [14:27] is proved. 

Proof of lemma [14:26]. The lemma is obvious if E is the boundary 
of an (n+ 1)-simplex, for in this case the residue of each (n:0)-cluster is 
an n-simplex. Therefore, as E is always reducible to the boundary of an 
(n-+1)-simplex by a series of simple transformations, we have only to show 
that if Z and F are two n-spheres differing by a simple subdivision (4A, a) 
then the lemma cannot be true about one of them without also being true 
about the other. 
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Consider, first, a vertex b common to E and F. We write 
E=bP+Q, F=bdR+48, 


and compare the two residues Q and S. 

Case 1. b is not a vertex of the simplex A in(A,a). Then the trans- 
formation (A, a) carries P into R and Q into S, so that the residues Q 
and S are equivalent. mS 

Case 2. b is a vertex of the simplex A, A= 0B. The spheres EF and F 
are then of the forms 

E = 0(BU+V)+Q, 
F = b(aBU+V)+aBU+Q, 
respectively. Therefore, we have 
= Q+aBU 


which is equivalent to Q, by lemma [14:2]. 

Thus, in either case, if S is an n-element so also is Q. This is sufficient 
to prove that lemma [14:20] is true about the sphere E whenever it is 
true about the sphere F, because every vertex b of E is a vertex of F. 
To prove that the lemma is true about F when it is true about EZ we 
still have to examine the residue 7 of the cluster of F with centre at the 
new vertex a introduced by the subdivision (A, a). Now, this residue 7 
is obviously identical] with the residue of the cluster of HZ with the core A, 
because we have _ 

E=AJ+T, F=aAJ+T. 


Therefore, if lemma [14:20] is true about Z it follows that 7 is an n-element, 
by lemma [14:2y]. This completes the argument. cp 
THEOREM [14:2]. Let E, be an n-element on an n-sphere F, 


F=E£,4+8K. 


Then, the residual part E, of F is also an n-element. 

Proof. Star E, on F. Then £, is an n-element, by lemma [14:20]. 

THEOREM [14:3]. Let M be an open n-manifold and E an n-element 
such that the boundaries of M and E meet in an (n —1)-element F and 
such that no internal component of either M or E is a component of the 
other. Then M and M+ E are equivalent. 

Proof. The boundary of the n-element £Z is of the form 


E= F+@ 


where, by [14:2], @ is an (n —1)-element. In M+ E we may first star Z 
and then G, 
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M+E-> M+a(F+@Q), LE, a), 
+ M+a(F+56), [G, bd), 
= M+a(F+ dF). 


Moreover, by two applications, of [14:2 4], 
M~>M+aF>M+aF+baF 


which last expression we have just obtained from M/-+#. Therefore, M and 
M+ E are equivalent. 

CoROLLARY [14:3a]. Let HE, and E, be a pair of n-elements such that 
their boundaries meet in an (n—1)-element F' and such that no internal com- 
ponent of one is an internal component of the other. Then E,+ Ey ts an 
n-element. 

This is merely a special case of the theorem. 

We list below a number of other theorems which may be proved along 
similar lines. 

THEOREM [14:4]. Let M, and M, be a pair of open manifolds with 
a common boundary M and such that no internal component of either M, or 
M,z is a component of the other. Then M,+ Mg is a closed manifold. 

CoROLuaRY [14:4a]. Let M be a closed n-manifold of the form M,+ M,, 
where M, and My have no n-simplex in common. Then, if M, is a manifold 
so also is M,. 

THEOREM [14:5]. Let M, and M, be a pair of open n-manifolds such that 
their boundaries meet in an open (n —1)-manifold N and such that no inter- 
nal component of either M, or My is a component of the other. Then M,+- Msg 
is an open manifold. 

CoroLuary [14:5a]. Let M be an open n-manifold of the form M,+Msz 
where M, and Mz have no n-simplex in common. Moreover, let M, be a mani- 
Sold such that the boundary of M, either fails to meet the boundary of M 
or else meets the boundary of M in an open (n—1)-manifold. Then Mg is 
an open manifold. 

CorOLLARY [14:5b]. Let E be an n-element of the form E,+ Ey, where 
E, and E, have no n-simplex in common. Moreover, let E, be an n-element 
such that its boundary meets the boundary of E in an (n —1)-element. Then 
E, is also an n-element. 


VI. Relations Between the Formal and Geometrical Theories. 


15. We shall close the discussion by outlining a proof of the following 
theorem which ties together the formal and geometrical theories of com- 
plexes. : 
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THEOREM [15:1]. A necessary and sufficient condition that two complexes 
K and K' be equivalent in the sense of rectilinear analysis situs is that their 
symbols be equivalent in the combinatorial sense. 

The sufficiency of the condition is almost self-evident. If the complexes 
K and K’ differ formally by one simple transformation only we see, by 
inspection, that a one-one continuous correspondence, linear in patches, may 
be set up between them. Moreover, if they differ formally by a sequence 
of simple transformations it must still be possible to set up a one-one con- 
tinuous correspondence, linear in patches, between them, since the resultant 
of a sequence of such correspondences must clearly be one of the same 
sort itself. 

The necessity of the condition is not so obvious. If two complexes 
K and K’ are geometrically equivalent there exist partitions, (§ 2), Z and L’ 
of K and K’ respectively such that Z and L’ are congruent. Thus, the 
problem reduces essentially to proving that a complex XK is formally equi- 
valent to every partition L of itself. Moreover, this last problem reduces, in 
turn, to showing that each component A of K is formally equivalent to each 
partition J of itself; or, in other words, that every partition J of an n-sim- 
plex A is formally an n-element. This last thecrem has been proved by 
Newman.* The proof is, in outline, as follows. It may be made by induction, 
starting from the trivial case n = 0. 

We think of the n-simplex A as immersed in a real Euclidean n-space. 
The faces of the partition J of A then lie in certain flat (n—1)-spaces 
which we shall denote by ®; respectively. These spaces ®; subdivide the 
n-simplex A into a finite set of convex n-dimensional domains (boundary 
included) which we shall denote by D; respectively. Moreover, each of 
the domains D; lies on an n-simplex of the partition J, and its boundary 
is made up of a finite number of convex (»—1)-dimensional domains Dj; 
each lying on one of the flat spaces ®;. 

Now, suppose we cut up the domains Dj into (m—1)-simplexes in any 
such manner that the (n—1)-simplexes all fit together to form an (m —1)- 
complex K. Then, the boundary of each domain D; will be made up of 
the points of a sub-complex K; of K; whence, if we take a point a; interior 
to D; we shall be able to cut up the domain D,; into an n-complex essentially 
of the form 
(15:1) a; Kj. 


The sum of all the n-complexes a; K; will be an n-complex Z which will 
clearly be a subdivision of both A and J. We shall prove that A and J 





*Proc. of London Math. Soc., vol. 30, pp. 339-346; also Proc. of Nat. Acad. of Sci., 
vol. 16, pp. 240-242. 
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318 J. W. ALEXANDER. 
M+E- M+a(F+@), [E, a), 
> M+a(F+b6), [G, Dd], 

= M+a(F+0)F). 


Moreover, by two applications, of [14:24], 
M>M+aF>M+aF+baF 


which last expression we have just obtained from 1/-+E. Therefore, M and 
M-+E are equivalent. 

CoROLLARY [14:3a]. Let HE, and Ey be a pair of n-elements such that 
their boundaries meet in an (n—1)-element F and such that no internal com- 
ponent of one is an internal component of the other. Then E,+ Ey is an 
n-element. 

This is merely a special case of the theorem. 

We list below a number of other theorems which may be proved along 
similar lines. 

THEOREM [14:4]. Let M, and M, be a pair of open manifolds with 
a common boundary M and such that no internal component of either M, or 
M, is a component of the other. Then M,+ Mg is a closed manifold. 

CoROLuaRY [14:4a]. Let M be a closed n-manifold of the form M,+ M,, 
where M, and Mz have no n-simplex in common. Then, if M, is a manifold 
so also is Mg. 

THEOREM [14:5]. Let M, and M, be a pair of open n-manifolds such that 
their boundaries meet in an open (n —1)-manifold N and such that no inter- 
nal component of either M, or Mz is a component of the other. Then M,+ Ms, 
is an open manifold. 

CoROLLARY [14:5a]. Let M be an open n-manifold of the form M,+M, 
where M, and Mg have no n-simplex in common. Moreover, let M, be a mani- 
Sold such that the boundary of M, either fails to meet the boundary of M 
or else meets the boundary of M in an open (n —1)-manifold. Then Mg is 
an open manifold. 

Coro.iary [14:5b]. Let E be an n-element of the form E,+- E,, where 
E, and E, have no n-simplex in common. Moreover, let E, be an n-element 
such that its boundary meets the boundary of E in an (n —1)-element. Then 
E, is also an n-element. 


VI. Relations Between the Formal and Geometrical Theories. 

15. We shall close the discussion by outlining a proof of the following 
theorem which ties together the formal and geometrical theories of com- 
plexes. 
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THEOREM [15:1]. A necessary and sufficient condition that two complexes 
K and K' be equivalent in the sense of rectilinear analysis situs is that their 
symbols be equivalent in the combinatorial sense. 

The sufficiency of the condition is almost self-evident. If the complexes 
K and K’ differ formally by one simple transformation only we see, by 
inspection, that a one-one continuous correspondence, linear in patches, may 
be set up between them. Moreover, if they differ formally by a sequence 
of simple transformations it must still be possible to set up a one-one con- 
tinuous correspondence, linear in patches, between them, since the resultant 
of a sequence of such correspondences must clearly be one of the same 
sort itself. 

The necessity of the condition is not so obvious. If two complexes 
K and K’ are geometrically equivalent there exist partitions, (§ 2), Z and L’ 
of K and K’ respectively such that Z and L’ are congruent. Thus, the 
problem reduces essentially to proving that a complex K is formally equi- 
valent to every partition L of itself. Moreover, this last problem reduces, in 
turn, to showing that each component A of K is formally equivalent to each 
partition J of itself; or, in other words, that every partition J of an n-sim- 
plex A is formally an n-element. This last theorem has been proved by 
Newman.* The proof is, in outline, as follows. It may be made by induction, 
starting from the trivial case n = 0. 

We think of the n-simplex A as immersed in a real Euclidean n-space. 
The faces of the partition J of A then lie in certain flat (n—1)-spaces 
which we shall denote by ®; respectively. These spaces ®; subdivide the 
n-simplex A into a finite set of convex n-dimensional domains (boundary 
included) which we shall denote by D; respectively. Moreover, each of 
the domains D; lies on an n-simplex of the partition J, and its boundary 
is made up of a finite number of convex (n—1)-dimensional domains Dj 
each lying on one of the flat spaces ®;. 

Now, suppose we cut up the domains Dj into (2 — 1)-simplexes in any 
such manner that the (n—1)-simplexes all fit together to form an (n —1)- 
complex K. Then, the boundary of each domain D; will be made up of 
the points of a sub-complex K; of K; whence, if we take a point a; interior 
to D; we shall be able to cut up the domain D, into an n-complex essentially 
of the form 
(15:1) ai Kj. 


The sum of all the »n-complexes a; K; will be an n-complex Z which will 
clearly be a subdivision of both A and J. We shall prove that A and J 





*Proc. of London Math. Soc., vol. 30, pp. 339-346; also Proc. of Nat. Acad. of Sci., 
vol. 16, pp. 240-242. 
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are formally equivalent to one another by showing that they are both 
formally. equivalent to L. 

Proof that L and A are formally equivalent. Consider one of the 
n-complexes (a; Ki) corresponding to one of the domain D;. Evidently, 
the complement K; of a; is geometrically equivalent to the boundary A of 
the n-simplex A, for we may project K; on A, using a; as a centre, and 
so set up a one-one continuous correspondence, linear in patches, between 
K; and A. Therefore, by the hypothesis of the induction, K; is formally 
an (x —1)-sphere. Therefore, also, a; K; is formally an n-element: in fact, 
an n-star. 

We shall finish the proof by a second induction, this time with respect 
to the number p of flat (n— 1)-spaces @; used in determining the partition L 
of A. For the particular case p= 0, the partition Z consists of just 
one n-star, and is, therefore, an m-element. For the general case, p>O, 
at least one flat (x —1)-space ®; is present. Let us fix our attention on 
the last one of them, @,. The part of @, that is common to A will be 
subdivided by the other p—1 spaces @;, (i<p), into a certain number 
of the domains Dy mentioned above, each of which will be on the boundary 
of two domains D; and D; lying on opposite sides of @,. Moreover, to 
the two domains D; and D; there will correspond two stars a; K; and a; K; 
of L meeting one another in an (m — 1)-complex, (a subdivision of Dj), of 
their common boundary. By the hypothesis of the induction it will be 
legitimate to assume that this (» — 1)-complex is formally an (n—1)-element. 
Consequently, by [14.3a] the sum a; K;+ a; K; will also be formally an 
n-element. 

Now, let us star the n-element a; Ki;+ a; K;, and do likewise for every 
similar n-element determined by a pair of stars meeting in an (n—1)-element 
of ®,. The resulting complex L’ into which Z is transformed by all these 
starrings is the one into which the simplex A would have been subdivided 
if we had started off with the p—1 (n—1)-flats ®;, ({<p), instead of 
all p of them. Hence, by the hypothesis of the second induction, L’ is 
formally an n-element. Hence, also LZ is formally an n-element and, there- 
fore, formally equivalent to A. 

Proof that L and J are formally equivalent. By an argument like the 
one used in proving the formal equivalence of Z and A, we show that the 
subcomplex of Z corresponding to each component B of J is formally equi- 
valent to B. It readily follows, that Z is equivalent to J. This com- 
pletes the argument. 





INTRODUCTION TO THE THEORY OF NON-LINEAR 
SYSTEMS OF PLANE ALGEBRAIC CURVES.* 






By Jurian L. Coo.ipas. 







1. General formulation—one parameter systems. A close student 
of theory of algebraic curves must be struck with the fact that whereas 
there is a vast amount of literature dealing with the theory of individual . 
curves, and a formidable mass bearing on linear systems especially those 
determined by base-points, there is comparatively little which deals with 
those systems which are determined by algebraic conditions which are not 
linear. The principal cause for this neglect is that the linear systems are 
simpler, and also more important. It is also due, in part I think, to the 
fact that previous writers have not approached non-linear systems in the 
best fashion, or used the methods most likely to yield interesting results. 
It is the purpose of the present paper to show what seems to me altogether 
the most natural and promising line of approach, and to prove some 
theorems which, as far as I can determine, are new. 

Suppose that we are dealing with a k-parameter algebraic system of 
plane algebraic curves, how shall we write them? We express the general 
curve of this order in the form 


(1) D> Urxty = 0, gtren. 
gq." 
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These curves are in one-to-one correspondence with the points of a pro- 
jective space of n(m-+3)/2 dimensions. A k-parameter algebraic system 
of algebraic curves will correspond to the points of a k-dimensional 
algebraic variety therein and this can be written 


(2) 


The functional symbols here and throughout the present article are 
supposed to represent polynomials. We secure the fact that we have k 3 
and no less independent parameters by requiring that the rank of the . 
matrix of the partial derivatives shall be k+1. if 
Substituting the coefficients in their places, we get our canonical form 


(3) St (a, Y; Xo, Xi, 









Agr = Agr (Xo, > eet, Xx), F(X, Xi; Sites Xx) = 0. 


















C00, Xx) pega F(X, Xi, tice Xx) = 0. 












*Received May 31, 1929. 
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In the present section we shall confine ourselves to one-parameter systems. 
Here we take, once and for all, the typical equations* 


(4) I (z, y, X, Y) = 0; 
(5) F(X, Y) = 0. 


If we use y’ to indicate the derivative of y as a function of x, we have 
a eS at 
Ox * ay% °. 

Eliminating X and Y from equations (3), (4), (5) we have 
B(x, y, y) = 0. 


The degree in y’, which we shall call N, gives the number of curves 
through a general point of the plane, and is called the “index” of the 
system. Conversely, if we have an equation of this type, and if it have 
algebraic integrals, why we have a way to express a one parameter 
algebraic system, but of course, the integrals are generally not algebraic, 
nor does the equation as it stands, give the information which we need 
most.t 

Let us return to equations (4) and (5), assuming that the second is 
irreducible, while f is not reducible or replaceable by a reducible poly- 
nomial. The genus of the general curve / in the (x, y) plane is an in- 
variant of the system. A more important invariant is P the genus of F 
and this we call the “genus” of the system. It must not be confused 
with p the genus of the general curve. It is worth noticing that we may 
replace (4) by 


f(x,y, X, Y) F(X, Y)+f(@, y, X, Y) F(X, Y) = 0, 


where f and F are arbitrary polynomials of proper degree. A finite 
number of these curves may differ from the curves given by (4). The 
same is true if we write the general curve in tangential codrdinates 


yg (u,v, X, Y) = F(X, Y) = @. 





*I can not make out that any previous writer has used this form systematically though 
Clebsch, Math. Annalen, vol. 6 (1878), used it for conics, and doubtless had the more 
general expression in mind. 

f This is the form used by Cayley in a verbose article on “Curves that satisfy given 
conditions”, Philosophical Transactions, vol. 158 (1868). Most of the article is devoted to 
conics. Loria in his “Algebraische und transcendente ebene Kurven”, Leipzig, 1902, 


pp. 727 ff., calls such curves “pan-algebraic” and shows that they all share many properties 
with algebraic curves. 
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Here the limiting cases may be different from what they were before. 
For instance, let us write a set of confocal conics in two different forms 


(b? + 4) 2 + (a* +4) y*— (a? +4) (b? +4) = 0, 
(a? +A) u? + (b? +2) *®—w*? = 0. 


The limiting curves in point codrdinates are the two axes and the line 
at infinity, the limiting curves in line coérdinates are the pair of foci on 
the x axis, those on the y axis, and the circular points at infinity. We 
shall make no further use of line coérdinates in the present article. 

If the genus of the system be zero we may express X and Y rationally 
in terms of an auxiliary parameter z, which, in turn, is a rational function 
of them in view of (5). Thus a system of genus zero may be written 


I (a, y, 2) = 0. 


THEOREM 1. A rational system of curves may always be obtained as the 
orthogonal projections of a set of parallel sections of an algebraic surface.* 

Let us see what we can do to generalize Th. 1 to systems which have 
a higher genus. A general rotation of space about the origin may be 
expressed as a homogeneous linear collineation of the orthogonal type. 
The coefficients may be expressed as homogeneous quadratic polynomial 
in terms of four independent parameters, called the Eulerian parameters.t 
If these parameters be expressed rationally in terms of X and Y we get 
a rotation in the (a, y, z) space which will carry the plane z=0O and 
the cylinder (4) into 


U(X, Y)a+V(X, Y)y+w(x, Ye = 0, W(X, Y, 2, y, 2) = 0. 
Eliminating X and Y between these and (5) we get 
O(a, y,2) = 0. 


Our original curves are, therefore, congruent to the sections cut from 
this surface by the planes 


U(X, Y)x+V(X, Y)y+wx, Y)e = 0, F(X, Y) = 0, 
which planes envelop a cone. 





* De Jonquiéres in an article in Liouville (2), vol. 6, naively assumed that this represented 
the general form of a one-parameter family. The mistake was pointed out by Cayley in 
the article mentioned. De Jonquiéres two years later in Liouville, vol. 8, acknowledged 
that most of his previous results were only approximations to the truth. 

t Conf. Study, “Die Geometrie der Dynamen”, Leipzig, 1903, p. 176. 
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THEOREM 2. The curves of a one-parameter algebraic system are congruent 
to the sections of an algebraic surface cut by the tangent planes to a cone 
whose genus is that of the system. 

How do we determine the “index” of the system, that is to say, the 
number of curves through an arbitrary point of the plane? Clearly we 
must look at the intersections of the curves (4) and (5) in the (X, Y) 
plane, and see how many depend on x and y. Let the degree of (4) in 
x and y be n, while its degree in X and Y is vy, and that of F is »’. 
At a singular point where F' has the multiplicity S; let the general / have 
the multiplicity R;. The index is then 


(6) N = vv — DRS. 


2. Singular points, and the envelop. The next invariant of our 
system, under a Cremona transformation, is the grade G, that is to say, 
the number of variable intersections of two curves. If the fixed singularities 
have multiplicites s,, s.,--- then 


(7) G = n'—De. 


These fixed singular points do not exhaust all the possibilities of the 
system. For such a point, we must have 


8 ay 
Ox ay 61 : 

We mean by this last bizarre equation that the polynomial fin x and y 
has been made homogeneous in the usual way and differentiated with 
respect to the new variable, which thereupon is set equal to 1. We 
then consider the eliminant of these three equations. There are various 
possibilities: 

A) It vanishes identically. Then every curve of the rational two-para- 
meter system (4) has a double point regardless of (5). 

B) It contains F as a factor. Then every one of our curves has one 
or more singular points. These may be fixed, or trace definite curves. 

C) It is a polynomial different from #. Then the general curve of our 
system has no singular point, but special curves may have them. 

D) For certain values of X and Y the curve is reducible with a multiple 
factor giving a curve of the system all of whose points are singular. This 
could not be the case for the general curve of our system, for we have 
assumed the general curve is irreducible. In order to be completely general, 
we shall assume that the general curve of our system has distinct or in- 
finitely close singular points of order r,, rz, --- with the respective cuspidal 
components x,, %,,--- and that these trace curves of order 7,, %,--°°- 
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The reduction in class produced by one of these points will be, by the 
definition of cuspidal components, the number of intersections with the 
general first polar there, namely 


A= ri(ri— 1) + %. 


Let us also assume that there are special curves of the system with factors 
of orders 7,, ¥,,--- counted ¢,, f:,--- times respectively. 

The genus of a curve traced by a variable singular point will be an 
invariant of the system under a Cremona transformation provided that curve 
is not fundamental for the transformation and abolished entirely. A funda- 
mental curve is necessarily rational, and when such a curve is abolished 
by the transformation, we get a curious result. Suppose that we have 
a set of quartic curves with a double point at the origin, passing once 
through each circular point at infinity, and with a variable double point 
on the line at infinity; they shall also pass once through each of six other 
points. The line at infinity is a rational locus of singular points. But if 
we take an. ordinary inversion in a circle whose centre is the origin, we 
get a set of quartics with tacnodes at the origin having a variable direction 
for the tacnodal tangent. We might describe these poetically by saying 
they had a fixed double point at the origin, and a second infinitely near 
double point which described a curve of no order. We may, in any case 
state soberly: 

THEOREM 3. The genus of every curve traced by a variable singular point 
for the curves of a one-parameter family is an invariant of the system when 
not equal to zero. 

Let us now look at the envelop. From one point of view we may say 
that our equations (4) and (5) tell us that the curves (4) depend on an 
implicit parameter 7', so that they can be written 


(f(a, y, X(T), Y(T)) = 0, F(X(T), Y(T)) = 0, 

of aX, of dY_, OF dX, oF aY _ , 

(6°) {oxadr'oYdr “” sexa?T'syvrédT  ~ 
2, F) _ 9 
a(X, Y) : 





The envelop will be one factor of the polynomial obtained by eliminating 
X and Y from equations (4), (5) and (8). It is rather neater to use 
homogeneous variables X, Y and Z and remove them from the equations 


(9) (fF) _ FF) _ UF) _,y 
a(¥,Z) 0(Z,X) a(x, Y) 
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The envelop will be a factor of this eliminant. The other factors will 
give curves of variable singular points. For if, in such a curve, x and y 
be functions of some implicit variable ¢ 


S(e,yO,XM, YO) =0, F(X, YO) =0, 
af dx, of dy, of aX, of aY _y 


da dt ' dy dt ' aX dt ' dY dt ~— 
OF dX , dF adY 


ax dt’ oY at °° 
But at a singular point 
oe. 
Ox dy 
Hence : 
LF) _ 4 
0(X, Y) : 


Let us see if we can determine the order of the resultant in 2 and y, 
and then the order of the different irreducible factors and the powers to 
which they appear. To get the resultant, we assume the axes to be in 
general position, and seek the intersections with y=—0O. The question 
then is, for how many values of x will the curves (4) and (5) in the 
(X, Y) plane touch one another, for that is the meaning of (8) or (9). 
Let a point P be taken on F. There will correspond thereto » values 
of x. To each of these by the definition of the index, will correspond 
N sets of values (X, Y), variable with 2, one corresponding to P. The 
other points shall be called P’. We have between P and P’ a n(N—1) 
to n(N—1) correspondence, each point corresponding to itself m times. 
We may assume also that there are no singular points on F other than 
ordinary ones, so that a coincidence in this correspondence will only come 
from tangency. The number of coincidences is thus 2n(N-+P—1) which 
will give the order of the resultant. Next we must see what deduction 
must be made for the locus of the variable singular points. This will be 
the number of intersections which adjacent curves have at a singular point, 
multiplied by the order of the curve traced by that point. Let (a, yo) 
be a variable singular point of order 7; as before, such that a general 
first polar has 4; intersections there. Suppose first, that but one curve 
of the system has such a singularity there. Since 2 and yo depend 
algebraically on X and Y, 


6; (%, X, Y) = 0, 92(yo, X, Y) = 0. 


Since, when zo, y are given there is but one curve, it must be possible, 
with the aid of these equations and that of the curve traced by (2, yo) 
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to find X and Y rationally in terms of x and y, so that our system of 
curves can be written 


F(x, y; 20) yo) = F(a, yo) = 0. 
Since f has the multiplicity 7; at (a, yo) we may write it 
0 = fi(t—ao, y — yo) + Fret (@— Xo, y—Yo) +++; 


where the subscript gives the degree of the polynomial, the coefficients 
being in their turn polynomials in (2%, y%). To find the envelop we proceed 
as before and consider the curve obtained by eliminating from 


0(f, F) 
(x, Yo) ; 


This acts at the point (x, y) like a general first polar so that the 
number of intersections of the general curve is 4;. Now we could have 
established this fact also by differential considerations, so that if there 
be J, curves each of which has this singular point, there will be J; 4; inter- 
sections. 

THEOREM 5. If a one-parameter system of curves have the index N and 
system genus P, and if there be curves of order n,, Ng, --+ at whose points sets 
of l,, lg, +++ curves have points where they have 4,, 4,, --- intersections with 
the general first polar, then the order of the envelop is 


(10) 2n(N+ P—1)—D> ui Ai. 


This can usually be put into much better form. Let us find M the class 
of the system, that is to say the number of curves tangent to a general 
straight line. We get this by the Chasles principle of correspondence 
applied to the line. We have an N(n —1) to N(m —1) correspondence 
on this line, with 2N(m—1) coincidences. From these we make certain 


deductions. If we have curves of orders 1, %:, --- aS above we must 
deduct 5'n:1,4;. Also, if there be curves of orders »,, »:,--- counted 
t,, t,--- times respectively, for these we must deduct 


> i(ti—1), 


for a coincidence where ¢; points fall together counts for t;—1 coincidences. 
We thus get the general formula 


(11) M = 2N(n—1)—D uh —D vilti—1). 
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When, however, there are no curves of the system having multiple factors, 
we may eliminate >'n;/;4; between this and the previous equation for the 
order of the envelop, giving 

THEOREM 6. Jf a one parameter system of curves have no member with 
a multiple factor, the order of the envelop is the sum of the class of the 
system, plus twice the index, plus twice the product of the order of the general 
curve multiplied by the genus of the system less 1, or M+-2N+2n(P—1). 

3. The inflections. Let us look for inflections of curves of our system. 
The inflections of a curve are its non-singular intersections with its Hessian. 
To find their locus we eliminate X and Y between /, F’, and the Hessian 
of the former 














are arf arf 
Ox® dOxdy Od2x01 
o*f a*f otf | 

dyoxr dy dydl 
i ge? gs 

0102 d1dy 4213 





This is of. order 3(n— 2) in x and y, and 3» in X and Y. It has 
multiplicity 3; at those points where f has multiplicity R; and F the 
multiplicity S;, so that the index of the Hessian system is 3N. To find 
the degree of the eliminant between this and equations (4) and (5) we must 
find how many points on an arbitrary line are in f and the corresponding 
Hessian. If P be a point on such a line, there will correspond thereto NV 
variable points of F, and 3N(nm— 2) points P’ where the Hessian meets 
the line. When P’ is given there correspond, as we just saw 3N points 
on F, and so 3.Nn points P. The number of coincidences is thus 6. N(n — 1) 
and this gives the degree of the eliminant. But we must subtract a good 
deal. Pliicker’s equations give 


n+e = 2[m+p—1]. 


If there be a singular point of order 7;, with cuspidal index x; and 4; 
intersections with the general first polar 


mm = n(n —1)—> di, 
2(p—1) = n(n—3)—Diri(ri—), 
t= 8n(n—2)—38 DA4+D> m. 


The deduction from the intersection of the Hessian to get the number of 


inflections is 3>4;— > x;. Hence the degree of the locus of the in- 
flections is 






‘ 
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6N(n—1)—3 Sn kutDd mhe, 


assuming there is no curve with a multiple factor. But 





3M = 6N(n—1)—3> mk i. 










THEOREM 7, Jf a one-parameter system of curves have the class M, and 
if no curve have a multiple factor, while there are curves of orders ny, Ns, --- 
composed of points where l,, l,,--+ curves have cuspidal indices %,, *,,--- 
then the locus of the inflections is of order 3M+ Dil x. 

THEOREM 7a. If a one-parameter system of curves have no variable singular 
points of cuspidal index greater than 0, and no curve with a multiple factor, 
then the order of the locus of the inflections is three times the class of the 
system. 

This curious theorem would seem to go wrong in the case of a pencil 
of cubics with all of their inflections in common. However there is really 
no error. Four curves touch an arbitrary line and the locus we seek is 
the 12 lines on which the inflections lie in three. 

4, Projective theorems. Our next task is to prove a number of 
projective theorems, some of which were given with inadequate proof by 
de Jonquiéres in the article cited. We rewrite our equations 


















(4) I(x, y, X,Y) = 0; 
(5) F(X, Y) = 0. 
The line polar of (2%, y%) is 









of | OOS ere 
"Oa, TY Sy, +31 cilnds 





This also is of degree »y in X, Y and behaves at the singular points of F 
as f does, so that we must take the same deductions for non-variable 
intersections. 

THEOREM 8. The index of a one-parameter system of curves is the class 
of the line-polar of a general point. 

Lét us take an arbitrary point of the plane, and draw tangents thence 
to the various curves of our system, and seek the order of the locus of 
the points of contact of these tangents. Such a locus will have the multi- 
plicity NV at the point whence the tangents are drawn, and meet a general 
line through there in M other points. 

THEOREM 9. If tangents be drawn from a general point to the curves 
of a one-parameter system, the locus of their points of contact is a curve 
whose order is the sum of the index and class of the system. 
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Let us now seek an answer to the interesting question, how many curves 
of the system are tangent to a given curve? This curve shall be given 
by its order and Pliicker characteristics, and shall be supposed to be in 
“general position’, meaning thereby, that it has no situation which will 
cause coincidences at multiple points not common to all curves of the given 
description. 

Let us suppose that it is of order m, class m, genus p, and cuspidal 
index x,. Let P be the point of the curve. Through it will pass N curves of 
our system, meeting the given curve in N(mn,—1) other points P’, all of which 
we may assume variable. Conversely to each P’ will correspond N(nn,—1) 
points P. Since P corresponds to itself N times, i. e. the correspondence 
has the value N, the number of coincidences is 2N(nn,+p,—1). Deducting 
the coincidences at the cusps or points equivalent thereto we have left 


N[2nm, + 2p, — x, — 2] = N[2n,(n—1)+m,]. 


There are also undesirable coincidences arising from intersections with 
loci of singular points. If there be s such coincidences in the case where 
the given curve is a straight line, the number in the present case is ms. 
Hence the number of tangent curves is N[2,(m — 1) +m] — ms. 

Applying this to the case of a straight line, where we know the answer 
to be M, we have M = N2(n—1)—s. Hence the number of tangent 
curves in the general case is Mn,+ Nm. 

CHASLES’ TANGENCY THEOREM 10. Jf a one-parameter system of curves have 
index N and class M, the number tangent to a curve of order m and 
class m, in general position is* Mn, + Nm. 

The numbers N and M which appear so often are sometimes called 
“characteristics” of the system. N is invariant under a Cremona trans- 
formation, M under a projective transformation. There are a vast number 
of projectively invariant numbers derived from the Pliicker chaa.cteristics 
of the general curve and certain covariant loci, as inflections, cuspidal, 
nodal or bitangential loci etc. Zeuthent has given a list of forty of 
these; there are rather forty four dual in pairs, except for four which 
are self-dual. He has found 28 equations connecting them.t Krey has 
shown§ that in the case where no curve has a multiple factor, mdst of 

* Chasles, “Construction des coniques etc.”, Comptes Rendus, vol. 49 (1864), p. 306, foot- 
note. No proof is given, though several have since been found, none simpler than that 
given above. 

tT Zeuthen, “Systemer af piane Kurver”, Royal Danish Transactions (§), vol. 10 (1875), 
pp. 258 ff. Fortunately for some of us, a French synopsis follows. 

tThese equations are reproduced by Berzolari, Encyklopadie der Math., part III, C 4, 
pp. 350-351. 

§ Krey, “Ober Systeme von Plankurven”, Acta Mathematica, vol. 7 (1886), pp. 49 ff. 
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the numbers can be deduced from those of another system with a simpler 
arrangement of singularities. I have made no attempt to check his results. 
The restriction he makes we have already found helpful. 

5. Systems depending on more than one parameter. The 
general two-parameter system of curves, according to our equation (3) 
can be written 


S(x,y, X,Y, Z) = 0, F(X, Y,Z) = 0. 


The arithmetic and geometric genus of F will be Cremona invariants 
of the system as well as the index, i.e. the number of curves through 
two general points. We shall write this (N*) understanding the exponent 
to be purely symbolic. The singular points may appear, as before, in 
various ways. We write 


fe ap 


Ox ay a1 


A) The eliminant vanishes identically. Then our system is contained 
in a rational three-parameter system, all of whose curves have singular 
points. 

B) The eliminant contains F as a factor. Then every curve of the 
system has a singular point. Such points may be fixed, or trace curves 
or the whole plane. 

C) The eliminant does not vanish identically, nor contains F as a factor. 
Then there is a one-parameter family of our curves with singular points, 
or with others in addition to those on all curves. The locus of such is 
obtained by eliminating X, Y, Z from 


Sc A en 


Ox dy ~=s- «1 


Singular points may also come from curves with multiple factors. If 
there be an infinite number of such curves, the factor varying, then every 
point in the plane is singular for some curve of the system. The conics 
through a given point having double contact with a given conic form 
a good example of this, the lines through the point, each counted doubly, 
give loci of double points. 

Besides the index of the system, there are three other interesting 
projectively invariant numbers: 

(NM) The number of curves through a general point, tangent to a general 
line. (M*) The number tangent to two general lines. 

There is another number © which is also useful; it is defined as the 
number of curves through an arbitrary point, tangent to an arbitrary line 
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through that point. It might seem that this was the same as (N*) when 
we require the two points to be infinitely near in a given direction, but 
such is not the case, for (N*) is made up of © the proper contacts, 
and K the cuspidal component of that point. 


(12) K = (N*)—@. 


Let us find similarly J, the inflectional component of an arbitrary line. 
Let this line be 7, P’ a general point thereon. The system of curves 
through P’ has index (N*) and class (VM). The number of curves of 
the system touching 7 at points other than P’ is (NM) — 26 for contacts 
at P’ count double, and these points we shall call P. Conversely, if P be 
given there are © tangent curves, each meeting 1 in m— 2 other points. 
The number of coincidences between P’ and P is, thus (VM)+0O(n—4), 

From these we must deduct the numbers of intersections with certain 
singular loci of orders #,, #2,--- counted respectively o,, o,,--- times, 


giving 
I = (NM) + O(n —4)—D wig. 


Let us next go through exactly the same process to find the number of 
curves osculating a curve of order ”,, class m, with cuspidal index %,. 

If P’ be given on the curve, the number of curves of the system tangent 
elsewhere is, by Theorem 10, m,(N*)+ n,(NM) — 20, the point of con- 
tact being P. Conversely, if P be given, there are © curves tangent there, 
each cutting the given curve in nn,—2 other points P’. Each point P 
corresponds to itself 20 times, i. e. this is the value of the correspondence, 
so that the number of coincidences, as given by the famous Cayley-Brill 
formula, which we have used repeatedly, is 


O[nn+4(p—1)] +m (N%) +0, (NM). 


From these we must deduct x,@ for coincidences at points with non- 
vanishing cuspidal index, and », >; 6; for intersections with those trouble- 
some extraneous curves, leaving 


O[n, n+ 4(p —1)] +m (N*) + 2, (NM) — Ox, — my, D> i %. 


Eliminating the summation term between this and a previous equation 
we get, with the aid of Pliicker’s equations and (12) 


m, (N*)+,I+ O[4(n,+ p, —1) —*,] = mK+n, I+ O(8m,+%). 


THEOREM 11. Jf a two-parameter system of curves have a cuspidal com- 
ponent K for an arbitrary point, and an inflectional component I for an 
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arbitrary line, while © touch an arbitrary line at an arbitrary point, then 
the number which osculate a curve of order m, class m,, with cuspidal 
component x, in general position is* m,K+n,I+ O(3m,+~%,). 

It would seem that the number we should next seek is that of curves 
tangent to two curves of given description. It turns out, however, that 
it is just as easy to generalize the problem and find how many curves in 
a k parameter system are tangent to k curves of given description. Let 
such a system have projectively invariant characteristics of the type (W* M°), 
s-+t=k, meaning thereby the number of curves through s general points, 
and tangent to ¢ general lines. We shal] proceed by matematical induction. 

Let us assume that, in the case of a k—1 parameter system, if we have 
curves of order 1, m:,--- and classes m,, mz, --- in general position, the 
number of curves of our system tangent to them is 


k—1 


[] a+ my). 
i=1 


Assume that we have a k parameter system and k curves of order 7, ¢, +++, x 
and classes m,, m,,-+--, m,. Let us take a point P on the last curve. 
The curves of the system through it form a k—1 parameter system, and 


the number tangent to the other curves is T] (u4M+mN)N so that the 
=] 


k—-1 
number of corresponding points P’ is (nnx—1)[](mM+mN)N. To P’ 
i=1 
there will be this same number of corresponding points P. Each point 
—1 
will correspond [] (n: M+ m;N) N to itself, the coincidences are therefore 
1=1 


k-1 


I] (nm M+ mN)N 2(n m+ per—1) 


in number. From these we must make the usual deductions for the cuspidal 
index of the kth curve, and certain curves of undesired singularities, leaving 
k—-1 


[] GM mi N)N [2 (me + pe—1) — #4] — x Di Gi. 
i=1 


Now in the case where the last curve is a straight line, we may also 
find the number of contacts directly from the formula assumed, and, com- 
paring the two, we get 





* First proved by Halphen. See his “(uvres“, vol. 1, p. 475. He considers a system 
of curves given by a differential equation. Zeuthen, in his “Lehrbuch der abzihlenden 
Methoden in der Geometrie”, pp. 302, 304 finds the same result by reasoning from degenerate 
cases in a way which, personally, I do not find convincing. 
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k-1 k-1 
[] @at+ mv = [] at + mun 2(n—1) — Dimi oi. 


If we eliminate the summation terms from these two, and the deficiency 
and cuspidal index of the last curve by Pliicker’s equations, we get the 
formula we wish. 

THEOREM 12. The number of curves of a k parameter system tangent to k 
given curves of orders m,, Me, Mg,--- and classes mM, Mz, Ms,--- im general 


position is given by the symbolic formula I (n.M+mN) where N* Mt, 


s+t=k, indicates the number of cur ves "aah 8 general points, and 
tangent to t general lines. 

I can not be sure whether this formula is original or not. I have not 
been able to find it in the literature, but there is a large amount of 
material dealing with problems whose solution is of the general form 
[l(aN+}:;M) where N and M have the meanings given above, while 
a and bj are independent of the system.* Most geometers look decidedly 
askance at the sort of reasoning which is used. A favorite method consists 
in finding the number required in a limiting or special case, and reasoning 
back to the general case. The initiator of the whole proceeding was 
Schubert? and it is certain that his methods arrive at results which seem 
correct, and which are hard to reach by more usual means. At the same 
time it is not easy to get rid of an annoying doubt in many cases, and one 
is never quite sure how far the underlying assumptions are to be trusted. 
Geometers of the first rank have expressed divergent views in the matter.t 





* Conf. Zeuthen, “Encyklopidie der Math.”, C IIL 3, pp. 290 ff. 

+ See especially his “Kalkiil der abzihlenden Geometrie”, Leipzig 1879. 

{The whole process has been violently attacked by Study, see Grunerts Archiv (3), 
vol.8 (1905), and Leipziger Berichte (2), vol. 68 (1916). On the other hand Severi has 
endeavored to point out the cases where the method can safely be trusted, and to develop 
symbolic expressions such as we have written above. See Palermo Rendiconti, vol. 33 
(1912), and Atti della R. Istituto Veneto, vol. 75 (1916). 


CAMBRIDGE, Mass., 
June 1929. 




















ON AN INVOLUTORIAL TRANSFORMATION 
FOUND BY MONTESANO.* 


By Vireit SNYDER. 


The existence of irrational involutions of points in ordinary space was 
established by Enriques, and concrete examples of such were later given 
by Aprile. One of the unsolved problems of modern algebraic geometry 
is the determination of involutions of minimum order, in particular, to deter- 
mine whether involutions of order two exist that are certainly irrational. 

Among the methods used in attacking this problem is the study of those 
birational involutorial transformations of space contained multiply in a linear 
line complex. An J (= involution) mapped on the general cubic variety 
of S, is probably an example; two series of such were given at the Bologna 
Congress of 1928, not yet published. Here I wish to develop another case, 
which was first found incidentally by Montesano in connection with another 
problem.t I shall first reproduce the work already given, but alter some 
of the proofs to fit the present purpose. 

1. The pencils of lines of space in which the lines belonging to four 
given linear line complexes K; form a tetrad projective with a given form 
9:@,+++, & constitute a system =. In a general plane of space exist oo' 
such pencils; their vertices lie on a conic passing through the poles of the 
plane as to the given complexes, and dually. The conics of the system 
in planes of a pencil with axis k generate a quartic surface @,:k*k,kksk,, 
where k; is the conjugate of k as to K;. A line in (Ki, Kx, Ki) is a part 
of the conic belonging to any plane passing through it. The residual line 
joins the pole of the plane as to the remaining complex with the point O’ 
on the line such that (O’K; K, Ki) g. These lines form a regulus com- 
plementary to that common to Ki, Kx, Ki. Hence the locus of composite 
conics consists of four quadric surfaces. 

Let gq, q’ be the two lines common to the four complexes. In any plane 
through one of them, as q, the four poles lie on the line. To determine 
in how many positions of the plane u the poles 2 A g, consider the four 
simultaneous equations which express the projectivity between pole and 


polar plane. 
auut bj 


y4= awa? (x; Xp %g 2%) = g- 





* Received June 17, 1929.—Written under the auspices of the Heckscher Foundation 
for the Promotion of Research, established by August Heckscher at Cornell University. 
T D. Montesano, Una estensione del problema della proiettivita a gruppi di complessi 
e di congruenze di rette, Annali di Matematica, ser. 3, vol. 1 (1898), pp. 313-358. 
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336 Vv. SNYDER. 


This gives a quartic equation in vw, hence there are four planes through g 
and similarly four through q’ that contain «* conics of the system, con- 
sisting of the line q (or q’) and any line of the plane. These planes and 
the poles on g and q’ are the singular elements of the system. 

Let K be a complex in involution with K,,---, K,. The pencils of lines 
of K in which the lines of (K, Ki) form a group A g have their vertices 
on a quartic surface 4,, and dually. Consider the pencils of = which 
belong to K. Those in planes through an arbitrary line ry have their 
vertices on 7’, conjugate to r in K. Since r’ meets g(r) in 4 points, it 
follows that the required locus is a surface 4, of order 4. And dually 
for the envelope Jj. 

The directrices d;, d; of the congruence (K, Kj) lie on 44. Let P be 
any point on d;. The pencil (P, dj) belongs to K and to K;. In it are 
three lines, one in each of the congruences (K, Ki). With these a fourth 
line of the pencil can be associated, projective with g. Hence P lies 
on A, and (P, dj) is a plane of J. Let 7, ri be the two lines common 
to K and three of the given complexes, not K;. Pass a plane » through 7; 
and let P be its pole as to K. In the pencil (P, ») the line r counts 
for three, hence 7; lies on 44. When the K; are all chosen independently, 
neither 4, nor J, has any double element. The lines q, q’ define an axial 
harmonic homology 2 which transforms 4,, J, each into itself. 

Let x, = 0 be the equation of K, in Klein coérdinates, a, 2, + a,x, = 0 


8 4 
that of K,, > bijxj = 0 that of Ky and Soa —O0 that of Ky. Then 
i=1 ¢=1 


that of K is d;x;+d,x,=—0. The lines common to the first four are 
(0, 0,0, 0,1, 2) and (0, 0,0, 0,1, —z) which are evidently conjugate as 
to K. Hence by 2, K and each K; is transformed into itself. The 
directrices d;, d; of the congruence (K, Kj) are interchanged, and the 
lines r, r’ which meet them are transformed each into itself. The homo- 
logy 2 and the null polarity (K) are commutative, hence their product 
is a null polarity (Ks) which interchanges 4, and J,. The lines dj, dj be- 
long to Ks, in involution with K and with each K;, hence are invariant 
in (Ks), while 7, rj are interchanged. 

The surface 4, is determined by K, the K; and g. If the complexes 
and three elements of g are kept fixed, and e be allowed to vary, 4 des- 
cribes a pencil, the basis of which consists of the eight lines d; and the 
eight lines 7;; of these two groups of lines every line of each meets six 
of the other. The value of e, and the pencil of 4, are projective. When 
€ =e, the points O, O,, O, are collinear, hence the line belongs to the 
regulus K, K,, K,; the associated 4, is composite, containing the quadric 
(K K, K,) as a component. It contains di, dj, ds, di; r2, 72, 7s, 73; the 
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other component is a quadric containing the other eight lines of the 
composite base curve. Similarly for the other singular values e, = é, 
and @ = és. 

The lines 7;, d; enter in these relations symmetrically. The congruences 
-having ri, ri for directrices all belong to K;. By threes these have in 
common d;, d; hence they define the same pencil 2,, and since the sin- 
gular values are the same, each 4 is identical, whether determined by the 
group d; or the group 7;. It follows that the two tetrads of lines of the 
congruences (d, d’) (r, r’) which pass through the same point (or which 
lie in the same plane) are projective. 

Two nondegenerate linear line congruences are said to be involutorial 
when the directrices of each belong to the other. We may now say: two 
tetrads of general linear line congruences, so related that every congruence 
of each group is involutorial with the three nonhomologous ones of the 
other (and with these only), have the following properties: 

a. The congruences of one tetrad belong to a linear complex, and those 
of the other to another; 

b. The two tetrads of lines of the congruences through the same point 
(or in the same plane) are projective with each other; 

c. The points at which the tetrads of lines Ag: &,---, e& belong to 
a surface of the fourth order 44. As g varies, 4, describes a pencil 
having for base the 16 directrices of the given congruences, and similary 
by duality. 

2. Let K,,---, Ks be five arbitrary linear complexes, and K the unique 
complex in involution with all of them. The following theorem will be 
proved. 

There exist o' pencils of lines in K in which the five lines of the 
= (K, Ki) form a quintad projective with a given form g: 
€,+++,é@;. The vertices of these pencils lie on a space curve u of order 8 
and genus 5, and their planes envelope its dual. 

Consider the two surfaces 4, determined by the tetrads K, Ks K, Ks 
and K, K,; K, K;. Their complete section consists of the curve u and of 
certain lines d, vr. The lines on 4, are dodo, dsds, ds di, ds ds; 1284 7284, 
Y235 1285, 1245 1245, 845 1845 and those on de are dy; di, ds ds, ds di, ds ds; 
risa Yis4, 1185 77185, 1145 7145, 1345 1'345 hence the lines common to both are 


ds ds, dy di, ds ds; Ys45 Tass 


and the residual curve is of order 8. The lines d;, d, are mutually skew; 
the lines rsas, 7345 are mutually skew, but each meets all six lines dj, 
hence there are 15 apparent double points among the pairs of lines d;, dy 
and one obtained from the two lines 7. Since the residual wg has the 
25 
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same order it has the same number of apparent double points, hence is 
of genus 5. The lines d; dj, d2d; each meet us in four points, namely 
those in which d, meets 4,, etc. From symmetry we have the following 
results: 

The 10 quadrisecants of uf are the five pairs of directrices (K, Kj). 
The lines y common to K and three of the given complexes do not meet u®, 

3. Let gigi be the five pairs of lines common to the given complexes 
K,, +--+, Ks, four at a time. Each pair has been shown to be conjugate 
with regard to K. In any plane o, the five lines meeting q, gj therefore 
meet in a point O, pole of » as to K. It will now be shown that these 
five lines constitute a quintad projective with that formed by the five lines 
to the pole 0,,---, O, from any point of the conic determined by them. 

Consider the two tetrads of four congruences (K, Ki) (qi qi), i = 2, 3, 4, 5. 
These have the involutorial property described in Art. 1, hence in , the 
two tetrads of lines O,(O, O; O, O;) and rz 73 7475 are projective. Similarly 
for the others, hence the theorem is established. Similarly by duality. From 
this duality and the result of Art.2 we can now say: 

Given five arbitrary linear complexes K,,---, K; and a form g: @,-+--+, és, 
the points of space whose polar planes in K,, ---, Ks; are projective with g 
lie on a space curve 7s of order 8 and genus 5, which has for quadrisecants 
the lines gig; common to the complexes, four at a time. 

4. The pencils of lines of space which contain five lines belonging to 
the five linear complexes K, ---, K, projective with g constitute a system >’ 
such that an arbitrary plane contains one such pencil, and dually. 

A point and a plane of space associated in >’ define a birational null 
polarity. Let a plane turn about a line k. First consider the four com- 
plexes K,, K,, Ks, K,. The conics of = in planes of (k) generate a quartic 
surface 0;(k): k* k, kykg ky. Similarly, those belonging to K,, Ke, Ks, Ks 
generate 9,(k): k®k, keksks, where ki is the conjugate of k in Kj. These 
two surfaces intersect in k*: k, kz kg, and in the two lines which meet k, 
k,, ke, ks hence the residual is a space curve of order 7, meeting k in 
6 points. The planes of these pencils envelope a developable of class 7, 
having six planes through k’, conjugate of k in K, the complex in involution 
with the five given complexes. The birational null polarity N is therefore 
of order 7. 

5. If the five polar planes of a point O as to K,--- Ks, are projective 
with g, then every plane of the quadric cone determined by them is associ- 
ated with its vertex in N; the point O is therefore a double point for 
every 9; of the web, associated with the points of space. The locus of O 
is ys, having 10 quadrisecants g;; since 7, is double on |g,|, these 
quadrisecants are also on every surface of the web. Since the variable 
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intersection of two such surfaces is C,, there can be no other fundamental 
curves. The lines q are also fundamental in N, since to any point on 
one of them q correspond all the planes through gj. Hence the bundle of 
planes having P for vertex or P~g,:7310q,, [qi,7s] = 4, p = 5. 
The jacobian of |y,| is J,,:73 10q!, image of the developable j,, dual of 7s. 

Let (O, w) be a pencil common to K, and K,. It contains three lines 
ls, 44, 15 belonging respectively to Ks, Ky, Kz. If we associate two lines /,, l, 
of the pencil such that J,,---, 1; ) g it follows that the pencil (O, ) belongs 
to >’, hence O, are associated in N. It follows that the directrices 
dix, dix of the congruence K;, Ky are associated in N in the sense that 
the points on either have for associates the planes through the other. 

6. Now consider the null polarity (KX). It transforms 2’ into itself, 
interchanging 7, and js. The vertices of two associated pencils of >’ are 
conjugate in an involutorial birational transformation J, of space, of the 
same order and with the same fundamental elements as N. It is the 
product of the two commutative involutorial correspondences N and (K). 
. & ~9,: 72 104q;, (7g, a] = 4, p = 5. To a point on 7, corresponds a conic 
lying in the polar plane of O as to K, but in general not passing through O. 
The conics generate the jacobian J,,: 73 10g/. Moreover, each conic passes 
through the poles O,,---, Os of its plane as to K,,---, Ks, and any point O 
on it has the property that O(0,,---,05;)/g. Since the conic can not 
have any variable points on a general g; of the web, and since its con- 
jugate in J, is a point, it meets y, in 7 points. 

A plane s meets its conjugate gy; in 4,, having 8 double points P; on 7s. 
The conjugate of P; is a conic lying on gy; and on Jg4. The complete 
intersection of ;, Je, consists of yg, counted 2x7 times, of 10q:, each 
counted 1x 4 times, and of the 8 conics, images of the 8 points P;. 

The conjugate of an arbitrary line k in J; is C,, which meets k’, con- 
jugate of k in K, in 6 points. In particular, if k belongs to K, the con- 
jugate meets it in six points, forming three pairs of conjugates in J;. 
Hence the transformation JZ, belongs to a linear complex K, and every 
line of the complex contains three pairs of conjugate points. 

7. The locus of invariant points wg, does not meet any fundamental lines q; 
of the second kind. Since its (composite) image in J, is of order 56, and 
its proper conjugate is of order 8, « must meet ys, in 24 points. Every 
line dj meets six lines gq, hence its proper image is d%. The relation 
between points on these directrices is therefore a projectivity. 

The equations of the five given complexes K; may be taken in the form 


5 
K; =2 Aik XH, = 0, «1 = 1, 2, 3, 4, 5 and that of K is then z, —0O. Those 
=i 


of K} are then obtained from the scheme 
25* 













































SER EMRE REG EE: 


Be Aas at S 


Ne 





2 RET OL IO 8 MESA BLBO EEG 

















ee 





340 V. SNYDER. 


Hy LH Le x 

G1 Ue Ns the Ns 
Ge, Usz Ass Asa Aas 
3, Ase Ass Ase Ags 


G4, Gs4g Ug Ugg M5 








M5, Ose Ass Ase 55 


by equating to zero the determinant obtained by suppressing the row 
ii, +++, 4. Thus, when one set (Kj) is given, the other is uniquely deter- 
mined. Any theorem regarding J; is transferred to one involving J; by 
replacing every coefficient a by its minor including proper sign in | ajx|. 
Hence the curves 7g, ws are birationally equivalent. 

The table of characteristics of 7; may now be expressed as follows: 


s~s,:7510q;-[9;, 7,] = 4, p of y, is 5. 
C,~C,, (Ci, G;] = 6. C,, Ci conjugate in K. [C,, yg] = 24. 
¥,~Jo,: 74-1094 (Jacobian of |s,|). 
Point P on yg ~ Cy in plane 7, polar of Pin K. [Cy, ys] = 7, P not on Cy. 
ga~q, conjugate of q in K. 
Point on gi~ qj (fundamental of second kind). 
Point P on uy ~ same point on ug, p = 5. [us, 73] = 24, [di, ug] = 4. 


8. A line meeting yg has a composite conjugute, consisting of the image 
conic of the point of intersection, and of a residual C; of genus O, which 
meets C, in one point. 

A line meeting yg in two points loses two conics, hence the proper con- 
jugate is a space cubic having one point on each conic. From every point 
of space can be drawn 16 cubics of this congruence. 

A trisecant loses three conics, hence its image is a line. Since the 
correspondence is (1, 1) the relation between these two lines is a pro- 
jectivity; since it is involutorial, the conjugate is also a trisecant. Hence 
the surface of trisecants of yg is invariant under J,, the generators being 
arranged in pairs, projectively equivalent. Two distinct lines conjugate 
in J; can not intersect, as they are conjugate as to K. The surface of 
trisecants is of order 40 and has y, to multiplicity 10, hence each generator 
is met by 11 others, apart from those meeting on ys. The curve us meets 
R,,: 75° 10q¢ in 80 points, besides those on y,. The complex K contains 
80 generators of Ay. These eighty lines are self corresponding lines in J;. 

9. A system of invariant surfaces can be obtained as follows: Let k be 
any line in space, and » an arbitrary plane containing it. The plane 
meets its conjugate surface gy; in a curve 4, having 8 double points at 
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the intersections of » and ys, and passing through O, the pole of » as 
to K. The point O is the intersection of » with k’. Every line of the 
pencil O, » meets 4; in three pairs of conjugate points in Z;. The (simple) 
tangents from O have invariant points for points of contact. These are 
the 8 points ug, #; the curve us meets g; in no other points apart from 
those on yg. The curve 4, is of class 26, hence there are 8 bitangents 
which pass through O. Let P be one of the points on yg in w. The 
line PO belongs to K, and the image conic of P lies in the polar plane 
of P as to K. Since 4, is invariant in 7, the two points in which the 
conic meet OP are images of P in w, and belong to 4,. Since P is 
a double point, each of these image points count for two, and OP is a bi- 
tangent, but the points of contact are not self corresponding points. There 
is a system of curves |4,|, each having this property from the pole of its 
own plane. 

Every 4;(r) meets 7s in 8 points. Let B be such a point and # the 
polar plane as to K. For every line in 4, the pencil of lines B, & con- 
tains three pairs of points PP’. But B is a multiple point on 4,, hence 
P always falls at B for one point, and P’ describes its associated conic. 
The curve A, breaks up into this conic and a quintic. The conic passes 
through the other 7 points of ys in &, and C; has B for triple point, 
corresponding to the three residual points in which the conic meets the 
quintic. The quintic is invariant in J,. 

Let » = w’ = 0 be two planes through k, and g; = 0, 97 = 0 their 
conjugate surfaces in J;. As the plane turns about k, 4, describes a sur- 
face T; having for equation oy; — w’y, = 0. It contains both k and kK’, 
and yg as double curve, and 10q; simply. There is a 7 associated with 
every pair of lines k, k’ and each is invariant in Z,. T,(k, k’):7210q,kk’. 
The congruence of lines having k, k’ for directrices is contained in K, and 
each line meets 7; in three pairs of points conjugate in J;. Let r be 
a line of K. The three pairs of conjugate points PP’ must lie on the 4, (r) 
in every plane through r. Hence these points must all be double points 
on the associated 7,(r). The lines k, k’ do not meet yg, hence these lines 
are each 8-fold in the ruled surface R,, of bitangents of 7,3, the points 
of tangency of which are not self corresponding points. The surfaces 
Rig: ysk kK’ ug and Ts: 78 10q:kk’us touch along ug and along the curve 
of intersection of 7, and the jacobian Jy. 

10. Now consider a second line s; it determines a surface T;, (s): 728 8’ u,. 
The lines of K which meet k, s also meet k’, s’ forming one regulus of 
a quadric. Each of these lines contains three pairs of points conjugate 
in J;, belonging to both 7, (k) and Z,(s). The whole curve of inter- 
section of 7, (k), 7, (s), of order 64, is made up of 7g counted four times, 
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of 10q; and of ws—these common to all the surfaces of the system | 7;|— 
and of a curve Ci, of order 14 of type (6,8) on the quadric defined by 
k, k and s, s’. Each curve Cj, is also invariant in J;. Every point in 
which 7s meets the quadric is on C\4, and every point in which each q; meets 
H(k, s) is on Cy. The points [Cj4, 7s] are actual double points on C,,. 

When two lines 7, s intersect and neither belongs to K, then 7’, s’ also 
intersect. The C,, of intersection of 7 (r) and 7, (s) is composite, It 
consists of the 4, of the plane (r,s)== and of the 4, of the plane 
(r’, s’) =’. The pole O of o, is the point (r’,s’) and the pole O’ of o’ 
is the point (7, s). 

The six-fold secants of C,, are now the lines of K in the pencils O, 
and O’, w’; they are really 7-fold. The 8-fold secants are the lines O, w’ 
and 0’, . Essentially the same thing happens if one only of the lines r, s 
belongs to K. When both ry and s are lines of K, the C,, is 4, taken 
twice and both systems of multiple secants coincide in the pencil of the 
complex K in its plane. There are two lines of K which meet three 
arbitrary lines k,/7, m; these each contain three pairs of points belonging 
to T'(k), T()), T(m), hence any three surfaces of the «* system | 73! 
meet in 12 points, six on each of two lines. 

Let P be any point of space. Through it pass «* surfaces 73; since 
each 7, is invariant under J;, those passing through P must also pass 
through P’. The line PP’ belongs to K, hence every 7; which con- 
tains P and P’ also contains the other pairs of points lying on PP’. 

11. The «*|7, : P can be mapped on the points of another S3. The 
equation of 7; is of the form wg’ —ao’' 9 = (ax) (by)—(bz) (av) = 0, 
or > ax px = 0, wherein [] (a) = 0, [](p) = 0. The surfaces through 
a fixed point P impose the additional condition > ax p; = 0. But these 
relations are true for any involution; in case the J belongs to a linear 
complex, the surface associated with any line r is identical with that 
associated with its conjugate r’ as to the complex. The second line is 
uniquely determined when the first is given, hence the system | 7'| is in 
this case linear rather than quadratic. 

Now map the lines of K on the points of the auxiliary space S;. The 
linear congruence K, r associated with 7'(r) is then represented by the 
points of a quadric surface through the fundamental conic; those con- 
gruences containing p’ are mapped by the quadrics through the conic and 
the image point P’, a homaloidal system. The lines common to two con- 
gruences 7'(r), 7'(s) belong to a regulus; in Sy we have a conic through P’ 
and meeting the fundamental conic in two points. This conic is also the 
map of the Ci, in which 7'(r), 7'(s) intersect, every point of the conic 
being the image of a line of K which meets C,, in six points. Three 
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surfaces 7'(r), 7'(s), 7'(t) meet in six points, all on the same line of K. 
The corresponding quadric surfaces in Ss have one point in common, image 
of the line in K. 

Given an arbitrary plane. From any point P in it there is just one 
line PP’. As P describes the plane, P’ describes its conjugate gy; and 
both points are on the composite surface wg. An arbitrary line PP’ 
also contains two other pairs of conjugate points, but these are not on o 
nor y; the line PP’ is transformed into a curve of order 7 which meets 
it in six points, the pair of conjugates P, P’ and two other pairs. The 
composite surface »g then separates one of these three pairs of points 
from the others. 

12. The system |s,-+g,|:7310q is invariant in Z,. The postulation of 
an F, is [8] = 164. That of 73 on F is 140, and each gq, is a quadri- 
secant of y,, hence that of the required system F,:7{10q, is 14. The 
curve ug meets ys in 24 points, each double on Fy, hence the postulation 
of ue on Fy is 8-8—5-+1—2-24 = 12, provided all the points of 
intersection are independent. 

But within the system |s,-+ ,| is that defined by the intersection 4, 
of s, with its conjugate gy; when the former turns about a line in its plane, 


81 97 — 81 Yr| = | Ts). 


This system is o*, one associated with every line 7 of space, but that 
belonging to 7’, the conjugate of 7 in (K) is identical with that belonging 
to l, hence the system |7%| is linear rather than quadratic. This system 
also contains ug. The residual curve of any two surfaces of the system 
is a curve Cy, of order 14, having 16 actual double points. Any three 
surfaces of the system meet in 12 points, lying on two lines. The sub- 
system of | 7;| passing through a point contains also the other five points 
on the line joining it to its conjugate. The |C,,| pass through the six 
points. The curves are the images of the lines of an auxiliary space, in 
a (1, 6) correspondence. The curve C,, is of genus 19. If we now make 
each F' of the system projective with the hyperplanes of S,,, it should 
be possible to map the various subsystems of | /,| upon manifolds of this 
space, and hence the involution J; simply on some M® of S,,, as well 
as multiply upon the points of S;. The determination of this manifold is 
a necessary step in the problem of the classification of three dimensional 
involutorial birational trausformations. It is different from the manifolds 
to which all other known involutions contained multiply in a linear complex 
belong, and probably not mappable on the cubic variety of S,. 


NAPLES, 
April, 1929. 
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POLYGONS JOINTLY RELATED TO THE RATIONAL 
CUBICS AND OTHER CURVES.* 


By Cuiirrorp BELL. 


1. Introduction. Closure problems have been extensively studied by 
Steinert and others since his time. The closure problem concerned with 
the number of in-and-circumscribed polygonst to a given algebraic curve 
or curves has been investigated chiefly by Cayley. The polygons of the 
special type in-and-circumscribed to any cubic curve alone are not included 
in his work. However, the number of such polygons for all types of cubics 
has been determined severally by Durége,|| Sylvester,] Story** and others. 
The purpose of this paper is to consider the polygons that have one vertex 
on a given algebraic curve f(x, y, z) = 0 of order m and have the other 
vertices and points of contact on one of the rational cubics.t+ Three cases 
are discussed according as the involved cubic has a cusp, a crunode, or 
an acnode. 

2. The cuspidal cubic. Consider the n-sided polygons in-and-circum- 
scribed to the cubic whose equation is zy? = 2*. Expressed parametrically, 
the equations of the cubic are 


(2.1) ex=4, ey=1, ec =*. 


Draw a tangent to the cubic at any point Aj and call its tangential A). 
Through A2 draw a tangent and call its tangential 43, and continue this 
construction until the point A,—; is reached, where n is the number of 
sides of the in-and-circumscribed polygon. Let A, denote the intersection 
of the tangent line having tangential Aj and the line tangent at the 
point A,-1. A) denotes the point of tangency of the line Aj 4). Now if 
A}, falls on the curve f(a, y, 2) = 0, the polygon,tt 4{.4)--- Ah, is one 





* Received May 4, 1929; in revised form June 3, 1929. Presented to the American 
Mathematical Society, June 20, 1929. 
7 Steiner, Crelle’s Journal fiir Mathematik, vol. 32, p. 182. 
{ An in-and-circumscribed polygon is one that has its vertices on, and its sides tangent 
to, a given curve or curves. 
§ Cayley, Collected Works, vol 8, p. 212. 
|| Durége, Mathematische Annalen, vol. 1 (1869), pp. 509-532. 
q| Sylvester, American Journal of Mathematics, vol. 2 (1879), pp. 381-387. 
** Story, American Journal of Mathematics, vol. 3 (1880), pp. 379-380. 
Tt The author is indebted to Professor W. M. Whyburn for many helpful suggestions 
during the preparation of this paper. 
tt Order along the polygon is understood to be that indicated in the construction, and 
throughout the paper the notation is chosen so that this order is preserved by the sub- 
scripts. 
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of the in-and-circumscribed polygons of the type under consideration. In 
general any one of these polygons is designated by yore 

The general method of procedure is that of determining the locus of Ak, as 
functions of 4,, the parameter of Af. Elimination of 4, gives the equation 
of the locus in the form F(z, y, z) = 0. The number of polygons that 
may be in-and-circumscribed is given by the number of intersections of 
F(x, y, 2) = 0 with the curve f(x, y, 2) = 0, where j-fold roots arising 
from the simultaneous solution of this equation with F(z, y, z) = 0 are 
counted as giving 7 intersections. 

THEOREM I. The number of n-sided polygons in-and-circumscribed to the 
cuspidal cubic and the algebraic curve f(x, y, 2) = 0 of order m is equal 
to 3m, where it is understood that n—1 vertices and n points of contact 
of the polygon lie on the cubic and the remaining vertex lies on the curve 
S(@, y, 2) = 9. 

The locus of At is found by determining the point of intersection of the 
lines Ak, AX and Ab At. It can easily be shown that the parameter of 
Ax_, is (—2)"""4,, where 2, is the parameter of AT. Likewise A) has 
the parameter —4/,/2. Using these parameters the equations of An An 
and A Ai are determined, the simultaneous solution of which gives 


fee Cath, 
ey = 3[ (—2)"*—1], 
ez = 3[—(—2)"* +1](— 242, 


as the equations of the desired locus. This is a curve of order 3 and 
hence the theorem follows at once.* 

CoroLuary I. The number of n-sided polygons in-and-circumscribed to the 
cuspidal cubic and the set of s algebraic curves fi(x, y, z) = 0 of orders mj 


(2.2) 


8 
is equal to 32 mi. 
is 
Coro.uary II. The polygons in-and-circumscribed to the cuspidal cubic 
alone are all point polygons.+ 
THEOREM II, The vertices or points of contact, At, (k = 1,---, 3m), of the 
polygons in-and-circumscribed to the cuspidal cubic and the curve f(a, y, 2) = 0 
all lie on the curve f(c x, Cz y, C32) = 0, where c, = [— (— 2)"—-*+ 1] (— 2), 
Cs = 3[(— 2)"-*—1], og = 3[—(— 2)" 41) (— 2). 
Let the equations (2.2) be written in the form 


ex=khi, ey=k, ef = kit, 





*The results of the paper imply that the triangles arising from infinite and imaginary 
roots are counted. 
TA point polygon is one that has all m vertices coincident. 
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where 
= [—(—2)"*+1], hk = 3[(— 2)”?—1], 
= 3[— (— 2)""+1] (— 2)". 


The parameter of At is y= (—2)*"4,. The 4,’s are obtained by the 
solution of the equation f(k; 41, ke, ks ii) = 0, and hence the 4;’s are roots 
of the equation f[k,(—2)' ‘4, ke, ks (— 2) 27] = 0. Making use of 
the fact that A} lies on the curve (2.1) and substituting for 4; its values 
in terms of x, y, z, we have f[k,(—2)'-*z, key, ks (—2)®*-® z] = 0, which 
verifies the theorem. 

It is worthy of note that Theorem II does more than pass a curve of 
order m through the 3m points, since it shows that a simple magnification of 
x,y, 2, dependent only upon » and ¢, deforms the given curve f(x, y, z) = 0 














‘4 | into one that includes all the points Af for fixed ¢ and variable k. 
ee 3. The crunodal and acnodal cubics. Since the Pliicker numbers 
Pee of these cubics are the same, the number of in-and-circumscribed polygons 
ae is the same in either case. 
: a a THEOREM III. The number of n-sides polygons in-and-circumscribed to either 
- Be the crunodal or acnodal cubic and a set of s algebraic curves fi(x, y, 2) = 90 
} # : of order m is equal to 3- a1 Sm, 
t uf i Procedure similar to that used in the cuspidal case and elimination of 
ia a common factors yields the following equations for the locus of AK 
Poe Be 
ie re (p—2)/8 0 
iit ie ex = —3 Pr | i i i 25, << om 
fib: ee they — 
eek r  (p+1)/8 0 
ony en we 2 ee co, 
1h 3 f . k=(2p—4)/8 =(p— : 
Hite Fengen e 
ve ec = 48 (— t)* — 2 (— #*|—1, 
2 L k=p—1 —2)/8 a 
ey 
a he when » is even and similar equations when m is odd, where p = 2”-', 
i r #? = —4i,, and the cubic is crunodal, the equations of which are 
ti 1 ex = 34, ey = 384, ez = 4+1. 
% t 
Theorem III follows immediately from these equations. 
Cs CoROLLARY. Excluding point triangles and duplicates, both the crunodal 
: and acnodal cubics have two in-and-circumscribed triangles which are imaginary 
+. Sor the crunodal cubic and real for the acnodal cubic.* 
re ib} 
y * Cf. Durage, loc. cit., p. 526, and Story, loc. cit., p. 380. 
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ON THE CLASS NUMBER OF CUBIC 
CYCLOTOMIC FIELDS.* 


By CLArBporRNE G. LATIMER. 


1. In a former paper,t+ hereafter referred to as J, the writer considered 
the problem of determining the prime ideals in a cubic Galois, or cyclo- 
tomic field. Every prime ideal in such a field is of the first or third 
degree. A necessary and sufficient condition was obtained for a rational 
prime, >3 and not a discriminantal divisor, to be the product of three 
prime ideals in the field. This condition was in terms of Eisenstein’s 
symbol and was analogous to the well-known condition in Legendre symbols 
that a rational prime be the product of two prime ideals in a quadratic field. 

In this paper, we shall employ the results of J to obtain the class 
number of such a field. The method is analogous to the usual treatment 
of the same problem for quadratic fields and for cyclotomic fields defined 
by a primitive mth root of unity, where m is a power of a prime. The 
result is very similar to the well-known result for quadratic fields.{ 

2. Let F be a cubic cyclotomic field. The discriminant of F is A’, 
where by Lemma 2, J, 4=9, D or 9D, D being a prime in the form 
3m-+1 or a product of such distinct primes. By a well-known result of 
Minkowski’s, every class of ideals in F contains an ideal of norm less 
than 24/9. It follows therefore that if d= 9, F is of class unity. We 
shall assume hereafter that 4+ 9. Let g:(i=—1,2,---, m) be thé prime 
factors of D and let g —1 or q@ = 9 according as A= DorA=—9D. 
We may assume,§ without loss of generality, that F is defined by a root 
of the corresponding equation below: 


(1) xt’— Dax—(28—37)D = 0,7 4 = JD; 
(1’) x®’§—3Da2+ (s—6y)D = 0, A = 9D; 
where in each case f, y are rational integers such that if o = e*® then 


&8+-3y0 = #1 feo --- fn Where the w’s are primary primes of the field F'(e) 
such that N (ui) = Vi (= 3; 2, eee, n). 





*Received June 21, 1929. 
t+ American Journal of Mathematics, vol. 51 (1929), pp. 295-304. 
{ Cf. Weber, Lehrbuch der Algebra, Il, pp. 784-7; Hecke, Vorlesungen iiber die Theorie 
der algebraischen Zahlen, §§ 42, 49, 51, 52. 
§ Weber, Lehrbuch der Algebra, II, pp. 105-8. 
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If A= D and 46, is a root of (1), it may be shown by Woronoj’s method 
of determining a basis of a cubic field* that the following numbers con- 
stitute a basis of F’. 


1, 6 = (8+ 46,)/3, o = (—£0+4+ 6*)/y. 


If d= 9D and 6’ is a root of (1’), we find similarly that the following 
numbers form a basis of F; 
1, 6’, @’, 


where ’ is a certain number of F. @ is a root of 


e— fo?+y(@—3y)e+y7* = 0. 


We have then by Theorem 2, J, 

THEOREM 1. A rational prime p, not a divisor of 6 A, is the product 
of three distinct prime ideals of F or it is a prime of F according as the 
corresponding congruence below has or has not a solution. 


(2) e— Bo?'+y7(B—3y)z2+7? = 0 (modp), A= D; 
(2’) x®’—3Dx+(s—6y)D = 0 (modp), A= 9D. 


Consider Theorem 3, J, as applied to F. If 4 — D, e and j are zero 
If 4 = 9D, then 7 = 2 and it may be verified that e = 1. In either 
case, it may also be verified that the s+ te (¢=—1,2,---, n) of J are 
the present w;. By Theorem 3, J, we have therefore 

THEOREM 2. Jf p is a rational prime, not a divisor of 64, and if 
p = or p= TH, where in either case H is a primary prime of F(e); 
a necessary and sufficient condition that p be the product of three distinct 
prime ideals of F is that 

ae [a 
ta Baek 
a Is ' I] a 
where the brackets are Eisenstein’s symbols, ji is the conjugate of mi and 
ae =0 or « = 2[N(M1) —1]/3 according as A= D or 9D. 

3. If 4, are integers of the field F(e) and p# is a prime of the field, 

not a divisor of 4r, and N(wu)>3, by the definition of the Eisenstein 


“EN-ElGh 2-6 BIE 
BI" 


(4) 





* Uber die ganzen algebraischen Zahlen, die von einer Wurzel der Gleichung dritten 
Grades abhingen,; St. Petersburg, 1894. See also J, p. 296. 
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where 4’, u’ are the conjugates of 4,. If 4, are primary primes of 
the field,* then 


= [4] 
(5) [= sag ,1° 

By employing the well-known generalization of Fermat’s theorem, it is 
readily shown that 


® Flel=° 


where 4 ranges over the N(w#)—1 numbers of a reduced set of residues, 


modulo pu. 
If m is a rational integer, let yi(m) (¢ = 1, 2,---, ) by defined by 


ulm) = 0 or nim) = [| (= 1,2,---, 9) 


according as m is or is not divisible by w. If 4 = D, let x%(m) = 1 and 
if 4 = 9D, let xo(m) = O or eo according as m is divisible by 3 or 
m = 3t+/, where f= +1 and ¢ is an integer. Let x(m) be defined by 


x(m) = Xo(m) x1 (m) «++ xn(m). 
By (4) and the definition of 7%, we have 
(7) x(m) x(s) = x(ms), x(m+As) = x(m), x(—m) = x(m). 


Let p be a rational prime, not a divisor of 64. If p= 11’ where H/, I’ 
are conjugate primary primes of F(@), by (4) and (5), 


we) = I = Ee = [4], @= 12, 


If p = 77 is a primary prime of F(@), then 


it i i7 ime 
0) = 1=lal=-[G], ao =["9], 
By (4) and (5), (3) is equivalent to 
n 2 
H[*7] = « 


If 4 = D, then a = 0 and this equation is obviously equivalent to 
x(p) = 1. By employing the above expressions for x,(p) or x?(p) ac- 





* Bachmann, Die Lehre von der Kreisteilung, p. 198. 
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cording as p is a composite or a prime in F(g), and the definition of y, 


_it may be shown that if d 9D, the above equation is again equivalent 


to x(p) = 1. We have therefore by Theorem 2 the following; except 
for the cases p = 2 and p = 8, A= D. 

THEOREM 3. A rational prime p, not a divisor of A, is the product of 
three distinct prime ideals of F' or it is a prime of F according as x(p) = 1 
or x(p) $ 1. 


m 
To prove this for p= 3, 4 = D, suppose 2n+3ymne = [ [+3%), 
ee 
where the factors on the right are primary primes of F(o) ‘and Bm is 
a rational integer. Then 8» == (—1)” (mod 8), since s; = —1 (mod3). 
Employing these congruences, it is readily proved by induction that 
¥m = (—1)"1*(4+4+---+tn) (mod3). Hence if wm = £+3y7i0 
(¢ = 1, 2,---, ) it follows that 


y = (— 1)" 1 (nt+re+ ++: +7n) (mod 3). 


But it is known* that 
x (3) — gaittat 9). 


Hence x(3) = 1 if and only if y is divisible by 3. But this is also 
a necessary and sufficient condition that (2) have a solution for p = 3. 
The case p = 3, A == D follows from Theorem 1. 

It may be shown that 


x(2) = [A+ ze] or x(2) = 2 [ft sre], 


according as 4 = D or A = 9D. The first [second] of these is unity 
if and only if y[4] is even. Employing (2) or (2’), the case p = 2 follows 
from Theorem 1 as in the preceding case. 

4. We shall now consider certain generalized Lagrangian resolvents, to 
be used in the sequel. Let m be an arbitrarily chosen integer and let 
q—1 q;—1 
Alm, a) =F uwoen™, — Alm, a) = 5 Benen 
p— = 


(i aeons 0,1,---,,+1) 


where it is understood that gnii1 = A, xn41 = xX. 
Let Q: = A/a (¢ = 0,1,---,m) and let R be the set of numbers in 
the form 


Ao Qo + 1 Qi + +++ +n Qn, 
* Bachmann, Ibid., p. 223. 
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where each a; ranges over the integers 0,1,---,g;—1. R is a complete 
set of residues, modulo 4. We have 


Gi (m, A) = Dix (semen 


= OC, D x0 (do) tr (ar) +++ an (an) root FHWA, 


Gg Fy 4* ++ Oy 


where Cy, = %0(Qo) x1 (Qi) «++ Xn (Qn). Then 


(8) G,(m, 4) = GG(m, Go) G; (m, 1) ++: Gi (m, Qn); 
and hence 
(9) Gs (m, 4) = Cy Gs (m, Qo) G; (m, M1) He fy Gs; (m, Qn); 


where C, = Cj. 
Let ¢; = ¢” and assume for the present that gi+q. Then 


q,-1 q-1 
GU, Qala) = 2 xOGOrt = F pW xen yr 
es q,-1 
ia Ps 2 (0) ps gato, 
t=1 s=1 
q;-1 


We have x;(¢,—1) = 1 and by (6), 2 x3 (t)=0. Furthermore, 
=1 


'S pate i —1 if t<q—1, 
s=1 i aa g—l1 if t= q—1. 


It follows that 
Gy (1, qi) Go (m, qi) = Gi- 


By the definitions of G, and G,, this equation holds for gj = go = 1 and 
it may be verified that it holds for qj =gqo = 9. Hence by (8) and (9) 


(10) G, (1, 4) G, (1, 4) = A. 


Let £ oe eA and let m be prime to 4. Then 


A-1 A-1 
x(m) Gy (m, A) = 2 x(ms) tm = 2 x(s) 0, 

and hence 

(11) G, (m, A) —_ x (m) G, (1, A). 

From this we have 


(12) G; (m, 4) ek (m) Gs, (1, A). 
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352 C. G. LATIMER. 
If m is divisible by the prime q, by (6) 


ofl 
Alm, a) = Sul) =0, Gym, q) = 0. 


If m is divisible by 3 and if g -= 9, it may be verified that these equations 
hold. From (8) and (9) it follows that (11) and (12) hold for every m. 

5. Fis a real field and therefore by Dedekind’s well-known result on 
the class number h, we have 


hX = lim(e—1) [[t1—y(Py-}" 
z=1 P 


where P ranges over all the distinct prime ideals of F and X = 4R/A, 
R&R being the regulator of F. By known properties* of discriminantal 
divisors, every rational prime divisor of 4 is the cube of a prime ideal. 
We have therefore by Theorem 3, 


Il [1—N(P)-*] = (1—p-*) [1 —2(p) p) [1 — 2 (p) v4] 


where P ranges over the distinct prime ideal divisors of the rational 
prime p. Hence 


hX = lime—1)[ [—p-" | 0-2) pA" [2 
z=1 p p Pp 


where p ranges over all rational primes. These infinite products may be 
written as follows. 


ic.) 

(13) Li (z) = II [1— x‘ (p) p77: = Ps (n)n-*, (i = 0, 1, 2), 
p wie 

where it is understood that y°(m) 1 for every m. It is known? that 


lim (e —1) Lp (2) = 1, 
z=1 


and hence 
(14) hX = lim J, (2) Ly (z). 
z=1 


Let c(i = 0, 1, 2,---, 4— 1) be determined by 


A-1 
& ib! = 1) (s = 0, 1,---, 4—1). 


To solve for , multiply these equations by 1, ot, t-*4, ..., ¢-(4-™ 
respectively and add. We obtain 
A-1 
Aa = 2 x (s) ¢-%* = G, (t, A). 
s= 





* Bachmann, Allgemeine Arithmetik der Zahlenkérper, p. 317. 
t Hecke, Ibid., p. 161. 
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Hence by (11), 

(15) c= 4G, (1, 4) x* (0. 

The series $ t“n-* is absolutely convergent for every z>1. Hence by 
n=1 

(13), (15) and the definition of the c’s we have 


L, (¢) = z (c OP cg 4 beg CO) / nt 
= $474, (1,4) = 20 > (cmp omy /nt, 


n=1 
A 
art =o, Ena & 


it follows* that each of the series above is convergent and continuous at 
¢=1. By employing the power series expansion of log (1—z), it may 
be shown? that if 0<t< A, then 


$ > (c+ ¢-™)/n = — log sin ane 
n=1 


’ 


Therefore 
A-1 


mut 
lim L, (2) = I, (1) = —4-G, (1, 4) = x*(f) log sin |, 
and from this 


A-1 


lim Ly (2) = — 4 G; (1, 4) 2, x (6) log sin Pe 


We have therefore by (14) and (10) 


A-1 
mt 
h= a TE Zs x(st*) log sin — * jog sin 7° 


Since x[(4 — s) t*] = x[s(4 — #)*] = x[(4 — s) (4 — 0)*] = x(st*) this may 
be written, 
1 (A—n/2 ee 
h= R o& _ Bet) log sin —— - * log sin —=- 7° 
Let the »(4)/2 = 3f positive integers less than 4/2 and prime to 4 
be divided into three sets aj, yi, 2: (é=1,---,f) such that 


xv) = 1, zxW=—e, xe) =e. 


* Hecke, Ibid., p. 162. 
t Hecke, Ibid., p. 206. 
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cide 
tas Then 


43 x(x} y;) 7 x(a; z) - x (yj 2;) a es (i,j = 1,2,+--,f) 
; x(x, yj) = x(aj 2) = 1,47) = @. 
Let 


Sf tf tf 
A= log | [ sin — , B= log [ | sin“, C= log | [ sin =. 
i=1 


i=1 i=1 
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Since e+e” = —1, the above expression for h may be written 


ees [at + Bt+ C?— AB— BC—CA] 


(Ge bt epg ot SRR 


ae 


aR 
é 


1 2 2 
= gp l4— B+ (B— C+ (C— 4). 


; 

| 

ai dee 

z x(a,22) = xyyf) = xe) = 1, 


$02 


Pon Aosy fl 


ee We have therefore 
Eee THEOREM 4. If R is the regulator of F, the class number is 








iH Re Hsin sin ~" Hsin 
Tae. h = +,|logt| ——"]-+ tog] ——*_|+ tog*] — 
a a _- HM sin re Hsin Hsin 
ft i 
att 4 ‘ where x,y, 2 range over the positive integers less than A/2 such that 
He eae 
vm i 


x(q)= 1, xwW=—e, xe) =e’. 
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ON A GENERALIZATION OF PLUCKER’S SURFACE.* 


By Henry J. Mixes. 


For a quadratic line complex an arbitrary point in space is the vertex 
of a quadric cone of lines belonging to the complex, and in an arbitrary 
plane the lines of the complex envelop a conic section. If a plane rotates 
about a fixed line the conics, enveloped by lines of the complex, in the 
successive planes will describe a surface called by Pliickert a meridian 
surface of the complex. If the plane moves parallel to itself, i. e. rotates 
about a line at infinity, Pliicker called the surface generated an equatorial 
surface of the complex. Either may be called a Complex Surface or 
Pliicker Surface. 

Instead of considering the surface generated by the conics in an axial 
pencil a+248 = 0 one might consider pencils of higher orders 


Matinigt+...tiytéd =0 


where a = 0, 8 =O, ---, y=0, d=0O are planes and A is a parameter. 
That is, instead of considering the surface enveloped by conics in the 
planes through the line a = 8 = 0 one might consider the surface generated 
by the conics in planes tangent to a developable surface. 

The purpose of this paper is to investigate in some detail a special 
case arising from the use of the Harmonic complex and a pencil of 2nd order; 
and then to extend the results to the general quadratic complex. An 
Harmonic complext consists of the assemblage of lines which meet two 
given quadric surfaces in points which form an harmonic range. If the 
quadrics are referred to their common self-polar tetrahedron, and the unit 
point is properly chosen, the equation of the complex takes the form 


a(pio+ pi.) + b( pig + pin) + c(pi,+ pi,) = 0. 


The singular surface for a quadratic complex is the locus of points for 
which the complex cone degenerates into a pair of planes. For the 
Harmonic complex the singular surface is called the Tetrahedroid. It is 
a quartic with 16 nodes—a variety of Kummer surface. Its equation will 
be given below. 





* Received May 6, 1929; in revised form June 17, 1929. 

t Pliicker: Neue Geometrie. 

} Jessop: Treatise on the Line Complex—Chap. VII. 
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For the Harmonic complex and a pencil of the second order we shall 
find that the surface generated is of 8th degree, having a plane quartic, 
a conic, and a twisted curve of 14th degree as double curves. The vertex 
of the cone to which the planes of the pencil are tangent is a node of 
the surface. The 16 nodes of the singular surface are also nodes of this 
surface. 

We shall also find the equations of the conic section in any plane of 
the pencil and determine the planes for which the conic degenerates, and 
show that in each such plane there is a line lying wholly in the surface. 

The parametric equations of the curve of intersection of the cone and 
the surface will be obtained and the nodes of the surface which lie on 
this curve will be located. 

The equation of the surface obtained by using the cone of the complex 
having the same vertex as the cone used above will be obtained and 
discussed. 

Equation of surface. In the pencil of the second order 4*a+2A8 
+y =0 let a, 8,7 be three of the faces of the tetrahedron of reference. 
Then the planes 
(p) MBy,+2hyetys = 0 
are tangent to the cone 
(k) Y2— YY, = 0. 

Let the given complex be 


” a (pit 3.) +b (pit vi.) + ¢ (Wit Ph) = 0. 


In the plane (p) there are two lines of the complex which pass through 
any point P. If P is on the complex conic in (p) these lines must coincide. 
The condition is given by 


[cyitby3+ays] [ayAt+y+by, ?—y?+c(y, 4+ y, 47] 
+ y2 [be (y¥,4+y,? + ac ty, @— y,)? + ab (y,4?+y, 47] = 0. 
The equation (1) is that of the Pliicker surface corresponding to the line 


along which (p) touches the cone. 
The result of eliminating 4 from (1) and (p) is 


(1) 


(2) Ly, S,+4y3 SP — 16 2 82 [ys —y, yl = 0, 
where 
y, 5S, = S—4YS8,, S, = Aa,+2 By’, 
S = Aa,+4Ba,y?+Cy, a, = 2y3—Y, Ys; 
A=cCyitbcyitacyztabyi, «= 8y4—8y,y4yt+y¥, 


B 
C 


] 


bey, ty +aby2+acy., 
acy;tabystayz+beyy. - 
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In the form (2) the surface appears to be of 12th degree, but 4/4 divides 
out leaving an 8th degree equation which is denoted by the letter » in 
what follows. In g the only powers of y, and y, which occur are even, 
and consequently if 2, : 2%: %3:% is a point on the surface, then all 
the points 2,: +2: x3: +2, are also on the surface. 

Nodes of the surface. The equation (1) is that of the Pliicker sur- 
face corresponding to the element of the cone along which (p) is tangent. 
Eliminating 4 from (1) and (p) gives the envelope of this family of sur- 
faces. Since the Pliicker surface of any* line passes through the double 
points of the singular surface, one would expect these points to be nodes 
of the envelope gy =O. That they are nodes is verified by substituting 
their codrdinates in the four partial derivatives of gy. The codrdinates 
of these 16 nodes are: 


0: Va: +9Vb:+8Ve, 
tVa: 0 :+&Vc:+7V2, 
4Vb: +&Ve: 0 :+¢Va, 
EVe: +9Vb:46Va: 0. 


The equation of the surface may be written 


E2 — p*— gq? 
7? = a?—c?, 


t? = co? p%, 


(3) g=Tt+y¥T.+K47T,= 9, 


where the 7’s do not involve y, and are of degrees indicated by the sub- 
scripts. From (3) it is evident that any line passing through the vertex 
0:0:0:1 of (&) meets the surface there in 4 coincident points. It is to 
be noticed also that the lines of a cone of 4th order meet g in 6 points, 
and 24 lines meet g in 8 points at the node 0:0:0:1. 

The codrdinates of other nodes will be obtained in connection with 
curves on » in the following paragraphs. 

Double curves. From the form of the equation 


(2) [y, S,+ 4 y2 8,P — 16 y2 S) [ya — % Ys] = 0 
it appears that the common points of S,; = 0 and y,= 0 are double 
points of the surface. Discarding the factor y, we get the plane quartic 
a) avteut dyilley;+ayil—4uy evi + aby t+acy{l = 0, 
Ys = 0. 
This curve has a double point at 0:0:0:1 and passes through 
CVa:0:+8&Ve:4+qVb. 





* Jessop: p. 107. 
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The degenerate conic yj = 0, y, =O is double on (2) but not on g, 
since in deriving the equation gy = 0 from (2) the factor y{ was divided out. 
The common points of 8,0 and S, = 0 are double points of (2) but 


(Sy =o = —442 yg lbcy, + acy, + aby{] 
(S3)y <0 = 2y3 [bey + acyz+ aby). 
Then S, =O and S, = 0 meet in the two conics 


bey2 + acy2+ aby; = 0, y, = 0; 
— 0, y= 0, 


and 


neither of which is part of the double curve on g for the reason given 
above. 

Since S, is of 5th degree and S, is of 4th degree, the curve of inter- 
section is of degree 20. But this includes the two conics in the plane 
yi = 0. Then the double curve on g is of degree 16. It is shown below 
that part of this curve consists of a conic in the plane y, = 0. 


At the points 2 a 
Vb:+V—c:0:0 


S, and S, have the same tangent plane. Therefore these points are double 
points of the curve of intersection. We get another pair of double points 
on this curve by noting that 


0:V—a:0:4+Ve 


are common points of S, and S, and are nodes on §;. 

The point 0:0:0:1 is a node of both S, and S, and is then also 
a double point of the curve. 

Degenerate conics giving lines on the surface. There will be 
8 common tangent planes to the cone (k) and the Tetrahedroid. The conics 
in the 8 planes will degenerate. To find the planes containing degenerate 
conics we may cut the surface by the plane 4?y,+2Ay,+y, —0, get 
the equation of the conic in the plane, and determine the values of 4 for 
which the discriminant vanishes. Or, more simply, determine the equation 
of the conic in which 4*y,+ 24y.+ y, = 0 meets its corresponding Pliicker 
surface and find the values of 4 for which the conic degenerates. 

The conic is found to be 


[abAs + 4acd®-+ bely? 
(5) + [ca*+ 4b4?+ a] [(aat+ cy?+4adsy, y+ (4ad*+ by] = 0, 
My, +2hyt+y, =. 
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Equating the discriminant of the quadratic in (y,, yz, ys.) to zero gives 
(6) 
The 8 values of 4 satisfying (6) give, when substituted in 


My, +2ly,+ ys = 0, 






[(aba* + 4acd* + bc) (cA*+ 4b4?+ a)]? = 0. 














the 8 planes tangent to the singular surface. 
The last result may be obtained without any knowledge of the equations 

of the conics as follows: 

The equation of the Tetrahedroid is 


= abc[2tt+ y+ 244+ w‘] 4+ a[b?+ ce] [22 y? + 2? w*] 
+ bla? + c¥} [a*2* + y*w*) + cla* + 0°] [a* w* + y*24] = 0. 









If the equation of the tangent plane at 4: y,: 2: 7% is 


axt+syt+re+éw = 0 






Ae iy 





we have 


2abea? + a(b? + c*)y? + b(a?+ c*) 22+ c(a?+ b*) wu? = 





~~ 


a(b? + c*)a? + 2abcy?+c(a?+ b*) 22 + b(a?+ c)w? a: 


(7) 
b(a?+ c*)a2 + c(a®*+ b*) y? + 2abce?+a(b?+ c*) uw? = 


J 


c(a*+ b*) x2 + b(a*+ c*)yf + a(b?+ cei + 2abews = 


From these we get 


s\|o |x S |e Ble 






B Y d 
he? om a 27 Sea fe See 
wy +at Pa + by ra +cé = E b?— a’, 
Ay? = at tet tot, 7? = a®—c’, 
(8) YY ra Ww, 
42 = bare + 0B +arrt, c= cD, 
1 
an 2B ve _— __ £2,272 
Aut= ch +bgh + atte , & 5°47 0. 





Substituting (8) in yw and reducing we obtain 











(9) ee 0 5 gs Fig 4 Ee ot x8, 


2 MyM . WA WM muy, 
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If equation (9) is multiplied by 21, y1, 2, w, and divided by «@, 8, 7,4 
the resulting equation is the same as (9) except that 2, and a, y, and 8, 
etc. have been interchanged. This shows that the tangential equation of 
the Tetrahedroid—that is, the result of eliminating 2,, y,, 2:, w, from (7)— 
is w with a, 8, 7,0 written for x, y, 2, w respectively. For if we start 
with 

wy’ = abc[at+ At+ y*+ 44] + a[b? + c*] [a? A? + 7? d*] 
+ bla?+ c¥][a*y? + 876"| + cla? + b%][a2d*-+ Ary*] = 0 


and operate on y as we did on wy the result is (9) with the z, y, z,w 
and a, 8, y, 6 interchanged. 


Now if 
ax+By+yvze+dw = 0 
Mae+t2iyte2 = 0, 


is the same plane as 


then 
a=oh, B=204, y=e, 6=0. 


Substituting in y’ we find 
(6) [abA*+t 4acd?+ be] [cA*+4b4?+ a] = 0 


in agreement with previous results. 

For the 8 values of 4 given by (6) the conic (5) degenerates into two 
pencils of tne first order. The line joining their vertices lies ong. For, 
the equation gy = 0 is satisfied by any point which satisfies (5). For those 


values of 4 for which 
cA‘+4b/8+a = 0 


ky thy: —A(AK, + 2h): 0, k,, k, arbitrary, 


the point 


satisfies (5). 
All such points lie on the line whose codrdinates are 


ee, 





Ps=1, pPs=—24, ps =, Pu = Por = Pu = 0. 


etme Reba. 


These 4 lines lie on g and are all in y, = 0. 
For values of 4 satisfying 


abst+4acd4®+be = 0, 
bA:2c:—A(bA'+-4c):k, k arbitrary, 


ein Site IE 
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the points 


14 are on (5) and therefore on g. These points lie on the line 





Pie = Dis = Pos = 0, Pris = —DA, pug = 2c, poe = A(DA*+ 40). 
These 4 lines pass through 0:0:0:1. 
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The two points 
c:0:2b4V40*—ac:0 © 







are nodes of the surface lying on the first set of 4 lines, two of the lines 
meeting at each of these points. 
The plane y, = 0 meets g in 4 lines and a residual curve of degree 4. 


(y)y,=0 = [a*yi — 8abysy,+ 16 aby? y; + (160? + 2acyiy; — lé6acy, yy, 
— 8bey, y+ l6acyi+16bcyzy+ ey] (cy? +byzt+ayzP = 0. 


Here the first factor is c® times the product of the four linear factors 
giving the four lines in the plane y, 0. The second factor is the conic, 
counted twice, in which the cone of the complex with vertex at 0:0:0:1 
is met by y, = 0. This conic is a factor of both S, and S, (when y, = 0) 
and therefore is part of the double curve of degree 16. It passes through 
the four Tetrahedroid nodes in y, = 0. 

The plane A*y,-+2Ay,+ ys; = 0 meets y, = 0 in a line tangent to the 


conic 

cyitbyitayi=0, y, =, 
if abé*+4aci*?+bce = 0. The point of contact is 
2ad*:—(c+ad‘):2cd:0. 


























(10) 





These four points are the points where the four lines on g through 0:0:0:1 
meet y,=0. There are no other lines of the complex cone cy{+ by3+-ay2=0 
lying entirely on the surface, for 


g = [cyz+byt+ayz|M,+yjiK, = 0. 
The cones cyj+by3;+ay; = 0 and K, = O meet where 
(11) lbcyit+t4acy,y,+abyZP = 0. 


The common points of (11) and the complex cone are the four lines that 
we already had. 
The double quartic curve and the double conic meet where 













Yr Ys: Ys: Ys = Va:0:+V—c:0. 






The line ys = y, = 0 meets the double quartic in these two points and in 
2b+V 4b'9—ac:0:a:0 


and can have no other intersection with the surface. 
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It is to be noticed that the double conic has a special relation to any 
Pliicker surface corresponding to a line through 0:0:0:1. The Pliicker 
surface for any such line 7 can be written in the form 


(P) '  AB+YC=0 


where B and C are quadratic expressions in (y, y¥:y¥3) whose coefficients 
involve the codrdinates of 1, while 


A= cyt toy tay, 


and consequently does not depend on the particular line through 0:0:0:1 
that is chosen. 

The plane y, = O meets (P) in the two conics A = 0, B = 0. The 
four points of intersection of these conics are nodes of (P). The conic 
A = 0 is then the locus of nodes of (P) which lie in y, —0. For the 
case considered above each point of A is a node of (P) for four values 
of 4. 

If (a, : 2: 23:0) is a point on A, the tangent plane to (P) at this 
point is 

CX Yt baz yr+ axgys = O 
which is independent of the line 7. 

Intersection of cone and surface. Let Q, and Q, be the points 
where the complex conic in (p) touches the cone. As the plane moves 
about the cone the points Q describe a curve. The codrdinates of Q satisfy 
the equations of the plane, the conic, and the cone. Consequently Q is 
given parametrically by 

"= 1, 
Ya ~b 
a= 


Y= 


| 


? 





2°, 
Pi San (cAt+ 4ba2+ a) (adt+ 642+ 6) PY? 
= | (abdt-+- 4 acd*®+ be) . 


The points of this curve which are nodes of the surface are given by 
values of 4 satisfying 


{22 [adt+t bA?+ c] [2 a (c? — B®) A4+- db (c?— a?) 2?+ 2c (b?— a’)]}? = 9. 


(i) If 4 =O the nodes are 1:0:0:+ l —> These points are on 


the double quartic curve. 
(ii) If 4 satisfies ad*+-bA?+-c = 0, then 


Yi Yet Ys: Ye = 1:—A: 4:0. 
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These four points are on the double conic. They are the points where the 
four common generators of the cones y3 — y ys = 0 and cyi+by3+ayz = 0 
meet the plane y, = 0. Or stated otherwise, y, = 0 meets these cones 
in two conics whose four points of intersection are given by 





sees 











Yi: Yo: Ys: Ya = 1:—A: 4°: 0. 
(iii) If 4 satisfies 
2 a (c? — b®) A+ b (c?— a®) 227+ 2 c(b?— a?) = 0, 














A RE OS Set ST he 


then the four points given by these values of 4 are on both S, = 0 and 
S, = 0 and are therefore on the double curve of the surface. 

The surface corresponding to a cone of the complex. If instead 
of using the cone y3— y, y, = 0 we use the complex cone with vertex at 
0:0:0:1 and consider the surface obtained by taking the family of planes 
tangent to this cone we get 

y= K‘*I‘M=0, 








where 
K=cy:+byztayz (the complex cone), 
a 


L=yt+n/—+: 


M = [g Veyt q] Vb y+ c Vays| [§ Ve mt y Vb y— 4 V ays| 
<[EVey—yVbyt oC Vays) l[EVc y—yVby%—CV ays), 
where as before 
g2 — p?— gq? 











y? = a?'— cc’, t? — ¢*— p?, 








The difference in the degrees of » and x is due to casting out the 
factors (y3— y, y,)” and yin deriving the equation y = 0. 

Surface for the tetrahedal complex. The surface that is obtained for 
the tetrahedal complex api: pss+ b pes pis 0 and the cone y3 — y, y,= 0 is 


yy [4 aby2+(a— b)*y, y,P = 0. 


That is, the surface consists of two planes and a cone, each counted twice. 

The general case. It will now be shown that the surface obtained 
by using the general quadratic complex is essentially the same as the 
surface for the Harmonic complex. The equation of the most general 
quadratic complex can be put in the form 


(Q) aC Pi, +P 3g) t+ ( Dig +P ga) + Cl Dig +P 25) + 2SP 12 Pop +2915 Psst 2h P44 Pog = 0. 


The surface obtained from (Q) by the method that was used above in the 
case of the Harmonic complex may be written 
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(R) ly, H+y,JP—J*lyi— Hy) = 0 
where 


H =8,+y,¥% W,, 

J = 4y,5,—y, Vi; ; 

W, = [A(g—hP y, Ys —A—F PY Vg + 8.4(9 —h) Yo Vg ¥s— 462), Vol, 

V, = {16a(g—D yz y,y, ty, [89 — hPy, —4a(g—h)ygy,—4bh—S) yy, ] 
+4(g9—h)h—S) yi yoy, + 4e(f—gyi yy} 


and where S, and S,; have the same meaning as in the previous work. 

The equation (A) is of 12th degree, but after squaring the bracket and J 
and combining terms, y{ may be divided out, leaving an equation of 
8th degree. In this equation powers of y, higher than the 4th do not 
occur, and consequently the vertex of the cone is a node as before. 

From (2) it appears that the intersection of H and J will be a double 
curve on the surface. The degree of the curve of intersection is 25, but 
if y, = 0 we have 


(H)y,=0 _ (S1)y,=0; (J )y,=0 = (44 Ss)y,=0, 


and we know that S, and S, meet in two conics in the plane y, — 0 
and that these are not to be counted as part of the double curve for 
the surface after the factor yf is discarded. When y, = 0 both H and J 
have the factor y,. The line y, = y, = 0 is not to be counted for the 
same reason. The degree of the double curve is then 20—the same as 
in the case of the Harmonic complex. 

The nodes of the Kummer surface are nodes of (R) and furthermore 
will be nodes of the envelope of the family of Pliicker surfaces for any 
pencil of planes A*a) +4" a,+.---+ a, = 0, where a, a,+++, Gn are 
linear in (y,). 

There are 8 planes that are tangent to both the cone and the Kummer 
surface. In each of these the complex conic degenerates and we get 
a line on the surface. For a pencil of order m there will be 4n degenerate 
conics and therefore 4m lines on the surface. For 7, the tangential equation 
of the Kummer surface, is of degree 4 in the plane codrdinates «, 8, 7, 9, 
where ey,+fy.+vy3;+dy, = 0 is a plane. 

If the plane 

A” (ao yi bo Y2 + Co Ys + do ys) +A" (ay i+ bi yw + crys t+ Cys) +++ 
eet (anyi+ bn Y2 + Cr¥s + dn Ys) = 0, 


or AntysetfsystSiys = 0, where fi is a polynomial of degree n 
in 4, is tangent to the Kummer surface the coérdinates of the plane must 
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satisfy 7. If we substitute the f; in JT we get a polynomial of degree 4n 
in 4. Therefore 4n planes of the pencil are tangent to the Kummer surface. 

For the general quadratic complex and the pencil of 2nd order the 
conic in any plane of the pencil is 


[E(a4t+ c) —M(h—fP]y2 + [E(444?+ b) — 42 (f—gPlyit Fy} 
+ 448 [(h—f)(f—g)+Ealy,y,+44[c(f—g) —aat(g —h)] yy, 
+22? [b(h—f)—4a(g—h)i]y,y, = 90, 
My, + 2ryty, = 0, 


E= cst+4b+a, F = abst+4acid*+be. 


where 


The curve of intersection of the cone and the surface is 


y= F, p= —IF, y= VE, yw = —DAV D— FG, 


D = 2ch(f—g)+2aa*(g—h)+ bas (h—f), 
G = E(aat+ bi? + c)—M[h—f) + 2(f—9)P. 


where 
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CONCERNING POLYNOMIAL FUNCTIONS 
WITH CERTAIN PROPERTIES.* 


By RayMonpD GARVER. 


A theorem of Brioschit which is of some value in connection with the 
Tschirnhaus transformation may be stated as follows: 

THEOREM I. Given the equation f(x) = 0 of the nth degree, n odd. Then 
there exist (n—1)/2 polynomials in x, P,, P,,-++, Pn—s, such that 1) each P; 


2 
is of lower degree than f(x),t 2) the P; are distinct and of different degrees 
in x, 3) the P; possess the properties > P;=0,§ SP? =0, >P:P;=0 
(i,j = 1, 2,---, (m—1)/2, i+,7), 4) the determination of the coefficients 
of the P; requires the solution of linear and quadratic equations only. 

We shall find it convenient to refer to a set of polynomial functions 
satisfying the first three conditions of the theorem simply as P-functions. 
The fourth condition, then, is not regarded as essential, though in the 
applications of the theorem it may be very important to know that it 
holds. To illustrate the usefulness of the theorem, we may mention that 
transformations made up of P-functions (possessing also property 4) have 
been used by Gordan|| and others in reducing the general quintic to both 
the Bring-Jerrard and the Brioschi normal forms, by Klein] and Brioschi** 
in connection with seventh degree equation, and by the present writertt 
in a recent theorem on ninth degree equations. 

The purpose of this paper is twofold: first, to present a proof of Theorem I 
which is perhaps more satisfactory than that of Brioschi, and second, to 
consider the extension of the theorem to equations of even degree. Brioschi’s 
proof is open to improvement for two reasons; it is longer than necessary, 
introducing certain auxiliary functions before the desired P-functions are 
obtained, and it is not general enough to cover all cases. For instance, 





* Received August 3, 1929. 

t Rendiconti del R. Istituto Lombardo, ser.2, 20 (1887), 364-370. Also his Opere, 
vol. 3, Milan (1904), 293-299. 

{A polynomial of higher degree can be reduced ~ means of f(x) = 0, since it is to 
be evaluated only for roots of f(x) = 0. 


§ SP; means pi Pi(ax), where the a, are the m roots of the given equation f(x) = 0. 


|| Journal de Math., ser.4, 1 (1885), 455-8; Math. Annalen, 28 (1887), 152-166. 
4] Math. Annalen, 28 (1887), 499-532. 
** Last three pages of above reference. 
tf Bull. Amer. Math. Soc., 35 (1929), 73-78. 
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it assumes s, +0, where s, means the sum of the squares of the roots of 
f(x) = 0, as usual. And most of its results are valid only when R +0, 
where R is a simple third-degree function of the coefficients of the given 
equation. 

The present proof employs the method of mathematical induction, the 
induction step being contained in the 

LemMA. Suppose Theorem 1 holds when f(x) =0 is of the nth degree. 
Then it holds also when f(a) = 0 is of degree (n+2). 

The hypothesis of the lemma allows us to consider (n—1)/2 P-functions, P;, 
which satisfy all the conditions of the theorem. To prove the lemma, we 
have only to set up one additional function, say P, such that the (m-+-3)/2 
conditions © P = > PP; = > P? = 0 (i = 1,--+, (m—1)/2). The most 
general form that P may have is that of a polynomial in x of degree (n+ 1), 


(1) P= ao x"**+ ay a"+-+++ dnp. 


The a; must be chosen to satisfy the required conditions, but not all (m +-2) 
of them are available for this purpose. The exact reason for this can be 
explained better later; at present we shall simply proceed as follows. 

The reader can immediately verify the two following general statements: 
1) P-functions may be multiplied by constants without destroying their 
fundamental properties, 2) linear combinations of P-functions still have 
the first and third properties of P-functions. It follows that if any P 
satisfying the required conditions can be found, a reduced P can be obtained 
by subtracting off multiples of the other P; of lower degree chosen so as 
to remove the terms in P corresponding to the leading terms in the Pj. 
This will leave P with (n-+ 2) — (nm —1)/2 or (n+5)/2 coefficients, and 
if any P can be found at all it can be found in this reduced form. 

Now of the conditions 5 P == > PP; = > P*? = 0, all but the last, 
or k = (n+1)/2 in number, are linear and homogeneous in the (k-+ 2) 
coefficients of P. The coefficients in these k equations of condition are 
known quantities, being rational, integral functions of the coefficients of 
J (x) = O and the coefficients of the earlier P;, which are regarded as 
completely determined. It is well-known that such a system of linear 
homogeneous equations possesses a non-zero solution in which two (or 
possibly more) of the parameters remain arbitrary. The final condition, 
> P? = 0, is quadratic and homogeneous in the coefficients of P, and 
when use is made of the solution of the preceeding linear system it becomes 
quadratic and homogeneous in two of the a;. Hence it can be satisfied 
by values of these two not both zero. The coefficients of P are thus 
determined so that properties 1) and 3) are satisfied, and property 2) is 
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satisfied because P cannot possibly be of the same degree as any of the 
earlier P;. 

This last statement could not have been made unless certain powers of x 
had been removed from (1), which explains why that was done. If this 
point were overlooked we might easily arrive at erroneous results. Thus 
in the case of the quartic (to which of course Theorem 1 does not apply), 
taken in the convenient reduced form z*+ bs2-+b, = 0, we may choose 
P, = x and attempt to find a second P function in the form 


(2) P = agu*+ a,x? + agar + ag. 


Now if the term in x is not removed, the same method of proof as used 
above will tell us that the a; can be chosen, not all zero, so that the 
conditions 5 P = >) PP, = > P*? = 0 are satisfied. But it does not 
guarantee that P is essentially distinct from P,, and if the matter is gone 
into in detail it turns out that all the a; must be zero except a,, which 
remains arbitrary. In fact, as we shall see later, it is impossible to set 
up two P-functions for the general quartic. 

Returning now to the proof of Theorem I, the first case is n = 3. If 
J (x) = 0 be taken in the reduced form having its second and third terms 
missing* (this reduction will be applied not only when n = 3, but for 
all higher values as well), we can at once set up (n —1)/2 or one P-function. 
Simply take P, = x, since Sax = Sx? = 0. This, together with the 
lemma, proves the theorem, except for one connecting statement. When 
we pass to nm = 5, we may certainly still take P, — 2, and the lemma 
gives us a P; which in general will be of degree 4. The point we must 
be sure of is that these two P-functions also may be used when n = 7, 
or at least that a similar pair will exist. This is required by the first 
statement in the proof of the lemma. But it is obvious that while we are 
setting up P,; for n = 5 we may also set it up for any value of n, by 
omitting to make the substitutions peculiar to the case n = 5. Thus 
if P, is assumed in the form (1) with n — 3, we have 


(3) a? = M8 + 183+ 5a, 


for the quintic, where s; means the sum of the cubes of the roots of the 
given equation, etc. But if we write m instead of 5 (3) will be true for 
f(x) = 0 of any degree. Similarly, > Pz involves 55, s¢, s;, 8, and while 
for a quintic equation these can be replaced by known values in terms of 
the coefficients, it is not necessary to do this, Thus the existence of two 





*The reduction to this form requires a quadratic Tschirnhaus transformation and is 
a matter of convenience, not at all of necessity. 
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P-functions for n = 5 implies the existence of two (still of degree less 


than five) for m == 7, and the lemma applies. And so on for equations. 


of higher degree. Thus Theorem I is established. 

Theorem I applies only indirectly to equations of even degree. By the 
argument of the last paragraph two P-functions can be set up for n = 6 
in the same way that they can for n = 5, and incidentally in other ways 
as well, since one of the functions may now be taken of the fifth degree 
in zx. And in general, since (n—1)/2 P-functions exist when f(z) = 0 
is of degree nm, a similar set exists for equations of degree n+1. Or, 
putting »-+1—2m, we may say that at least m—1 P-functions exist 
when f(x) = 0 is of degree 2m. 

There still remains, however, the question as to whether or not there 
is a stronger theorem for f(x) = 0 of degree 2m, that is, whether or not 
there exists a larger set of P-functions. The answer is given in 

THEOREM II. Given the equation f(x)=0O of even degree 2m. Then 
a necessary condition for the existence of a set of m P-functions is that 
JS (x) = 0 have a double root. 

While this theorem is in a sense negative in character, it seems worth 
presenting since preliminary examination seems to indicate fairly conclusively 
that, for 2m greater than 4, a set of m P-functions does exist. A slight 
amount of calculation will convince the reader that two P-functions do 
not exist for the general quartic equation, but for 2m = 6 it seems quite 
plausible to expect the existence of three such functions in the form 


P, = 2° +b, 2*+ b,x+ ds, 
(4) P, = e+axe*+ar+e,, 
PR, = xv’+d,x*+d,x-+ ds, 


since there are 9 parameters, and 9 conditions to satisfy,* >’ P; = > Pi P; 
= ) P; = 0, which are now non-homogeneous since the leading co- 
efficients have been taken as unity. The attempt to satisfy these 9 con- 
ditions gave the clue as to the form Theorem II should take. For while 
the six conditions 5 P = >) P? = 0 can be handled easily, the three 
remaining conditions then lead to three equations in the three remaining 
parameters which can be shown to be inconsistent, in general though not 
without some labor. The condition that they be consistent is simply that 
the discriminant of the given sextic vanish. A similar condition can be easily 
shown to hold in the case of the quartic. 

The proof of Theorem II which we wish to present has the advantage 
that it avoids practically all calculation. The discriminant of 2n equation 

*For 2m greater than 6 there appear to be even more parameters than necessary to 
satisfy the required conditions. 
27 
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of degree 2m may be defined as the square of the determinant of order 2m 
whose kth row is 
(5) 1, x, TR, ose, et 


An elementary property of determinants tells us that this determinant is 
equal to one whose kth row is 


(6) 1, R, (ax), R; (ax), riety Rom—1 (ax), 


where R;(x) is any polynomial in x of degree i. Call this determinant D, 
and let D’ be the determinant (equal in value to D) having the elements (6) 
in its kth column. Then form D® by finding D’ D, using the usual row- 
by column multiplication. The result, the discriminant of the equation, 
turns out to be 


2m P RR, >F dixie P Rom—2 a Rom-1 
DR Lh FR st ZR Bes LHS 
(7) Lm L2hh ZH: Zhe 2 he 


Pa Ps mT e+ Rin Raw BE 


Now if there exist m P-functions of different degrees, these may be put 
in (7) in place of the R; of the same degrees. To have a definite case, 
suppose that the P-functions are of degree m, m+1, ---, 2m—1, respect- 
ively. Then, from property 3 of P-functions, the last m elements in row 
one will vanish, as will the entire square minor of order m in the lower 
right-hand corner of (7). Under these circumstances, which are not changed 
essentially if the P-functions are of other degrees, the determinant is seen 
to vanish, and Theorem II is established. 

While the condition of Theorem II is certainly sufficient as well as 
necessary for quartics and sextics, as has been pointed out, the sufficiency 
seems difficult to establish in general, in a simple manner. In fact, this 
question would be of no particular interest unless it appeared likely that 
some applications could be made in connection with even degree equations 
having a double root. But transformations on such equations are seldom 
of importance. 
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Hurwitz has shown (Vorlesungen iiber die Zahlentheorie der Quaternionen, 
Vorlesung 5) that a necessary and sufficient condition that an integral 
quaternion be “vertauschbar” with all integral quaternions is that it be of 
one of the forms v = re, v = re, where r is a real integer, ¢ a quaternion 
unit, and ¢=1-+7. By “vertauschbar” he means that, if g is any integral 
quaternion, there exists an integral quaternion g, such thatvg=—g,v. It 
is the purpose of the present paper to determine, for a given integral 
quaternion a, the totality of pairs of integral quaternions g and r such 
that ga = ar. By an integral quaternion is meant, as usual, a quaternion 
of the form ay+a,i+aej+ ask, where do, a, dz, and as are either all 
integers of all halves of odd integers. We shall use the convention that 
a quaternion will be represented by a lower-case letter (other than d) 
without subscript, its codrdinates by the same letter with subscripts, its 
conjugate by the same letter with a dash over it, and its norm by the 
corresponding capital letter. 

Let a be a given integral quaternion, and let g and r be integral 
quaternions, and write x = ga = ar. Hence 




















ax—xa = A(r—q) = At, 
(1) ax+zxa = A(r+q)= As, 






where, of course, ¢ = r—gq ands = r-+q. Evidently 4 = 0, whence 
the codrdinates of ¢ are all integers; since s = ¢-+2gq, s also has integral 
codrdinates. Since the codrdinates of a and of x may be fractions with 
denominator 2, it is convenient to use the notation 
















(2) b=8sa, y = Sz. 





Then a us 
by—yb = 4At 
(3) pe fg 4 
byt+yb = 4As, 
or 


bo Yo + Di yr + de yo + ds ys = 2A, 
(4) bo Yo — be Yo = 2 Ade, 
be Yo — be Yo = 2 Ate; 








* Received September 13, 1929. 
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here and in the remainder of this paper e, o, and t represent any cyclic 
permutation of the numbers 1, 2, and 3. 

Let us assume temporarily that bo, b,, bg, and bs are all different from 
zero, and denote by dg the greatest common divisor of 2A and be, by do 
the greatest common divisor of 2A, bs, and by, and by d the greatest 
common divisor of 2A, bo, b:, bz, and bs. It can easily be shown that 
there exists an integer bo, relatively prime to d), such that 


(5) bo bo = 2Atm+do, 
where ¢ is an integer. 
From the second of equations (4) and equation (5) 


(6) do Yo = do by yt 2A (bo 89 — Co Yo). 


Hence }; yo, bs yo, and bs yo are divisible by d), and therefore yp is divisible 
by d,/d, i. e., 


(7) Yo = (do/d) 40, 
where 4 is an integer. Then from equation (6) 
(8) Yo = (bo be/d) yo + (2 A/do) we, 


where @,, ws, and ws are integers. From equations (4) and (8) 


= [(2 by — bo ¢o)/d] Ho + (dy @, + dy wy + by ws)/do, 
(9) Se = (be Co%o)/d + (bo We)/do, 
tr => (be ®o — be @)/do. 


The last of equations (9) can be written 
(10) (bo/d)  — (bold) = (do/d) tr, 


where the coefficients are all integers. Hence we is divisible by doo/d. 
Thus there exist integers Jp, # such that 


(11) @g = Io(be/d) + Me (do/d). 
From equations (10) and (11) 


Since dog/d and doo/d are relatively prime, the greatest common divisor of 
be be/d* and do/d is dogdoo/d*. From this fact and equation (12) it follows 
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that 
(18) lp — la = (do &e)/(dog doa), 


where &,, &, and & are integers. 
Therefore 


(14) (dos /d) &, + (dos/d) &s + (dos/d) &s = 0. 


Since d,/d is relatively prime to each of do:/d and dos/d, &, is a linear 
combination, with integral coefficients, of do:/d and dp;/d, i. e., 
i= &s (dos/d) — ag (dos/d). 


Hence equation (14) can be written 
{ ¢ (do,/d) + &5} (dos/d) + {— os (dos/d) + 2} (dos/d) = 0. 


Since dos/d and d:/d are relatively prime, there exists an integer a, such 
that 

5, = — @; (dos/d) + a (do;/d), 

= ay (doz/d) — ay (d:/d). 
Then equation (13) becomes 


(15) lo—le = &o (do/dog) — 06 (do/doa). 
Hence there exists an integer 4 such that 


(16) lL = lo + 9 (do/dog). 
Then 
(17) % = (bg/d) lo + [(e@g be/dog) + Me] do/d a (belo + do me)/d, 


where % is an arbitrary integer and mg = (a@gbo/dog)-+ me. Then from 
equations (9) and (17) 

8 = [(2 by — bo co) Mo + by ms + by ms + bs ms]/d + bo (4A — b5)/ddo, 
(18) i == (be Co %o + by mg)/d + bo be lo/d do, 

tr = (be me — bo ma)/d. 


All the numbers 4%, sg, and f; given by equations (18) will now be 
integers with the possible exception of s), which will be an integer if and 
only if (2b %)/d +- (41) .A)/(ddo) is an integer. Set 

(2 bo %0)/d + (4ly A)/d do) — (bo my)/d = to, 
which must also be an integer. Then 
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= (bm+ mb)/(2 d) — b (e do o+ bo lo)/(ddo) + no, 
(bm—mb)/(2 d), 

{(m — co Yo) / (2 d) — (bo ly) /(2 ddo)} b+ n/2 = pa/d+n/2 
B {(m — ¢ 40) / (2 d) — (by bo) / (2 ddo)} + o/2 = Ap/d+n/2, 
x= pA/d+ma/2, 


2 RR & ® 
I ll 


| 


where p = m— Co %o — (bo lo) /do, a quaternion with integral coérdinates; 
p and m) must be so chosen that g and r are integral quaternions. It is 
evident that r will be an integral quaternion if q is, i. e., if its norm, Q, 
is a scalar integer. Hence 

(a) if A/d*is an integer, m must be even; 

(b) if (A/d*)+ (1/4) is an integer, either P must be divisible by 4 and 
even, or P and mp must be odd and either the scalar codrdinate of pa/d 
must be a fraction (with denominator 2) and the other coérdinates integers 
or vice versa; 

c) if (A/d?)+ (1/2) is an integer, P and m must be even. 

It has been implicitly assumed in the foregoing discussion that the co- 
érdinates, a), a, a2, and ag, of a were all distinct from zero. By a slight 
modification of the method of proof used it can easily be shown that the 
conclusions stated in the preceding paragraph are valid without that 
restriction, and we have the 

THEOREM. A necessary and sufficient condition that an integral quaternion, 
a, be both a left and a right factor of an integral quaternion, x, is that 
x be of the form 

pa 


No a 
ash te 





where A is the norm of a, d is the greatest common divisor of the doubles 
of the codrdinates of a, p is a quaternion with integral codrdinates, and 
Mo is a scalar integer, p and ny being chosen, as stated above, so that 
(pa/d)+(no/2) is an integral quaternion. 








THE NON-EXISTENCE OF PURE RIEMANN MATRICES 
WITH NORMAL MULTIPLICATION ALGEBRAS 
OF ORDER SIXTEEN.* 
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By A. ADRIAN ALBERT. 
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1. Introduction. A matrix » with p rows and 2p columns of complex 
elements is called a Riemann matrix when there exists a 2p-rowed square 
matrix C with rational elements such that 
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is a positive definite Hermitian matrix of rank p. We call » pure when 
its multiplication algebra is a division algebra.t One of the most interesting 
questions in the theory of pure Riemann matrices is the question of the 
existence of pure Riemann matrices with non-commutative multiplication 
algebras. In a recent paper} the author proved, by exhibiting examples 
of each type, the existence of pure Riemann matrices with generalized 
quaternion multiplication algebras and of pure Riemann matrices with 
multiplication algebras which are generalized quaternions over a quadratic 
field. It was also shown there that when the multiplication algebras were 
normal division algebras their order was necessarily even. This removes 
from consideration the case of normal division algebras of order nine and 
leads us to consider algebras of order sixteen. In the present paper, using 
a recent determination of diophantine conditions satisfied by the constants 
of every normal division algebra of order sixteen over the field of all 
rational numbers§ and the results obtained in the above paper on Riemann 
matrices, the author shows that there exist no pure Riemann matrices 
whose multiplication algebras are normal division algebras of order sixteen 
over the field of all rational numbers. 















thee 
a 














* Received November 17, 1929. 

+ For references see the report of the National Research Council Committee on Rational 
Transformations, Chapters 15 and 17. 

+ This has been offered for publication to the Circolo Matematico di Palermo under the 
title of “The Structure of pure Riemann Matrices with  Non-commutative Multiplication 
Algebras”. 4 

§ “New Results in the Theory of Normal Division Algebras”, Transactions of the oa 
American Mathematical Society, vol. 32 (1930), pp. 171-195. 4, 
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2. Algebras of order sixteen. Let @ and o be any rational integers 
each of which is a product of distinct rational primes and which are such 
that neither o, o, nor og is a rational square. Let 7;,---, 7, be rational 
integers such that 
(1) r—roe = (72 —rv20) (2—7 9), 


and such that the ternary quadratic forms 

(2) Ai — Apo — (yi — 73.0) 43, 

(3) di — We — (HO) 

are not null forms. Consider the algebra with the basis 

(4) dry Ujry Vjry UVjr (r = 0, 1, 2, 8) 


with a modulus jo = 1 and the multiplication constants given by 


(5) e=-e v'=6, wo vu, jo—jhde, 

(6) R=ntnw KHR=rmt%y, R= rt+7,ur- 

We have the further multiplication table 

(7) AU= wy fpv=—vyp, jiuv = —uv)j,, 

(8) jot = —Uje, fev = je; jztv = —uvje, 

(9) jsu = —Ujs, jsv = —UVjs, jsuv = UVJs; 

(10) jaji = Aji Ja, h = (s—yeur) (nt s—nv-. 


It is known (loc. cit. on algebras) that the above algebra is an associative 
division algebra and that, conversely every linear associative normal 
division algebra over the field A of all rational numbers is equivalent to 
one of the above algebras. 

Let us turn now to a study of the multiplication algebras of pure 
Riemann matrices. The author has studied the case of a division algebra 
of order n® containing a quantity a whose minimum equation has degree n 
and roots 
(11) 1, Ho, +++, On, 


which are all imaginary so that n = 2m, and are such that 


(12) oy Macs 6; (a1) ©] = 1,--,, n), 


while the polynomials 6; (ce) are polynomials in «, with rational coeffi- 
cients such that 


(13) aj = A14n, (4) = etn, (j = 1,+-+, m). 
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We have furthermore the multiplication table 








(14) yja = O(a)yj;, 9 [0x (as)] = %,, (ms), 
(15) Ye Yj = Gi,k (@) Yt,» 







Then it is known that in order that A be the multiplication algebra of 
a pure Riemann matrix it is necessary that there exist m numbers 


€) = 1,---, n), 












8; (a) >0 
such that 
(16) Ari(a@1) = 1, = Bx (@s) By (1) = gus (1) gx,s (a1) Be, , (1). 







Let us consider our algebra defined by (1)—(10) for the case where 
e>0 and o<0. If we define a by 


(17) a = v(u+1) 


so that a is a root of the irreducible equation with galois group G, 
















(18) w*—2o0(e+ 1) w+ 07 (e—1)* = 0, 

we have 

(19) e, = Vo (Ve +1), a = a, = —aQ, 
= Vo(—Ve +1), a, = @, = — ay, 

(20) 6, (a) = v(—u+1), 6;(a) = —a, &(a) = —4 (a) 













and conditions (13) are satisfied. Also j,a = —aj, = 63 (a)j, so that 
we identify y, with 7, and y, with 7, and have 






(21) n1 = 1, 92,2 (a) = yest Vo, 93,8 (@) = nt+re Ve. 





In particular for k = s = 2, ts = 1 relations (16) become 










(22) = B, (@,) 8, (@,) = (4, +7,V 0) ,—1,V 0) = ri—re. 









We shall utilize this relation (22) to ohtain our desired result. 

3. Reduction to the case of g>0, «<0. We consider the algebra 
given by (1)-(10). If both @ and o are negative then eo is positive and 
by choosing wv* as a new quantity « we may, without loss of generality 
take e>0, «<0. If e<0,o>0 by interchanging the réles of u and v 














* We of course divide wv by any squared factor 7 of og = 1?r. 
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we again have e>0,0<0. The only case of difficulty is the case where 
both @ and o are positive so that the roots of (18) are real. 

Suppose that @ and o are both positive. If y3e—y{i>0, yio—72>0 
then since ys—y5o9e = (yi—730) Vs —749) >0 we have ygog—7Z<0. 
It follows that 

LEMMA 1. At least one of the numbers 


(23) Yie—ri, rio—r, ree—7 
is negative. 
But we may, without loss of generality take 


(24) re—r<0. 


For suppose that 7690 — ¥5<0. Then take U=uv, V=v0, Ji = js, 
Js = je, Ji = ystyeuv = I,4Ir U, and by interchanging the rdéles 
of wv and uw we obtain (24) in capitals. The conditions (1)-(10) are 
consequences of the fact that A is a division algebra so that, by changing 
our basis we may, in this case assume (24). Similarly we treat the case 
where yio—73<0. We shall then suppose that in all cases we have 
taken a basis so that (24) holds. 
Consider first the case where 7,;<0. Take 


s = (l+euv+8), (a, 8 in R), 
so that 
s*= o(1+ a*9+2au)+h*(7i+72u), 


and when e@ is chosen so that 





2a0 = — fy, 
then 
4os*= 40°+ 4f oy,+ 0 A*7?. 
But then 
AS op = (6 zens)! a 
0 s BPy.+ O72 t ag 28 YD). 
Also 7;<.0 so that 
| 
—|(——_1n->0. 


Hence by choosing £+0 to be a rational number as close as we please 
in value to the positive 








rh 
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we may make 
2o7, oe 4c° rape 
(#3 7,+ =  * Ze (vy? — ve) 





and have s*<0. We have shown the existence of a quantity s not in R 
but such that s*= w<0 in R. 

Since y2g—7?<0 we cannot have y, 0. The only remaining case 
is then the case y,>0 and here we let 


= (lt+au)v+Avj, (a, B in R), 





so that 
s° = o(1+a°%9+2au)— A o(7, +720), 
and if 
2oa = of* 7s, 2a = fy, 
then 
4s*° = 40+ 73 f'0g—40f'*y,. 
Hence 
45? 47 4 27:\? 4 
ce RT — et eee 


Now we may take £ to be a rational number different from zero so that s 
is not in R and yet such that it is as close as we please to 





2n 
er 


Again we shall have s*<0. Hence we have 

Lemma 2. There exists a quantity s not in R but in A such that s** = w<0 
(w in R), where A is any normal division algebra of order sixteen over R. 

The author has shown (loc. cit. on algebras) that when s is not in R 
and s* is in R that A contains a quantity ¢ commutative with s and such 
that ¢? is in R. Moreover it has been shown that we may replace u by ¢ 
and v by s and may choose a new basis of A with now ¢<0. By our 
above argument we may always take e@>O and have 

THEOREM 1. Every linear associative normal division algebra over the 
field R of all rational numbers has a representation as an algebra (1)-(10) 
in which e>0 and «<0. 

4, The non-existence of Riemann matrices with A as multi- 
plication algebra. We shall now consider the quantity 4,(e,). Every 
quantity of the field R(a,) may be written in the form 


Bs(a:) =A tmaVet(stuVe)Vo (&,-+++, % in R). 
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But we have stated that the quantity A,(a,) must be positive.” Hence 
As = My = 0 and im 
By (e,) = 444+4,V oe (4,, 42 in R not both zero). 


Now As(«z) is obviously 2,—%,V@ and by (22) we have 
2— Re = y—yio. 


This is a contradiction of the fact that (3) must not be a null form when A 
is a division algebra. Hence the conditions that A may be a multiplication 
algebra of a pure Riemann matrix are non-fulfillable. 

THEOREM 2. There exist no pure Riemann matrices over the field R of 
all rational numbers whose multiplication algebras are normal division algebras 
of order sixteen over R. 


Co_tumBia UNIVERSITY, 
November 14, 1929. 
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THE INTEGERS OF NORMAL QUARTIC FIELDS.* 


By A. ADRIAN ALBERT. 


1. Introduction. The integral bases of all relative quadratic fields 
K(V jw ) where pw is in K = R(V m ) have been foundt by the theory of 
ideals. But these bases are given in terms of factorization of two and 
into prime ideals, the solution of a quadratic congruence modulo ideals 
and further complicated processes. The formulae are inexplicit and are 
almost useless for application to special cases, a situation not at all like 
that of the case of quadratic fields. 

We consider here all normal quartic fields R(i) where R is the field of 
all rational numbers and 7 is a root of a quartic equation with rational 
coefficients and either the cyclic group or the “ Vierergruppe” with respect 
to R. All such fields are relative quadratic fields. But here, utilizing 
the known canonical forms of such quartics and strictly elementary methods, 
we obtain explicit formulae for the bases of the integers of any normal 
quartic field in terms of the coefficients of the corresponding quartic 
equation. 

2. Canonical forms for normal quartics. The only regular groups 
on four letters are the cyclic group C, and the group 


(2) G, = {I, (12) (84), (13) (24), (14) (23)}. 

We shall therefore consider quartics 

(3) ® (w) = of+a, w+ a w+ «3, o + a, = 0, (a,,---, ein R), 
whose groups with respects to R are either C, or G,. Consider first the 
case where the group of (3) is C,. It is known{ that, by a Tschirnhausen 


transformation 
(4) g=A4, w*+ A, w*+ As w+ A, (A, “3% A, in R), 


the equation (3) may be reduced to the form 


(5) y (s) = &— 21 +e) 7 P+ (1 +e) = 0 (y, € in &), 


* Received December 14, 1929. 

t Cf. J. Sommer, “Vorlesungen iiber Zahlentheorie”, Chapter V. 

t See R. Garver, “Quartic equations with certain groups”, these Annals, December 1928, 
pp. 47-51. 
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where y+0 and 1+? is not the square of any rational number. Con- 
versely if 
(6) y +0, 1-+«*+ 6" (for any 6 in R), 


then (5) has the cyclic group with respect to R. Thus if ® (2) — O then 
wy (y) = 0 where 
y = A, a+, +4244, 


is in R(x) and R(y) = R(x), so that 

THEOREM 1. very cyclic rational quartic field R(x) is generated by 
a quantity y satisfying (5) with (6) holding. Conversely every field R(y) 
generated by y such that w(y)=0 and (6) holds is a cyclic quartic field. 

Similarly it is known that the following is true. 

THEOREM 2. Let the group of (3) be G,. Then if O(x) =O the field 
R(x) contains a quantity y satisfying 


(7) WY (m) = of —2(e+/f)o*+ (e—f)* = 0 
with e and f in R and 
(8) e¢?, ftw, of to 


Sor any 4, u,v in R. Conversely let y satisfy (7) with (8) holding. Then 
the group of W(w) with respect to R is Gy and the field R(y) is a normal 
quartic field with group G4. 

Consider now equation (5). Suppose that « = A,/A, where A, and A, are 
rational integers which are relatively prime. Write y = ,/,_ with ~, and py 
relatively prime rational integers and let w(y) = 0 andi = weA,y. Then 

a == ph Ab ys = 2y (1+?) wy AR? — wf AS (1 + 8) 7° 
= 2aymy Ai + ADP — of Abo (A + AD. 


Let »y = —,pzg. Then the equation 
(9) gy (w) = w+ 2y(di-+ ds) 0° + »* Ad (di + 42) = 0 
is satisfied by 7 and has A, and Ag, relatively prime and 


(10) v40, At+Ato (for any o in R). 


Moreover we may take » not divisible by any rational integer square for 
if y = viv, then i, = i/v, satisfies (9) with v, replacing ». Thus » may 
be taken to be a product of distinct primes without loss of generality. 


tl 
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By the definition of 7, R(¢) = R(y) so that the group of (9) is again C,. 
Write 


(1) s=44+48, *=r(hq—8, = + (+4). 


Then g? =t, [06(2)]? = v(—A1qg— 1) so that y[e(2)] = 0. It may be 
easily shown, by direct computation, that 


(12) 677%) = —4i, 6°(i) = o(—i) = — @(), o*(i) = 7 
and 

(13) gy (@) = [w — 6°(@)] [wo — 67 (4)] [w — 0(2)] ( — 4). 

We have 

THEOREM 3. Let R(x) be any quartic field generated by a quantity x 
satisfying a cyclic equation (3). Then R(x) = R(i) where i satisfies a cyclic 
quartic (9) such that (10) is satisfied, v is a product of distinct primes, and 
A, and As are relatively prime. Conversely let y(i) = 0 where (10) is satis- 
fied, v is a product of distinct primes, and A, and Ay are relatively prime. 
Then (9) is a cyclic equation having the decomposition (13) with 0(%) given 
in (11), and R(a) is therefore a cyclic quartic field. 

Consider next equation (7). The field R(x) is a direct product of two 
quadratic fields. One of these fields is the field R(x*), for x* is a root 
of the quadratic y(w*) = 0. Let y, =2*—(e+/). Then y? = 4ef=y,/y, 
where y, and y, are rational integers. Let y,7, = yjy where y is a product 
of distinct primes. Then if ysy = yey, we have 


y* “= 7 + 1, 
since y is not in R, and R(z*) = R(y,) = R(y). Consider the quantity 


a= *Sf +e = Ret+ arte. 


x 


The quantities 1, x, x*, x* are linearly independent with respect to R so 
that z, is not in RY) = R@’*). But A= 2(e+/)+e—f) = 4,4, 
where 4, and 4, are rational integers. Let 0, 6, = 626 where d is a product 
of distinct primes. Then, if 032 = 4,2, 


2 — 6+1, 


since zg is not in R. If y is odd let v=y,u—z. If y is even and 
6 is odd lett v—z,u=—y. If both y and 6 are even then yd = 4/%o 
where o is a product of distinct odd primes and the quantities uw and v 
defined by 2yv = yz, u = y have the properties that 
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a'=et+1, v® = +1 


where o is odd and both e and o are products of distinct rational prime 
integers. Hence in every case the field R(x) contains quantities w and v 
satisfying the above condition. Consider the quantity 


(14) a = v(u+l1). 


We see that 7? = o[(o+1)+2v]. Since 7 is not in R(v) and R(z*) = R(v) 
the order of R(i) is greater than two. But 7 is in R(x) so that the order 
of R(z) is four and Ri) = R(x). The minimum equation of Rd) has 
Galois group G, and is easily shown to be 


y(w) = w*— 2o(o + 1) ?+ o? (0 —1)? = 0. 





For by Theorem 2 this quartic has group G, if and only if 


ete, ot, ote 


for any rational ¢,, ¢,,¢,;. But these conditions are fulfilled when 0, o 

and eo are differeat from unity and oe and o are products of distinct primes. 
THEOREM 4. Every rational quartic field generated by a quantity x satis- 

Sying an equation (3) with Galois group Gy is generated by a quantity i 

satisfying 

(15) g(@) = w*— 2o(e+1)o*+ o(e—1)? = 0 














_ with o a product of distinct odd primes, e a product of distinct primes, and 


(16) e+1, of1, ete. 


Conversely let i be a root of (15) with (16) and the other conditions above 
on @ and o satisfied. Then (15) has the decomposition 









(17) gy (@) = [w+ 0(%)] [o — 0(@)] [» + 2] [o —2], 
and the group Gy with 0(i) defined by 
(18) 1-6(i) = (e—I1)o 


so that 67(i) = 7. 

As a consequence of the above proof we have 

THEOREM 5. Let i satisfy (15) with @ and o as in Theorem 4. Then 
R(i) is the direct product of two quadratic fields generated by quantities u 
and v such that 
(19) ome, v=e 
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and such that 
(20) 


are linearly independent and form a basis of R(t) with respect to R. 
8. Application of known theorems to case of normal quartic 
fields. We shall utilize the known theory of algebraic integers and have 
Lemma 1. Every polynomial, with rational integer coefficients, of the 
integers of any field R(x) is an integer of that field. 

LemMMA 2. Every quantity of an algebraic field R(x) is the quotient of 
an integer of that field by a rational integer. 

LemMA 3. Let a be commutative with x and have grade r with respect 
to R(x). Suppose that p(w) has degree r, leading coefficient unity, and 
further coefficients in R(x). Then if g(a) = 0, the minimum equation 
of a with respect to R(x) is p(w) = 0. 

The integers of any field R(i) are those quantities of that field whose 
minimum equations have rational integer coefficients and leading coefficient 
unity. Utilizing this definition we propose to find the integers of normal 
quartic fields. 

Suppose that i satisfies either (9) or (14). Define 


(21) [a@l' = afe@], [e@!’=a—d, [a@l” = a[—e@] 






1, u, v, uv 






























where 6(2) is given by (11) or (18). Then the equation 


(22) F(w) = [o®— (@’+ a" )o+a'" al [w*—(a+a")o+a"a] = 0 










is satisfied by a = a(z) for any a of R(i). If the minimum equation 
of a with respect to R has integer coefficients then so has I'(w) and con- 
versely. For I'(@) is divisible by the minimum equation of a and it is known 
that 

Lemma 4, Jf the coefficients of 


g(o) = w+ a0" 1+ --- + am 








are integers of an algebraic field F and if p(w) is divisible by 





W(o) = wo +qwrt4 ete 





with ,+++, Cr in F, then q,+++, ¢ are integers of F. 
Now 





I'(o) = (@— a’) (@ — a") (@ — a’) (@ — a) 
so that we have 
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Lemma 5. Jf a is an integer of R(i) then so are a’, a’, a”. 
We shall next write s = 4*0 where q and e are integers and @ is 
a product of distinct primes. Let u be defined by 7u = q of equation (11), 
Then 

(23) 
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SEES RR EGE r 
apetoe~ cae * inst 


#® = gv(A.a—ye), 








where R(i) is a cyclic field. We have thus established a notation R(u) 
for a quadratic field which is taken as the quadratic sub-field of any normal 
quartic field. Combining this with a known result of the theory of algebraic 
numbers we have 

Lemma 6. Every normal quartic field contains a quadratic sub-field 


an 





(24) Riu), vw =e 








where @ is a product of distinct prime integers at least one of which is 
different from unity. Any such field has as a basis of its integers the 
basis 1, P where 


(25) P=u tf e@ = 2,3 (mod 4) 
and 
(26) 2P=u+1, P? = P+n tf 0 = 4n+4+1. 





Suppose now that a is an integer of a normal quartic field R(z). The 
equation 
(27) 





H(o) = ow’ —(a+a")o+a"a 













has coefficients in R(u). For the quantities 





(28) 1, u, i, wi 

form a basis of R(z) so that if 

(29) a= a+ 4,71, a, and a, in R(u), 
then 

(30) a’ = a4,—a,i, ata” = 2a, a’ a= 2-2? 








and 7” is always in R(u). But H(m) is a factor of the polynomial I'() 
and by Lemma 4 has as coefficients integers of R(u) when a is an integer 
of R(i). 

Conversely let a+ a’, aa in (27) be integers of R(u). Then a given 
by (29) is an integer of R(z). For, by Lemma5d we see that (a+a”)’ = a’+a’” 
and (a’’a)’ =a’ a’ are integers of R(u) so that the coefficients of I'() 
are integers of R(u) in R and are thus rational integers. We have 

THEOREM 6. The integers of any normal quartic field R(i) are exclusively 
those quantities a given by (29) such that 
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a+ a’, aa’ 
are integers of R(u). 

We shall first apply Theorem 6 to the case where R(i) is a G, field. 
Then we may write a = a+a,v, with a, and a, in R(u), so that 
a’ = a,—a,v, a+a” = 2a,, aa’ = a?—alo. But if a is an integer 
of A(z) then av = a,v+azo must be an integer of R(t) so that 2a,¢ 
must be an integer of R(u) since av+(av)”’ = 2a. 

THEOREM 7. The integers 


(31) a= H%+av (a, and a, in R(u)), 





of a quartic field of Theorems 4 and 5 are exclusively those quantities a 
for which 
(32) 2a,, a?—aze 





are integers of R(u), and necessarily those for which 


(33) 2a, 
is an integer of R(u). 

We have thus obtained a theorem which we shall utilize to obtain the 
integers of any G, field. The case where R(z) is a cyclic field is more 
complicated. First let 7 represent the greatest common divisor of » and 4 
so that 74,7, »=v,2. Write 4, = 437, where 7, is a product of 
distinct primes and let z be defined by 7,a7z—7. Then the minimum 
equation of z has 2’ = 2(@) as a root where 2’ 7, 7 = 6(i) so that 
As 2’ = z(yu+A,), 


—zz' = mV A; u 





and 
2 = 1% (A u— 1) 


whence z is an integer of R(i). Every quantity of R(i) may obviously 
be written in the form 
a= aAt+ae 





































with a and a, in R(u), and a+a” = 2m, aa’ = a—ae. But 
2a,2 = 2a,—2a” must be an integer of R(i) if a is. Also 2 = z(7’) 
is an integer of R(d) so that —2a,zz’ must be an integer of R(w). Simi- 
larly (2 ay 2)’ = 2a,2 so that —4a,agz2', 2a,2*, and 4a22* must all 
be integers of R(u). This gives 

THEOREM 8. Let the integer parameters of the general cyclic quartic in 
its canonical form (9) be denoted by 


(34) ne= 4i+43, » 
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where v +0 is a product of distinct rational prime integers, A, and A, are 
relatively prime integers, @ + 1 is a product of distinct primes. Suppose that 
the greatest common divisor of v and y is 7, so that 


(35) y= 4, = "2%, 7%, 


where 7, is a product of distinct rational primes, and 4 is an integer. Then 
if R(i) is any cyclic quartic field it contains a quantity u such that 


(36) u* = @ 

and a quantity z such that when the minimum equation of i has the canonical 
form, R(z) = Ri), and 

(37) q2uz = i, 2° = 1% (4, u— 7). 

The integers of the field R(i) are exclusively those quantities 

(38) a= a@+a,2, (a, and a, in k(u)), 

for which 2a, and a?— a2 2 are integers of R(u). Moreover if a is an 
integer of R (i) then necessarily 

(39) 2agz = bez 

must be an integer of R(t) and 


(40) be 41 % Ayu, by by (— u) 4 1 Ay u, by 2”, b3 2* 


must be integers of R(u). 

4, Cyclic quartic fields with @ even. We shall treat first the case 
of cyclic fields and shall take @ an even integer so that A, and 4, are 
odd and 
(41) e=20, 4=4,=1 (mod 2). 


Then by Lemma 6 a basis of the integers of R(u) are 


(42) 1, u. 
Write 
(43) 2mH—-h =—A+Au, 2a—h= AtAu, 


so that, by Theorem 8, 4, and 4, are rational integers, while, as yet, 8; and 
A, are merely rational numbers. But 0b, 4, 7; dau = 7Ye+73u Where 7s 
and y, are rational integers, from equation (40). Hence 


41; ds Bs = 7s; 41 ¥: As @ Bg = Ye. 
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Also 
by by (— ut) 41 1 As u = (83 — Big) 4 %1 Ae 


must be an integer of R(u) so that 
ev;— 73 =O (mod 7 » A @), 







whence 7, = 0 (mod g) and, if ys = 4, then 












(44) (411 Ae) Ba = We 


such that | 
(45) r—re =0 (mody,»,A,). 


We now compute },z* and find that 
by 2* = 11 ¥1 [(Bs Ai — 908) u+ (8, Ar @ — 40 As)] 


(41: As) Bs = 7s, 







on Ege SES oe et See 





so that 

(46) ¥s4i— 9072 = (7441 — 1778) @ = O (mod Ay), 
and, since A, is prime to @, 

(47) ¥s4i1— 40 = %1441—47s = O (mod A). 





If 7,4: = 77s (mod Ay) then, since 







a(¥s4i— 9074) = G¥s41— (Ai + Ad) ¥e = Ar (89 — reds) — Ae 






we have ys; A; — 707, = 0 (mod As) as a consequence of the fact that 7 
is prime to A4;. The converse is proved in a similar fashion and the only 
necessary conditions now obtained are (45) and 











(48) Yad: = 47s (mod Ag). 
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We wish }32’ to be an integer of R(w). Computing we have 





(49) 91%, 4305 2° = [27,7,4,—103 + rile +165 +710) 4:— 22er,7)u- 





— 
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Suppose first that », is odd. Since a?— ajz* must be an integer of 
R(u) the quantity 


m1 ¥1 Aa (bi — b32”) = 911 Ao [(6i + 420) +24: Bou] 
— [27,7,4,— 102 +rRole —[¢3+720)4,—20e7,7,]4 


must be an integer of R(u) multiplied by four. We must consequently have 


(51) 28, 8,9,%, 43 — (5+ 740) 4, + 200e7,7, = 0 (mod 4). 
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From (50) and ge = 2¢@, we have #, even and from (51) obtain vy; = 0 (mod 2), 
Then (50) reduces to 


— 911 A> Bre = 0 (mod 4), 


and 4, = 0 (mod2). Then 6b, = 2a, where a, is an integer of R(w). 
Hence a = a, + dz is an integer of R(z) when », is odd if and only if 
a,2 is an integer of R(u). 

Next let », = 2»,. Then the quantity 41»: 43(bi — b3 2’) must be eight 
times an integer of R(z) so that (50) and (51) must be true modulo eight. 
Now 


(¥5 + vie) 4,— 2407,7, = O (mod 9, », 3) 
so that ys = 275. We thus have 
(52) 9, », 43 (8 + e) — el27,7,4,— 1 (273 + r7e,)] = 0 (mod 4), 
(53) 28, 8,9, %, 43 — (273+ 7740) 4,+ 240757, = 0 (mod 4). 


From (52) we have 4, = 9 (mod 2). From (53) we obtain y, = 0 (mod 2). 
Then (52) reduces to 


41 7 43 Be = 0 (mod 4), 


whence 4, = 0 (mod 2) and a, is again an integer of R(u). We have 
proved the lemma 

LemMA 7. A quantity a = a+azz of R(z) is an integer of R(z) if 
and only if a is an integer of R(u) and agz is an integer of R(z). 

But we have seen that in this case 


(54) 11%; Aed2 = Ys tru 
such that 


(55) [27,7,4,—a3+riole = 0 (mod 9, », 43), 

(56) (y+ vie) 4,— 24e7,7, = 90 (mod 9, », A). 

For a,z is an integer of R(z) if and only if a3z* is an integer of R(w) 

and the form (54) is known for az, while we utilize (49) to obtain (55), (56). 
Let the G.C.D. of »; and Ay be 6 so that », = 7,6, Ay = As, 2 

and A; are relatively prime. Also let the G. C. D. (greatest common divisor) 

of @ and 4,2 be 4573 so that, since 7,7, is a product of distinct primes, 

@ = %5¥302, %1 = Yo%e, ¥2 = ¥9%. Then 

(57) [27,7,4,—a73+riele, = 90 (mod 4,»,0* 42), 

(58) (yg +7ie)4,—27er,7, = 90 (mod q,», 0,7, 0° A2). 
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Hence y? A, = 0 (mod 4,»,) and since 4,7, is a factor of eg we must have 
7s = 0 (mod 4575). Since 75s is prime to 74%0° As we must have solely 








(59) ¥s = O (mod 45»), 
(60) 27,7,4,—902 +r2e) = 0 (mod g,¥,6* 42), 
(61) (2+ r2e)4,— 2707.7, =O (mod g,»,0* A?). 





Since 76% is prime to 6° A; we need only show our congruences true for 
the separate moduli 7,7 and d° 43. 

We obtained the necessary condition 72 — y2¢ = 0 (mod 4,¥,4,). From 
this necessary condition and (60) we have 







27,7,4,— 2475 =O (mod q, »,) 





so that 






27s (7441 — 47s) = 0 (mod 76%). 






But », is prime to @ and hence is odd, while 74. is odd so that 










¥s(7¥4Ai— 17s) =O (mod 46%). 
We must also have because of (61) 
¥s(¥s4i— Ve7s) =O (mod qr). 






If p were any factor of 4,” which did not divide 7, then 






789 =A (modp), y7s4:—7e7%, =O (modp), 
rs¥di— 4 07. = nA — n(4it+ 42) = —nuA =O (modp), 





so that y, = 0 (modp), and from 73— y2¢ = 0 (mody,¥,A,), we have 
¥s = 0 (modp). Hence 






7s =0 (mod 4%. 4), 






and since g is prime to 4,»,, —72e = 0 (mod y,»,), 






(62) Ys = 47645 Va = 840%. 

We have to consider 

(63) 27,7,4,—a(rit+rie) = 90 (mod d* 42), 
(64) i+ r2e—2ne7,7, = 0 (mod d* 42). 






Now 7 is prime to dA, so that these congruences will be true if and 
only if 
(65) —2y, 7,04, +7°G3+720) = G7,—7,4) +7324 =O (modd 4?), 
(7, + v0) 4, — 29° ers7s 

= (ny,— 7,4, 4,+ 43(4,73;—207,7,.) = 0 (modd* 42). 







(66) 
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But then we must have, by (65) and (66), 


(67) A3(4,73— 4, 72+ 27,7.) = 0 (modd* 4), 
so that 

(68) 2077 ¥s =O (mods). 
Moreover 

(69) (ny:—ve4:) = 0 (modd dj) 
whence 

(70) 1¥i—7s4, =O (modd), 


The congruences (68) and (70) yield 7; =y.=0 (modd). Let 7 = 799, 
¥s = 7109 and we obtain 


(71) (1¥5— 74, + 73 42 = 0 (mod 42), 


(72) (94 — 149 4,)? + 43 (A, 749 — 26 7 70) = 0 (mod A?), 
from which 
(73) N¥a—710 4; = 0 (modd As), 


since 6 is a product of distinct primes. But 4575 is prime to 07,» so 
since 73 = 0 (mod75”s) we get 
(75) ¥o = 0 (mod7, 5). 


Our conditions now obviously satisfy both (45) and (48), two necessary 
conditions that azz be an integer of R(z), for we have 64, = A, so that 
¥104; — 479 =O (mod4,). To continue let » be the Euler g-function 
for 4,. Then 

(76) V1 = 47, 491*+44, (A an integer). 


Also 4 = 45%, ¥1 = Ovg = Orgy, and 
(77) 95%, 45% = %yt+7yu = ¥(1+ 4 AP u) + 4A, u 
whence since 7, = as 45 ”3, 4 = a, we have 


(78) a= a+ a,u+ a,d+ He 
where 
(79) A,d = (1+ 4f*u)z, 5 V¥3e = Uz. 


We use the fact that d is prime to @ since it is a factor of A, and that 
v, = bv, while the G.C.D. of @ and vz is vs. This shows that the G.C.D. 
of @ and », is v3. We have obtained the first of a series of theorems 
giving the integral bases of normal quartic fields. 

THEOREM 9. Consider any cyclic field R(i) of Theorem 8 such that @ is 
even. Let the greatest common divisor, in the ordinary sense, of v, and e@ 





wes 
Pa 





ues piper en bined eee et Sr as oe Et 
2 SP SEER ate st. ere es 





THE INTEGERS OF NORMAL QUARTIC FIELDS. 393 








be vs and the greatest common divisor of 4, and @ be 4. Let the Euler 
g-function for A,, that is the number of numbers less than A, which are 
prime to As, be » so that 






BS Sts Sa EE 





(80) 1— A? =0 (mod). 
Then if d and e are defined by 
(81) Ad = (1+q4f" uz, wre = uz, 





a basis of the integers of R(t) = R(z) ts 
(82) (1, uw, d, e). 


5, Cyclic fields with 9 odd; conditions that },z be an integer 
of R(z). We shall consider the case where ¢ is odd, a case giving a large 
variety of results. This is due to the fact that now 4, = 0 (mod 2) or 
4, =0(mod 2) and that the form of neither 4, nor A, is fixed in this 
respect. As a consequence the form of the integers obtained is like that 
for the case already obtained except that factors two or four may now 
enter into the denominators. We shall proceed to find all of the integers 
for this case. 

Since @ is odd and therefore is a product of primes each of the form 
4m-+1 we may write 





























(83) e = 4n+1, = 2P—1, P? = P+n, 
and the field R(u) has the integral basis 

(84) (1, P). 

We again utilize Theorem 8 and write 

(85) 2a = b = A+h4 P 

where 4, and f, are rational integers. We write* 

(86) 2a, = by = A+ Ayu. 





As before we have 

(4; 1 43) be uw = (Bsu+ Aye) 4: 71 4p = [8s (2P—1)+ Ae] 11 1 As 
so that we must get 
(87) 271% 4, Bs = 7s, (0% 1 As) Bg = yo +41 1 Ay Bs 







where ys and 7g are rational integers. Utilizing (40), we know that 
(88) (83 — 8s @) (2 P—1) »1 1 Ay 


*It seems natural here to write b, = £,;+ 8, P but this leads to complicated formulae 
from which one gets nothing. The form we have adopted permits the use of the formulae 
of the case @ even. 
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must be an integer of R(u). But (88) will be such an integer if and 
only if 
(83 — Bi @) (>1 41 4a) 


is a rational integer. Since 
4(»1 42 42) (8s— Ase) = evs—(2ye+7s)° 


the congruence 
ev3—(2y,+7,) =z @ (mod 4», No A, e) 
is to be satisfied. 


Hence 


(89) 2ye+7s = 0 (moda), (2042 4:) 8, = 2retrs = Ors 
and 
(90) 242 V1 A, Bj meee fj 7) = 3, 4), 


with y; and y, rational integers such that 


(91) %, = 7, (mod2), y2—e7? = 0 (mod 4», 9, A)). 


We next consider the condition that }b, z* be an integer. 


Now 
(92) by 2” = (Bs + By u) 1 4 (A; wu—77@) 
= 1 te [(4s 41 — Bs 7) (2 P—1) + (8, 4: — Bs 4) e], 


and since 
2, qo As (Bs Ai — 8a 40) = ¥3 Ai — 14 70, 


2 v1 92 As [e (8,41 — 4 Bs) — (Bs Ai —Aaye)] = 0(714:—47s)—(7s 41 — 7440), 
we must have 
(93) 7s A,— ene =O (mod A;), 


(94) e (ys 4,— 778) = (78 4,— 7490) (mod 2 A,). 
These congruences will be satisfied if and only if 
(95) 7¥s = Ay, (mod A,). 


For if 4, were even then 4?¢@ = A? + 4? = A? (mod 2 A,) while y is prime 
to 2 A, and (94) is true if and only if 


(96) 70 (74 4,;— 47s) = Ai(n7s—7.4:) (mod 2 A), 
that is if 
(ne — A,) (v4 4i— 478) = 0 (mod 2 4,). 
But (93) and (94) imply (96) and 7g— A, is even if A, is even. More- 


over (93) is an immediate consequence of (95). If however 42 is odd then 2 
and A, are prime to each other and we need only satisfy 
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ys 4i— 74.90 =e 4,— rs) =0 (mod 4;), 
and 





@ (744; — 77s) = vs4:—7e7. (mod 2), 





AS ET TAP SN SERS . 





separately. Since 4, is even when 4, is odd and g is odd the second of 
these congruences becomes 


—ne(ys— 7s) =O (mod 2), 
which is true since 7s = 74 (mod 2). 


We now pass to a consideration of the conditions that b3 2* be an integer 
of R(u). We see that 


(97) b222= ,», {[28,8,4, — (43+ Bele + [(4 + Ae) 4: — 24¢e8,8,] u}, 
(98) 49,7, @2b82= [27,7,4,—2(03+ viele 
+ [73+ 720) 4,— 2 yey,7,] (2 P—1). 






ae re 















= - Sate a ee 






Hence the congruences 
(99) [27,7,4,—aG3+riole = Gi+7ie) 4,—22e7,7, (mod 4 4, », 45), 
(100) (2+720) 4:—207,7,= 0 (mod 49, »,43), 













must be true. In particular we must have 


(101) 2y,7,4,—22+70) = G3+70)4,—24e7,7, = 0 
(mod 2 9, v, 42), 







from which 

(102) (+rie)7 4, = 27,7,45 = 2n*erg7, (mod 29, », 43). 
Hence 

(103) 2 A2y,7, = 0 (mod 2 9, », 43) 

and consequently 








(104) 


Let the G. C. D. of », and A, be 6 so that », =», 0d, 4, = A,d. Let the 
G.C,D. of @ and 4; ”,;, each a product of distinct primes, be 4 »; so that 
0 = 02% Yu, 41 = %5%6, Y2 = 34 as in the case g even. Then 


¥s¥4 =O (mod 9, ). 









¥s ¥4 = 0 (mod 4 ap 46 v5 %). 





This combined with 
(105) ¥%; = vie (mod q,», 







which is a consequence of (91), gives 

















(106) ys = 0 (mod 9 »s). 
Write 
(107) 


¥s = 74 =O (mod 6b % %), 






¥s = 276% 9, Ya = 709%6%, ¥r = O (mod 495 »). 
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Then, since 4,¥, is prime to 40°74, », 4? and the congruences (101) are 
obviously satisfied modulo 7,», when 


e=y7, =O (mody, »,) 
we must have 
(108) 7,»,{e[27,7,4,—2(72+720)] —[72?+730)4,— 24 07,7,]} =0 (mod4é 42), 
(109) 16% [75+ rge) 4, — 277,74] =0 (mod2d 4%), 


Since vy is a product of distinct primes and » is prime to 4, we must 


have 
(110) “Ptr e4,—27 er, 7, = 0 (modd4}), 


(111) (n7,—7,4,)?4, = 0 (modd A?) 
and, since d is a product of distinct primes 


1¥1— 784, =0 (mod4, 9), 
whence 
(112) 1¥i—7s4, = 0 (mod 4,). 


Conversely if (112) is true then so are (110) and (111). 

We shall sub-divide our further considerations into two sections, con- 
sidering first the case 4, even. Then necessarily 4, is odd. Write 
¥74—7e4,; = ¢4,. Since 4, is even and 4» is prime to A, the integer 
6%, is odd. But 
113) ¢ Par redir— PF + Ol — 90(7,4—7,4,"— 724043 

— 1043 (e+ 73). 
Also 


(114) 47 [(77 + v3e)4,—2e7,7,)] = 4,(97,7,4,))? + 7243.4, — 247,7, 43 
= [(3+ «)4,—2n7,7,] 42. 


Hence our congruences (108) and (109) become merely 

(115) 6 [— gel? +7) —(+7)4,4+-297,7,] = 0 (mod), 
(116) 6 [(e?+ 72) 4,—2y7,7,] = 0 (mod2). 
Suppose first that d is odd. Then 

(117) (+ 72)4, = 0 (modQ), © =y, (mod2), 
(118) — 273 = 273—2n7,7, (mod4), y,7, =O (mod2). 


It follows that either y, = 0 (mod2) whence, from 


(119) 77% —7e4; = 0 (modA,), 
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we have ¢« = 7, = 0 (mod2), or ys = 0 (mod2) and by the same result 
we have « = 7; =0 (mod2). In all cases we have 


(120) ¥1 = 27%, Ye = 270, 1%9—7%1045= 0 (modA,). 


However if 6 = 2d, our congruences (115), (116) place no restrictions 
on 7; and ys. For 


— 246, [e+ 4) +7) — 207,74] = 0 (mod) 


since ye-+ A, = 0 (mod2). We have obtained the following important lemma. 

Lemma A. Let @ be odd, A, even. Suppose that the G.C.D. of q and v 
is m so that 4=4,1, v=¥,7, 4,= 143%, where 4, is a product of distinct 
primes and % is an integer, Assume that the G.C.D. of », and A, is 4, 
vy, = 92,0, the G.C.D. of @ and % 18 45, the G.C.D. of @ and vz is vs. 
Then if by is in R(u) a quantity b.z is an integer of R(z) if and only if 

(a) » even, 245173 4g bg = yz: + 73% with y, and yg rational integers such 
that y; = 0 (mod 45%5), 47: — ¥e 4; = 0 (mod 4,). 

(b) » odd, Ayygvgbz = yot+7iu with 7 and 71 rational integers such 
that yo = 0 (mod 453), 472 — 710 4; = 0 (mod 4,). 

We consider finally the case 4, odd, and hence A, even. Then the con- 
gruence (109) is satisfied with no new restrictions on 7; and 7, and we 
must have, from (108), 


(121) 97, {[27,7,4,—207+riele— [47+ 750)4,—2407,7,]} = 0 (mod 4). 


If », is even then the only condition is y; = 7s (mod 2), a previously known 
necessary condition from (91). If », is odd then again y?+y72¢ = 0 (mod 2) 
and since @ = 1 (mod 4) we must have y; = 7, (mod2). But ify,=7,= 
(mod 2) our congruence becomes 

—2 => —27217s (mod 4) 


which is true. If 7; = ys = 0 (mod 2) our congruence is obviously satis- 
fied. Hence in all cases the sole condition is y; = y, (mod2) and we 
obtain 

Lemma B. Let the conditions of Lemma A be satisfied except that now 
A, is odd. Then b,z is an integer of R(z) if and only if 

(c) 2Asy573b = yz +y7—u with y, and ys rational integers such that 
77 = 0 (mod 453), 774 — 784; = 0 (mod A,), y, = 7s (mod 2). 

6. Cyclic fields with @ odd, » and A, even. We wish a?—a3z* to 
be an integer of R(u) where a is a quantity of the form a = a,+ azz 
of R(z) such that b, = 2a, and byz = 2a,z are integers of R(z). Now 


16 4°4,%, 6 42 (a? — a2z*) = 44°9,v,0 A2(b? — b22?) = 4,+-4,P 
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so that a? —a3z* will be an integer of R(u) if and only if 


4, =4,=0O0 (mod 16777,» 6 A). 






But 7?4,¥, is prime to 166A? so that the above will be true if and only if 





A, =4,=0 (m0d16042), 24, = 4, =0 (mod 4*4,»,). 





But if 44?74,»,642b? = 4,+4,P then, since b, is an integer of R(w), 
As = 4, =0 (mod 7573). Also if 
47°4,v,0 A2b22? = (4,+4,P)y 














then, since we have shown that when bd, has the forms indicated in 
Lemmas A and B, « = &, = 0 (mod 453), we have 


Ay = Ag +dsy? = 0 (mod 4575 4°), 





Ay = Agto7d, = 0 (mod 95 73 977) 


so that the only conditions it is necessary and sufficient to satisfy are 
A, = 4, = 0 (mod 16 6 49). 

We shall proceed to study the case d even whence b, has the form (a) 
of Lemma A. Since 


"°%;¥, = 1 (mod 4), 40 A2n?4,¥, = 4042 (mod 1606 4%). 


Also b? = 83+ &jn+ (28,8,+ 82) P while 
47,v,0 A2b2 2 
(122) = 9», {[27,7,4,—2(72+r72e]e — [02+ 720) 4,— 2707,7,] 


+ 2[(73+ 720) 4,— 2407,7,] P}. 
Hence we must have 


46? (83+ 83 n)—1,¥, 9" @ [27,7,4,—1 77 +72] 
+4? 4, %, [72 +720) 4,—2ne7,7,.] = 0 (mod 16643), 


(124) 46.42(624228 £,)—27,»,9?[(72+720) 4,—2 10777] = 0 (mod 166 42). 


(123) 


Utilizing our expressions (113) and (114) we have 







4y A? (6? + 82 n)+ (ye+A,) 43 (9, »,) (@+72)— 247, 7.%,%, 43 = 0 
(mod 166 42), 


(126) 26 A? (43+ 228, 8,)—y, v, 43 [(e? +72) 4, —2n7,7,] = 0 (mod 86 42). 


(125) 


We know that 4, = 64,, d = 26,, 4, +ye=2r. Let »=2y. Then 
since vy = 01,7, 1, v = 0, 73%, where vs 7 is a factor of y@ and hence 
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vy ™ =1 (mod4), we have 6,7, =p (mod4). Also 9, =1 (mod 4) so 
that 6, 7, , = (mod 4). Our congruences become 

(127) B+ Bn + (6, 4, ,) 1 (6? + 72) —(G, 16%) 777s se 0 (mod 4), 

(128) 43+28, 8,—(0,9,») [+7 4,—227,7,] = 0 (mod 4), 
whence we must have 














(129) B+ Antele+rr—r,7%.] = 9 (mod 4), 
(130) B3+28,8, = w[(e’+7,)4,—277, 7] (mod 4). 

We suppose first that 7, = 7, =0 (mod2). If «=O (mod 2) then 
(131) + Bn = £+28,8, =0 (mod 4), 










so that #, = &, = 0 (mod 2), a, is an integer of R(u), a,z is an integer 
of R(z) satisfying the conditions of Lemma A and the form of a is known. 
If ¢ is odd then 


(1382). #@+An+pr=0d0, &+28, 8, = pA, (mod 4). 


Since wA, is odd and £2 = wA, (mod 2), 4, is odd and we must have 







(133) r= —(&+n)p, 28, = w4,—1 (mod 4). 
Now 2,4, = 2A, (mod 4) so that 
(134) w = 4A,+28,, r = 3u(4?+n) (mod 4). 





Suppose first that 4, is even. Then 
p = A,, r = 3A,n (mod 4), 


2r = no+A, = 6A,n (mod 8) 


ne = (6n—1)4, (mod 8). 
Next let £, be odd. Then 
pA, = 3, p = 3A,, r = A,(n+1) (mod 4); 
2r = 40+ 4, = 24,(n+1), no = A,(2n+1) (mod 8); 
and we have the cases 
nm =v7s =A =O (mod 2), 4, =e = 1 (mod2), 
pw = A, (mod 4), 70 = (6n—1)4, (mod 8); 
=7,=0 (mod2), £4=A =e =1 (mod 2), 
w = 3A, (mod 4), no = (2n+1)4, (mod 8). 






whence 





and 







(135) 





“1 





(136) 












Next let 7; = vs = 1 (mod 2), the only other possibility since 
¥7 =ys (mod2). Let « =O (mod 2) and our congruences become 
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(137) B+ Bn+u(r—y,7,) =9 (mod 4), 
(138) +28, 8, = u(4,—2y,7,) (mod 4). 
Now 114 — 7g A; = eA, so that nqy= 73 A; (mod 4). Then WwI%— =a wA 
= A, (mod4). The congruence (138) gives 4, = 1 (mod 2) and we have 
(139) B+n+u(r—A,) = 0 (mod 4), 
(140) 28, = 3—wpA, (mod 4). 
If 8, = 0 (mod2) then wA, = 3 (mod4), w = 34, (mod4) whence 
n+3A, (7 — A,) = 0 (mod 4), so that 
38A,n+r—A, = 0 (mod 4), 
2r = 2A,(1— 37), no+A, = 24,—64,n (mod 8) 
and 4e = A,(1— 6n) = 4,(2m+1) (mod 8). If 4, is odd then w A, = 1, 
w = A, (mod 4) whence 
n+1+r4,—1 = 0, y = 2A,n (mod 4); 
2r = 70+A, = 6A,n, ne = (6n—1)4, (mod 8). 
We thus have the cases 
12 =nr =A = hb =1 (mod), é = 0 (mod2), 
pw = A, (mod 4), no = (6n—1)A, (mod 8); 
(149) 71 =rs = 4, =1 (mod), A, =« =0 (mod2), 
w = 34, (mod 4), yo = (2n+1)4, (mod8). 
We have remaining y,; = ys; = ¢ = 1 (mod2). In that situation 


(143) Bit Ban+u(ne+4i—ri7s) = 0 (mod 4), 
(144) Be +228; Bs = 2u(4i— 777s) (mod 4). 


(141) 


The congruence (144) shows that 4, is even and is satisfied for 4, = 0 
(mod 2) since 4,;—y7;7, = 0 (mod2). Now vo = 1, 77 = 724, +A, 
(mod 4) and y,y, = 724,+¢7,4, = 4,+4, (mod 4) since A, is even and 
2ey, = 2 (mod4). Hence 

(145) Bi+mw(i— 4.) = 0 (mod 4). 

Since A, is even 8, is odd and 

(146) pw = A,—1 (mod 4). 


This completes our discussion of the possible values that occur when ¢ 
is even. We shall now obtain the integral elements that our analysis 
has found. We consider first the case y; = ys = ¢ = 0 (mod2). Then 











(147) 














(148) 


(149) 
where 
(150) 

Next let 





For the case 


we have 
(151) 
while when 


(152) 


only when 
In this case 


Then 


so that 
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(2953 43)d2 = &, + Agu 
where 4; and A, are rational integers such that 


&, = 0 (mod 457s), 


where p is a rational integer. Also 
A = 4 Af B, + a, As, 
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a, = a,-+ a, P where a, and a, are rational integers and a,z is an integer 
of R(z). By Lemma A 


8,4 — 8,4; = 0 (mod 4,). 





Let the number of integers less than 4, which are prime to 4, be gy. Then 
since A, is prime to 4, we have 


B, = as 95s, 


G = a@,+a,P+a,f+ agg, 


2A, f = (1+94P ue, 


%;1 = 7s =O (mod2), 
As before we have 
n= y AP y, +4Ag, 


47 = %5¥3 (2 as), 


2975s = UZ. 


¢=0 (mod2). 


19 —7s4: = (7, 9p —4A,) A, = € Ay. 


Hence « = y;,7e—AA, so that 4= 1 (mod2). We therefore may write 
A = 2a,+1. 


4, = &+1=0 (mod2) 


a= a tqP+aftag+~r9 


A, = 2a,+1, 
a= a+ a,P+asf+agt 


We must next consider the case 7; = 73 = ¢ = 1 (mod 2) a case occuring 


A, 


7s 


pw = A, (mod4). 
bs+1 = 1 (mod2). 


v7 yp—AA, ae -@, 


Yow 2a,+1, 


1+P+ 9 
ae ame 


ani vey Af +44, 



































oo a OL EE BRR bese, Se ake: ee eee a Sera 
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Hence 
1+p =4 (mod2). 
We may now write 


¥1 = Ysvs(2ags+1), 8, = 2a,4+1, By = 2a, 
stit9 


and 


(153) a a, + a, P+ ag f+ ag + 


when p is even, 


(154) -- a= at+a,P+asftoag+—* 1s 


There remains the situation 


when p is odd. 


¥: = 7s =1 (mod2), ¢« =0 (mod2), and ¢ = y,7p—AA,. 
Then 
7 == Pp (mod 2) and n= 45 V¥3(2a,+1). 


When A, and p are even we have 

(155) (= <,+-aPtnsdaet 2 aif 
while when p is odd, 4, even 

(156) c= ata PHaftag+lte te 
When p is even and £, is odd 


(157) a= + mPHaftagpr Pts, 
while when A, and p are odd 
(158) a= a tmP+aftagt te tlts. 





This completes our enumeration of the basal units obtained when 4 is 
even. We have utilized reversible processes at every step and have found 
necessary and sufficient conditions that a in R(z) be an integer of R(z). 

First let 
= A, (mod 4), ne = 4,(6n—1) (mod8). 

Then 
A, = ne(6n—1) (mod 8) 
and since e = 4n+1, 
24, = ne(3e—5) (mod 16). 


If 4, = O (mod 4), then since 


2° = 1,9 (mod 16), 4j = 1,9 (mod 16), 
we have 
n?g = 41+ 43, = 1,9 (mod 16). 
Then 
3e—5 = 14, 6, 24, = 144,67 (mod 16), 
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whence 4, = 3 (mod4). Thus 
p = A, = A,—1 (mod 4). 
Next let 4, == 2 (mod4). Then 4 = 4 (mod 16) and 
0 = 5,13 (mod16), 39—5 = 10,2 (mod 16), 


24, = 24,10, (mod 16), A, = 1 (mod 4) 


so that again 
pw = A,—1 (mod 4), 


The only other possibility is 
pw = 3A, (mod 4), no = A,(2n+1) (mod 8), 


so that 
A, = (2n+1)qe@ (mod8), 24, = ye(e+1) (mod 16). 
If 
A, = 0 (mod 4); e = 1,9 (mod 16), 
whence 
2A, = 29, 10y (mod16) and A, = 1 (mod 4), 
so that 


w = 3(4,—1) (mod 4). 
If 4, = 2 (mod 4), then 
e = 5,13 (mod16), 2A, = 149, 6m (mod16), 


whence 
A, = 3 (mod 4), wu = 1 (mod4) 
and again 
fy = A,—1 (mod 4). 
We have 


Lemma C, If either of the conditions (135) and (136) on ye are satis- 
fied then po, = A,—1 (mod 4). 
However the converse of this lemma is not true. For example we 
may take 
7 =e =1 (mod8), A, nm = 0 (mod 4), A, = 3 (mod 8), 
uw = A, (mod 8), 


ll 


so that 
ne =1 (mod§8), A, = ge(6n —1) =7 (mod8). 
Suppose first that 
pw = A, (mod4), ne = 4,(6n—1) (mod 8) 
so that 


w = A,—1 (mod 4). 





Then we have as integers of R(z) the quantities 


1 r 1+P 
1, P, f, 9, Ath s ats, £PtL 
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if 1— Af = 0 (mod 24,) and if 


+f P+g P+f 
i aa Tis a i 


the quantities 





1, PSs # 


Now v=», vy =2yw and am is a factor of q and is odd. Hence 
» = A, (mod4) if and only if », = 24, (mod8). Also the G.C.D. 
of @ and », is »s as for the case @ even. We have 

THEOREM 10. Suppose that R(i) is any cyclic field of Theorem 8 for 
which @ is odd and both A, and , are even. Let the greatest common divisor 
of v, and @ be vs and the greatest common divisor of 4, and @ begs. Let 
the Euler »-function for A, be » so that 


SDR ETE ge too ip eRe ger 


a tintin ae 
eerie ea SR a treo, a ety Ansmann " ” 
Srey og REE er . 


eS nage eit gh 


marr 
5 SRNODE REE GA A. EERE LEP PEE TD aporssy 


(159) 1—A? = 0 (modA,). 


TAFE, Be Reet 4, 


Suppose further that vy, = 24, (mod8), e= 4n+1, 9e = (6n—1)A, (mod 8). 
Then if f and g are defined by 


(160) 2A f = (1+q4P"u)z, 2n5g = uz, 


a basis of the integers of R(i) is given by 
1, m SRPRE Sees 





(161) 


when 1—A? =0 (mod 24,), and by 
(162) 1, Pp, +4L, Ate, 
when 1— Af = A, (mod 2 4,). 

Similarly we have 

THEOREM 11. Let the conditions of Theorem 10 be satisfied except that 
now 
(163) vy, = 64, (mod 8), ne = 4,(2n+1) (mod 8), 





and let f and g be defined by (160). Then a basis of the integers of R(i) 
is given by 
(164) 1, p, tite, FES 





if 1— A? = 0 (mod 24,), and by 


iy - Piste 
(165) 1, P, 2 , 2 





if 1— A? = A, (mod 24,). 
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THEOREM 12. Let the conditions of Theorems 10 and 11 be satisfied except 


that 
(166) me = 4,(6m—1) (mod8) when », 


(167) ge $4,(2n+1) (mod8) when » 
and let v, = 2(4,—1) (mod 8). Then a basis of the integers of R(i) is 
given by 
(168) 

if 1— A? = 0 (mod 24,), and by 

(169) 1% 8, ttf 


if 1— A? = A, (mod 24,). 
Finally we have 
THEOREM 13. Let the conditions of Theorem 12 be satisfied except that 





gn ge SELES eee eee 


24, (mod 8), 
64, (mod 8), 


ll 









SE et a ee 





1, P, 9, Atfty 


Se 





eS 





—— 















vy, = 24,+2 (mod 2), 
the only remaining possibility when 
vy, = A, =0 (mod2), vy, =2 (mod4), 









A, =1 (mod2), 










these latter conditions holding by our theory of cyclic fields. Then a basis 
of the integers of R(i) is 
(170) 1, Py J, 9 


7. Cyclic fields with 4, = »,+1 = e+1= 0 (mod2). We shall 
study, in this section, the situation 6 odd, @ odd and A, even. Then }, 
has the form (b) of Lemma A so that our congruences are (123), (124) 
but with » i 270; 7s = 2y/10- Also by Lemma A Yo % —V10 A, => QA, 
and we may use equations (113) and (114) with y, replaced by 79, 7s 
by 710 and ¢ by Q. Since 


A, = 0 A;, then 6% yA SY (mod 4) 









so that 
(171) &+&n+y,(ye+ 4) (SV +73,)—2%, 7,71 = 9 (mod 4), 


— 
(172) +28, 8, +2», [27,7,.—4, 7}, + @)] = 0 (mod 4). 





But from (172) we have &, =0 (mod2). From (171) and ge+4,=0 
(mod 2) we obtain 4, = 0 (mod 2) so that b = 2a, where a, is an integer 
of R(u) and hence a,z is an integer of R(z). But then a, z has the form 
given by 

(173) (A, 95%) dg = Yu ty 






te Se OR 






— 
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ais *, 5 - * 
10ers Acai. ie 


with 
¥12 4; = gyi (mod 4,), ¥: = 0 (mod 9; vs) 
so that 
Nyy = VAP 17, +2, 4,, Yun = % 15 "5 

and we have 
(174) (As 95 Ys) dg 2 = Ggd+ me 
with d and e given by 
(175) A,d = (1+ 44?" u)z, (n, ¥,)e = uz. 
This gives 

THEOREM 14, Let R(i) be any cyclic field given by and satisfying the 
conditions of Theorem 8, for which @ is odd, v is odd, and Ay is even. 
Then if » is the Euler 9-function for A, a basis of the integers of R(i) 
is given by 
(176) 1, P, d,e 
with d and e of (175). 

8. Cyclic fields with 9 odd, 4, even. The final case to be con- 
sidered is the case @ odd, A, even, 4, = 24,. The quantity a? — a} 2? will 
be an integer of R(z) if and only if 


(164, v, 42) (a? — a2 2’) = 4y, v, 42 b? —4y, v, A? (63 2’) 


FNAL AORTIC OM ETE EL Hse ee ee 
reanindtada 4 alia teat i 


AF He ne tne ca INR iE REO gem RAG TE 
— ee eee a 





is equal to 16(4,-++4, P) with 4, and A, rational integers. But 


4n,v,42 = 4 (mod 16) 
since 
1;¥, = 42 =1 (mod4). 


Hence 
4(82-+ £2 n)—n, v, {[27,7,4,—1G2 +72 ole 


ii — [74,+750)4,—29e7,7,]} = 0 (mod 16), 
(178) = E+ 28,8, = 96%,103 +750) 4,—2ne7,7.] (mod 4). 
We may write (177) in the form 
4 (42+ in) +44, (ne+4,) V2+720) 

—21,¥,e0(9 +4) 7,7, = 0 (mod4), 
and shall suppose first that », == 0 (mod2). Then from (178) 

Bb, = 0 (mod2). 

If 7; = ys = O (mod 2), then from (177) we obtain 


4, =0 (mod 2), 
If y; = 7s = 1 (mod 2) then 
16% 77 +750) = 4 (mod8), —2%,»,07,7, = —4 (mod 8) 


‘| 


} 
4%: 
ip 
iy 


(179) 
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so that | 
1,¥,[(73 + 720) (ge +4, —2y7,7,e] = 0 (mod 8) 










and again 4, = 0 (mod2). Then b; = 2a,, where a, is an integer of 
R(u), and the form of a is known. 

We next let », = 1 (mod 2) and suppose first that y,; and y, are even. 
Again from (178) we have 4, even and it is only necessary to satisfy (177) 
which becomes 


(180) Bi+,(1+4,) G$+ 75.) —27,e(1+4,) 7979 = 9 (mod 4), 
when we put 








SESE a SSSR SSS SR SS ee ee Be ge es tj 2 
memenrs FE ie SSS = 
oes 


¥1 = 270, ¥s = 270. 
If Yo = Vi0 (mod 2) then 


¥(L+ A) (46 + 749) — 2¥,0(1 +4) (79719) = 0 (mod 2) 







er 
see 






eg 


SS ie al ap ete eee 






and 4, = 0 (mod 2) so that again a, is an integer of R(u). Next let 
Yo + 7Y10 (mod 2) which occurs if and only if y; = ys+2 (mod4). In 
this case 

(181) Bi+y,(1+4,) = 0 (mod 4) 

so that 






4, =1 (mod 2), v, = 3—A, (mod4). 
This is the set of conditions 
¥s =0 (mod 2), ¥7 = 7et+2 (mod 4), 
1 (mod 2), vy, = 3—A, (mod 4). 






A = 71 
By 


Next let 7, = ys = 1 (mod2). Then if y,—y7, = 2s the equations 


(182) 





lll Il 












(183) y3+y720e—2y7,7, = (¥,—7,)* +407 = 4(s?+ ny?), 
(184) 73+ 720 —2er,7, = (¥,—7,)? +4075 —777,) = 4(°+ 2n7,8) 
are true and congruence (179) becomes 

(185) Ai + Aan-+%(s*-+n)+%4,s(s+2n) = 0 (mod 4), 

while (178) becomes 

(186) Ao +28; be = %(4,—yr7s) (mod 4). 


Hence 4, = 1 (mod 2) and, since 274, = 0 (mod 4), (185) becomes 


(187) Bit n(%+1)+%s*(1+ 4,) =0 (mod 4), 
while (186) becomes 
(188) %(28,+1) = 4i—r7s (mod 4), 
























408 A. A. ALBERT. 


But 


n(it+»,) =0O (mod 2), 4, = 24,, 


so that 
Bi = 4s" (mod 2). 


Suppose first that s = 0 (mod 2), that is that y; = ys (mod 4). Then 


4, =O (mod 2), ¥7¥s = 1 (mod4), vy, = (4,—1) (mod 4) 


and 
n(i+»,) =O (mod 4), 


so that 
n4, =0O (mod 4). 
But 
n’?e =e = 41+4; (mod 8) 
and thus 
4n+1=443+1 (mod8), m= 45 (mod2). 


Hence n is even if and only if 4; =0 (mod 4). It follows that n4, =0 
(mod 4) if and only if 4, = 0 (mod 4) and we have 


= ys, (mod4), 4A, =0 (mod4), ™% =3 (mod 4), 


V7 
(189) np = hh = hh =1 (mod2), & =O (mod?). 


Next let s = 1 (mod 2), that is 


¥: =Y¥st+2 (mod 4). 
Then 
48, = 1 (mod2), ¥7¥s = 3 (mod 4), 3v, = 4,—3 (mod 4), 

so that 
vy, = 34,—-1 = A,—1, 1+nA,+(4,—1) (4, +1) = 0 (mod 4), 
whence 

1+n4,+4;—1 =0 (mod4), nd, = 4, =0 (mod 4), 
and we have 
(190) 4 = 8h = =e =1 (mod2), 7 =—re+2 (mod4), 

A, =»—3 =0 (mod4). 


We have obtained all of the possible values of 4,, 42, 77,738. We seek 
now the corresponding values of the integers a. For simplicity let 


I= a +a,P+asd+ mye 


where @,, a, #3, a, are rational integers and d and e are defined by (81). 
First let a, be an integer of R(P) so that a,z is an integer of R(z). 

















Then 
(191) 
with 


(192) 
Hence 
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(2.45 vs As) dg = 77 +754 


¥7 =O (mod 9; »s), 479 —ys4; = 0 (mod 4,), 


¥7 = Ye (mod 2). 


n= veg Af +AA4,. 


If y; = O (mod 2) then 


In this case 


and since 


we obtain 
(193) 


¥s =4=0 (mod2). 
Yr = 245 3 Gs, A= 2%, 
a= a,+a,P 


q = f, 


Next let 7; = 7s = 1 (mod2). Then if 4, —1 we have 


(194) 


gy=1, Y—ny=4, %’=ODO (mod2), 
¥r = (203+ 1) a5”, 4 = 2a,, 


ian +4 (4, = 1). 


If however A, >1 then 


and 


(195) 


y>1, Ys = 4 (mod 2) 
4 = 2a,+1, ¥r = (234+ 1) 95 »s, 


gin 08 iis (A, + 1). 





We next suppose that az is not an integer of R(z) which can only happen 


in case », =1 (mod2). First let 4, = 2 (mod 4) so that a,z is an integer 
unless », = 1 (mod4). In this case we have (182). But there 


(196) 
with 
(197) 
Hence 


Now 
8, = 2 as, 





But then 4 = 0 (mod2). 


(2 A, 45s) (2a) = rr +7 
¥: =O (modasvs), x = 7,947’ (modA,). 
¥s = rin Af +44. 
A, =2aq,41, 77 =7s=0 (mod2), x; =—7e+2 (modd4). 


First suppose that y, =0 (mod4). Then 
4 =2 (mod4) 





Ys = 2 (mod4), 
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and we have 
= 4a,+2, Vv; . = 4 cs (m5 vs) 
(198) = J+ tte 


Next let 
¥s = %:—2 =O (mod4), 
so that if 
g=1, 4=2 (mod4), 4 = 4e,42, 7, = (4605+ 2)q5%2, 


(199) = [4+ ———— tate (4, = 1), 


while if 
4,>1, g>1, A=O0 (mod4), 14 = 4a, 
1 
(200) a= 14114 (4s + 1). 
The above occurred when 
A, = +1 = 2 (mod4). 


Next let 
A, = 0 (mod4), vy, = 3 (mod4), 


The condition », = 4,—1 (mod4) is satisfied and we have the integers 
(198), (199), (200) as before. But now we have the further integers given 
by the sets of conditions (189) and (190). In (189) 


Y= 7s = A: = 1 (mod2), B =O (mod2), 7, = re (mod4). 
Now 
ema 6 , Af* = 4A,. 
Suppose first that 4, = gy —1. Then 
A = ¥s—¥74- 
But 7s — 7: 7 = 0 (mod4) so that 
A= 4a,, 2B =2a,, B = 20,41 


and 
¥r = (403+1)y5¥3 Or yr = (403+ 3) 958 


9g wae. pete 


Next we consider the situation where 4, +1. Then since 4, = 0 (mod4), 
y >1, we have 


whence 


(201) egy re arts 


AA, = ys (mod4) 
and when ys, = 1 (mod4) 


(202) —s ry 24 ere (4, = 1 (mod4), 4,41), 
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while when 
Ys = 3 (mod4), ¥: = 83 (mod4), 
2P+3d+e 
4 


2P+d+3e 
4 


2P+3d+3e 
4 


Finally let y; = ys +2 (mod 4). Then if 4, — 1, 


(4, = 1 (mod4), 4,41). 





(203) a= I+ 
Also 
(204) = I+ 





(4, = 3 (mod 4)), 


(205) a = I+ (4, = 3 (mod4)). 





Hence 
A= 4a,+2 and A, = 2a,+1, A, = 2a,+1, 


(206) = 14+1tete (4) = 1), 


1+P+e 3d 
2 - 4 





(207) = J+ (4, = 1). 


If 4,+1, 

LA, = ye(mod 4), A= 7,4, (mod 4), 
so that if 4, = 1 (mod 4) then either 

¥7 = 4A—2=1 (mod4), 


(208) gine ee ate 


or if 7, = 4+2 = 3 (mod 4), 


(<2) 0 Oe = FY At P 4 sare (4, = 1(mod 4), 4, +1), 





(4, = 1 (mod 4), 4, +1), 





(10) a =7+tth 4 ete 





while y; = 4 = A, = 3 (mod 4) gives 


(211) a=I+ Ate 4. Sete | 


We have obtained the theorems: 

THEOREM 15. Let R(i) be a cyclic field satisfying the conditions of Theo- 
rem 8 with A, odd and A, even. Suppose that the greatest common divisor 
of v, and A, is 6 so that v», = »,5. Let the greatest common divisor of v, 
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and @ be vs so that vz = 3%. We have then the following bases of the 


integers of R(i): 
A. Let any of the conditions 


(212) ve= 0 (mod 2), 

(213) y= 1+4,=1 (mod 4), 
(214) » = 1+4,=3 (mod 4) 
hold. Then the quantities 

(215) i ee 


e 3 
JSorm a basis of the integers of R(i) when 4, = 1 and 
d+e 

2 


(216) . Ba 
form a basis of the integers of R(i) when A, + 1. 
B. Let 4g = »4+1 = 2(mod 4). Then the quantities 


dad ite 
me 


form an integral basis of R(i) when A, = 1, and 


1+d ti+e 
. 2 
form a basis of the integers of R(i) when A,+1. 
C. Let A, =0 (mod4), », = 3 (mod4). Then 


(219) 1, P, Ae, gates 


(217) ae 





(218) 1, P, 





form a basis of the integers of R(i) when 4, = 1, 


Ite 2P+d+e 
. 4 
when 4, +1, 4, = 1 (mod4), and 


1 2P+d+3 
1, P, te, tat : 





(220) 1, P, 








(221) 

when A, = 3 (mod4). 
For it is obvious that we obtain all of the quantities (193), (194), (195), 

(198)-(211) in C by taking linear combinations with rational integer co- 

efficients of (219), (220), (221), we obtain all of (193), (194), (195), (198), 

(199), (200) in B and finally obtain (193), (194), in A. 
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9. G, fields with @ even. We shall consider fields of Theorem 7 
with @ = 20, a product of distinct primes, o a product of distinct odd 
primes. We may write 


(222) 2a, = A+tAyu, Zod, = As+ Ayu 


with £,, 4,, &,, 8, rational integers by Lemma 6. But 4(a?— ajo) must be 
an integer of R(u) whence 4a3o is such an integer and, since 


(4a}a)o = (8+ Fe) + (28, 8,)u 
&+ Be = 28,8, = 0 (modo). 


Hence £38, =0 (modo). Assume that 7 is the greatest common divisor 
of eg, and o so that 
(223) 01 = Nez, o = 1o. 


It follows that 
M+ Be = BB, = 0 (mode, 7), 


As = 0 (modz) and ~&; = & =O (mode,). 
We may write 


we have 


whence 


Bs = Bs oz, “Bee Be 2 
and have 


(224) 27 de = As + Bou, Bs = 0 (mod m), 
Now if 4, = 4,7 then 
4(aj— ajo) = (+ Bet 28,8,u)— (Bia + 2h e, + 28,8, u)o,. 


Since ai— ao must be an integer of R(u) then 


(225) Bi + Be — o,82x—280,0, = 0 (mod4), 
(226) 8,8,—o8,8, = 0 (mod2). 


Hence £, = 8; (mod2). If £, = &, = 0 (mod 2) then our congruence (226) 
is satisfied and (225) becomes 


e, (4377 — B26,) = 0 (mod2) 


A, = Be (mod2), 


so that 


If 8, = 4, = 1 (mod 2) then (226) gives 


B, = & (mod 2), 
while then 
1—a, 7+ 2e, (82—®o,) = 0 (mod 4), 


Sete ee 


tree PE eR a 


ce RR rr eat oe 


a 








, ee wt a ae nih = + Races Thiet Nalin ca a: dha tides tennets ‘ 
ices aa mae cur . = Se Rate ty al a Bi 
SEE I Se RA IRE OS RTE LS said f 
. si — eerie ad ‘ 5 ps _—" yoo a 
Ege Tee he ecnce i: : 


a een — sewn ow 
RL Oe ernest rR es SEH ky ot ager ea a on he = i: ate 
9 nat = 2 Ph te ot 


te 
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and since if 8, = A. (mod 2) then 
2(82— 82 6,) = 0 (mod 4), 
we must have 
o = 6% =1 (mod4). 
Thus we have the cases 
(227) o = 3 (mod4), 46, = & = 0 (mod2), f, = Be (mod 2); 
(228) o = 1 (mod4), 4, = & (mod 2), A. = &B, (mod 2). 


Consider first the case 
A, = & = & = Be =O (mod 2) 

whence 

8, = 2a,, fy =2a,, Bb = 203, By = 2uy 
and 
(229) a=I=—a,+autavtaw, 
where we define w by 
(230) mw = uv, 
Next let 

4, = b, = 0 (mod 2), Ay = b: = 1 (mod2). 


Then 
utw 


(231) a= I+ eae 


We now consider the further units which may occur when o = 1 (mod 4), 
In this case we need only consider in addition to (229), (231), the case 
8, = & =1 (mod2). Here if 

Bb, = By = 0 (mod 2) 
(282) a=14+4F?, 
while if 

. = Ae =1 (mod 2) 


then 
(233) a= 1+itey eee 


We have 

THEOREM 16. Let R(i) be a field satisfying the conditions of Theorem 4 
but with e@ even. Let the greatest common divisor of @ and o be m. Then 
if o = 3 (mod 4) a basis of the integers of R(i) is 
(234) 1, u, v, me, 
with 
(230) nw = uv, 
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while if « = 1 (mod 4), a basis is 


(235) 1, u, Ee eee 


10. G, fields with 9 = 3 (mod 4). In this case a basis of the integers 
of R(u) is (1, u). Hence 
(236) 2a = &+Au, 2a,0 = A +hu 





where 4,,---, 4, are rational integers. Also 4a3o is an integer of R(u) 
so that 


bs + Bie = £8, = 0 (modo). 


As before we have 

o> (4%, 0 = O27 
and 
(237) bs = £0, Bs = Boo, 
so that 
(238) 2a,0 = £ 0+ Be o u. 


Finally we must have a?— ajo an integer of R(u) and again we have 
(225), (226) which are here 
(227) A, Bs — 2 B, Bs = 0 (mod 2), 
(226) Bi + be — of: — Beez = 0 (mod 4). 
But now ¢@ = 3 (mod 4) instead of being even. 
Assume first that o, = 2 =1 (mod4). Then c= 1-(mod4), a =3 

(mod 4) and our congruences become 
(239) Bi + 362+ 38;+ 8 = 0 (mod 4), 
(240) A, Bs = Beh; (mod 2). 
If 2, = &e = O (mod 2) then 

&, = & =0 (mod 2). 
If 8, = &. = 1 (mod 2) then 

A, = 8 (mod2), 2+3(6+47)=0 (mod 4) 

A, = A; =1 (mod2), 

If 8, = 0 (mod2) and & = 1 (mod2) then 
&; =0 (mod2), 34+1=0 (mod4) 


so that 


so that 
4. = 1 (mod2), 








416 A. A. ALBERT. 
If 8, = 1 (mod2) and 8, = O (mod 2) then 


AB; =0 (mod2), 1+34; = 0 (mod4) and £, =1 (mod2). 
We thus have the cases 
(241) AB =A =k =-* (mod2), o =” =1 (mod 4), 
(242) 2, = & = At+1 = &+1 (mod2), »w 1 1 (mod 4). 
Next let o = 7—2 = 1 (mod4). Then e, = 1 (mod 4) and if we 
write 7v, = uv then vi = og and the greatest common divisor of 0; @ 
and @ is @, where g, = 1 (mod4). Hence without loss of generality we 
may omit this case. Next let o. = a = 3 (mod4). Then 9 =oc=1 
(mod 4) and we must have 
(243) Bi+342+34;-+ 4 = 0 (mod 4), 
(244) B, By = 38,8; (mod 2). 


But (243) is the same as (226) and (244) reduces to (227) so again we 
have (241) and (242). Hence we may always choose eg and o so that 
o, = 7 (mod 4) and we always have the integers 


puter perigee Sn 





4e= f, a= I+ 


(245) 
mee ae 


where w is given by (230). We therefore have 

THEOREM 17. Let the conditions of Theorem 4 be satisfied but with @ odd 
and one of e@ and o having the form 4n-+3 so that, without loss of general- 
ity we may take @ to have the form 4n+3. We may then take o so that 
if m is the greatest common divisor of @ and o, whence o = o,7, then 
o; = 7m (mod4). In this case we again have the basal integers (235) of 
Theorem 15. 

11. G, fields with 9 = o = 1 (mod4). We finally have the case 
¢@ =o=1(mod4). Then if e—4m-+1 a basis of the integers of R() 
is (1, P) where u = 2P—1, P®> = P+m. We have proved that in 
this case 
(246) 2a = 8 +4:P, 2a0=— £+4,P, 


9 ? 


with £,, 42, 8s, &, rational integers. Now 4a2o is an integer of R(u) so 
that, with 7 having the same meaning as in previous sections and 


o= 06,7, fs+him = +248 =0 (modo,z). 
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If p is any factor of o, dividing 4, then 
fs = 0 (modp), 

so that, since o is a product of distinct primes, 

fs = 0 (modp). 


If p is a factor of o, not dividing 4, then 













Bs = —2As (modp), f3+4A3m = ef; = 0 (modp), 
so that since o, is prime to e, 
bs = 8g =O (modp), 










a contradiction. Hence 4, = £3; = O (mod o,) and 
(247) bs = Bs, By = Barr, 
(248) Bs + Bom = (285+ Bo) Ae = 0 (mod x). 
If p is any factor of 7 not dividing 4, then 

Be = —28s (mod p). 


If p is a factor of a dividing 4, then 





















fs =0 (modp) and fy, = —2A, (modp). 







Hence 


(249) Bo = —28, (modm), fy = em—2Ay. 








Conversely if (249) is true then (248) is satisfied since 


(250) Bs+ Bom = (502 + 6? m —4me fy) 7. 









We wish to have a? — ajo an integer of R(u) whence 4(a? — a3) must 
be four times such an integer and with @ = @7, 


(251) Bi + Bam — 02 (B52 + 62am —4e8,m) = 0 (mod 4), 
(252) fo+228, By —o,e(em — 2f;) = 0 (mod 4). 
Now if o = e = 1 (mod 4) so that 








02 = @ (mod 4), o =n (mod4), 





then 
62 02 = 1 (mod 4), @: =a” (mod4), 20, = 2 (mod 4). 
80 
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Hence our congruences become 
(253) (8? — 82) + m(42—«*) = 0 (mod 4), 
(254) (82 —«*) + 2(8,8,+8,«) = 0 (mod 4). 


Hence 
8, =e« (mod 2), &2——«? = 0 (mod 4), 8, = &, (mod 2) 


and since 
B, b+ f,¢ = 24; = 0 (mod 2), 


(253) and (254) are satisfied. Thus the only case is 


(255) A, = Bs (mod 2), A, =e (mod 2). 

Now 

(256) 27a, = §+4P = &(1—2P)+enP = —fu+enP, 
so that if 

(257) nw = Uu-v, h = Pv, 

then 

(258) 2a,v = — Bs; wteh. 

Hence the integers are 

(259) a=a,+ea,Pt+aw+a,h = I, 


7 aoe 
2 ’ a= I+ 





I+w , P+h 
2 + ei: 


(260) a= 1442", ee ee 


We have proved Theorem 18. 

THEOREM 18. Let R(i) be a Gy field of Theorem 4 withea=c=1 
(mod 4) and suppose that m is the greatest common divisor of e@ and oa. 
Then if 
(261) mw = uv, Pv =h, 2P = 1+4u, 


a basis of the integers of R(u) is 


. (262) ath 
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AN EXTENDED THEORY OF LUCAS’ FUNCTIONS.* 


By D. H. Lenmen. 











Introduction. In this paper we extend the arithmetic theory of Lucas’ 
functionst U;, Vn defined by 


(1.1) Uy, = (a® — W”)/(a — db), Vz, = a®" +0", 


where a and b are the roots of 
(1.2) z*@— Pxr+Q = 0, 






























P and Q being coprime integers, to the case in which P is replaced by 
R'?, where # is any integer prime to Q. 

This change of hypothesis introduces a duality between FR and the dis- 
criminant 4 = R—4Q of (1.2). In Lucas’ theory A cannot be of the 
form 4n+2 or 4n+3. 

In section 1 we develop the generalities necessary to our theory, and 
obtain from the extended laws of apparition and repetitiont a new generali- 
sation of Fermat’s theorem and Euler’s totient function. It is in this 
section that the similarities between the old and the new theories are most 
apparent. The rest of the paper is devoted to problems which cannot be 
completely answered by previous investigations. In sections 2 certain 
exceptional series U, V are discussed and Wilson’s theorem is generalised. 
Section 3 is devoted to a certain irreducible binary form G, representing 
numbers whose factors are of the formskn+1. The connection between 
G, and Sylvester’s§ Ww, is established. In section 4, a,b are replaced 
by a’, b’. The invariants of this transformation are discussed, and from 
the inverse transformation a new extension of the theory of quadratic 
and higher residues is reached. Finally in section 5, the theory is applied 
to the identification of large primes. Practical as well as theoretical tests 
are given and illustrated. 
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pp. 173-180. Carmichael, Annals of Math.,(2), 15 (1913-14), pp. 30-70. Dickson, History of 
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SEcTION 1. GENERALITIES. 
1. Fundamental formulas. Consider the equation 


(1.3) e— R’2r+Q=—0 


where R and Q are coprime integers. Let a and b be the roots of (1.3). 
Then 
a+b = R'?, ab = Q, 
a—b=d = A? = (R—4Q)", 
(1.4) 2a = R?+6 = R?4+(R—4Q)", 
2b = R’V—d — F?—(R—4Q)”. 


We discuss the two functions defined by 

(1.5) Un = (a" — b")/(a — db), Vn = a® +0*, 

where n is an integer >0. Hence 

(1.6) = Unto = RY? Unti—QUn, — Vnto = BY? Vati— Qn. 

It follows that Uon41, Von are integers, while U2, Von41 are integral mul- 
tiples of R?. Thus for R= 5, Q=—3 


2, 
512, 


ll, 14.512, 103, 145 - 542, 


7. 8, 9, 10. 
112-5", 797, 1188-542, = 8056, «== :11455- 51”. 
1034, 1469-52, 10447, 14854.5%, 105611. 


We shall need the following identities given by Lucas. 


(1.7) Va —AUn = 4Q". 

(1.8) 20pm = UnVint+VnUm, 2Vnim . = Vn Va-+ 4Un Um: 
(1.9) 2Q” Un—m = UnVin—Vn Um,  2Q"Vn—m = Vn Vn—4 Un Um: 
(1.10) Uen = UnVn, Von = Vn—2Q*. 


(1.11) Um = > — 


r=0 7 


(s—1)/2 ( 


s—r—l r -—2r— r 
el )qm are oe, 


where s is odd. 
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With every pair of series U,V having constants (R, Q) there are 
associated three other pairs of series having constants (— R?, Q), 
((— R)¥?, — Q), (—(— RB)”, — Q), whose corresponding terms do not 
differ in absolute value from the terms of the original pair U,V. For 
most purposes of this paper, the 4 pairs are equivalent. We shall take 
as representative the pair in which R’? is real and positive. A factor RY? 
of U, or V, may in general be dropped, as we shall be interested chiefly 
in the integral coefficient of R'*. The series U, V obtained from U, V by 
suppressing R? in the latter, obey the following recurrences, 











Oy = [1+ (R—1)™ sin wn/2] Or1— QU n-2, 
Vn = [1 +(R —1)* cos a n/2] | Q ig 






DeFinition. R‘/? = 0 (mod m) states that R'? is divisible by m when 
and only when R = 0 (mod m’). 

2. Fundamental theorems. The proofs of the following 5 funda- 
mental theorems on divisibility parallel those of the corresponding Lucas 
theory, and may be omitted.* 

THEOREM 1.1. Uy, and Vn are both prime to Q. 

THEOREM 1.2. The G.C.D. of Un and Vy ts 1 or 2. 

THEOREM 1.3. Uy, is divisible by 2 in the following cases only 


1) R = 4k, Q=2i+1, n=2h, 
2) R=4k+2, Q=2l+1, n= 4h, 
3) R = 4k+1, =2I1+1, n= 3h. 


Vn is divisible by 2 in the following cases only 


1) R = 4k, Q = 2141, 
2) R= 4k+4+2, =21+1, n= 2h, 
3) =4kt1, Q=21+1, n= 3h. 


THEOREM 1.4. Jf the G.C.D. of m and n is @ then the G.C.D. of Un 
and Um is Up. 

THEOREM 1.5. If n is divisible by m, then Uy, is divisible by Um. If n/m 
is an odd integer, then Vy is divisible by Vm. 

3. Law of repetition. THEorEmt 1.6. if 2a is a positive integer such 
that q* is the highest power of a prime q dividing Um, and if k is any 
























































*For Theorems 1.1, 1.2, 1.3, and 1.4 see Carmichael, loc. cit., pp. 36-37. For Theorem 1.5 
see Lucas, loc. cit., p. 199. 

+ This theorem is analogous to Carmichael’s Theorem X, p. 42. The proof given above 
is however shorter and illustrates the advantages of using Lucas’ algebraic relations. 
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integer not divisible by q, then for any integer 2, Uj,,i is divisible by q***, 
and if q* + 2, this is the highest power of q dividing Ujma- 

Proof. Case 1, q odd. The term involving the lowest power of Um in 
(1.11) is sQ™*-2 U,,. Put s = q, then g*t' is the highest power of q 
dividing Um g. Put sk, k odd, then Un, contains the factor q to the 
same power as Um. Let k be even, k = 2k’, where k’ is odd. Then 
by (1.10) 

Umk = Umyr Vinx’ Vome Vamx’ +++ Vinki2- 


By Theorem 1.2 none of the V’s on the right have an odd factor in common 
with Um,. Hence Ux contains the same power of g as Um, or Um. 

Case 2, q=2. Again by (1.11) Umx contains the same power of 2 
as Um. From Theorem 1.3 Vx is even, if Umx is even, but by Theorem 1.2 
their G.C.D. <2. Hence if Um is divisible by 2“, where « >1, then by 
(1.10), 2°+1 is the highest power of 2 in Uomx. 

The theorem now follows by 4 applications of the above reasoning. 

4, The law of apparition. The preceding theorem gives a complete 
account of the divisibility of U, by the given prime q, provided we know 
the term U. in which g appears to the first time as a factor in the series U, 
and also the power to which g appears. The number @ (if it exists), we 
call the rank of apparition of qg. If q = 2, the number @ is given by 
Theorem 1.3; in fact = 2, 3, or 4, according as R=4k, 2k+1, or 
4k+2. Consider next odd primes. Jn this paper the symbol p designates 
an arbitrary odd prime. If we subtract and add the p-th powers of both 
sides of the last pair of equations (1.4) we get 


p-1 iy P ) R212 4k 
2 Up — —P 2 he 1 ’ 

(1.12) (p—1)/2 p 
27-1 Vp = ( 9 4 Riv-h/2 Ak, 


k=0 
On account of the divisibility of the binomial coefficients by p we have 


Up = Av-ve =a (=) =e (mod p), 


Pp 
Vp = Ri? Re-v2 = Rw (=) = oR? (mdi p). 


(1.13) 


Put » =p and m = 1 in (1.9), then 
(1.14) 2QUp-1 = Up V,— Ui Vp, 2 QVp—-1 = VpVi— AU, U;. 











From (1.8) we have 
2 Ups = U, Vp + Vi Up, 
and therefore 
2 Up4i/ BR? 
From (1.10) we have 


o+e, 


Uoy/ R'? = oé, 


Since U, = 1, Vj = R'”, (1.13) gives 
(1.15) 2QU,1/R°®=0o—e; 
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2 QVp1 = Ro— Ae = 24+ R(o— 2), 


(mod p). 


2 Vn41 = Rot+de = R(o+e) —4Qe 


2 Voi = Vi Vp t AU, Up 


Vop = Ro*®—2Q (mod p). 


TABLE I. 


(mod p). 


Since R is prime to Q we cannot have «=o=0O. Hence there are 
8 possible cases for which we tabulate the above congruences. 
















































Case} e | « |2QU,—1/R'"| U, |2 Up4:/R'|Up/R| Vp | Vp/R'"| 2Vpa1 | Vay 
ee 0 1 2 1 2 1 |2R—4Qg/R—2Q 
2 | 1/-1 2 1 0 —1 | 2—R/Q | —1 | —4Q |R—29Q 
3 | 1] 0 1 1 1 0 |2—R2Q| oO |R—4Q/—2Q 
4 ial at: ee eee 0 —1 |-2+R/Q; 1 | 4Q |R—-29 
S l—1/l—-1 0 {| 1 —? —1 |4Q—2R|R—2Q 
6 j-1/ of —-1 (|-t} —1 0 |-2+R/2Q]} 0 |4Q—R/—2Q 
71011 = 0 1 0 | RRQ 1 R |R-2Q 
8 | O|—4 1 0| -1 0 | —R2Q | —1 | —R |R-2Q 














Up—ce = O (mod p). 


Up—e = 0 (mod p). 





From inspection of this table we deduce the following fundamental theorem 
which further generalizes Lucas’ extension of Fermat’s theorem. 
THEOREM 1.7. If RQ is not divisible by the odd prime p, then 






Put R =p so that o—1, then U becomes of Lucas’ type and we have 
Lucas’ theorem* 


Further let 4 be a perfect square prime to p so that « = 1, then a and b 


are integers and 
Up—-1 = (a? — b?)/(a — b) = O (mod p) 







or setting c = a/b we have c?—'— 1 = 0 (mod p) which is Fermats theorem. 
THEOREM 1.8. If w is the rank of apparition of p, then Uy is divisible 

by p tf and only if n=keo. 

* Loc. cit., pp. 295-297. 
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Proof. This theorem follows at once from Theorem 1.4 since Up is not 
divisible by p if e<_w. Theorems 1.7 and 1.8 give the following law of 
apparition. 

THEOREM 1.9. If p is an odd prime not dividing QR, then its rank of 
apparition » is some divisor of p—ae. If p divides Q no term of the 
series is divisible by p. If p® divides R, thn »=2. If R contains the 
Jfactor p but not p*, o=2p. If p divides A, then o = p. 

THEOREM* 1.10. Jf @ is odd, then Vy is not divisible by p for any value 
of n. If @ is even (2k), then Vens+yx is divisible by p for every n, but 
no other terms of the series contain a factor p. 

Theorem 1.9 gives a good restriction on the value of ». A definite 
formula for is not to be expected any more that a formula for the 
exponent to which a given number c belongs modulo p. In certain special 
cases » can be given in advance but this will be discussed in section 5. 
The problem of determining the power to which p appears as a factor 
of Uw is a generalization of the classical problem of Fermat’s quotient 
(c?-1— 1)/p. A complete solution of this simpler problem has not been 
discovered.t In the following special case we have however the 

THEOREM 1.11. Jf p divides A so that o =p, and if p>3, then Up is 
not divisible by p*. 

Proof. By (1.12) 


2-1 U, = p R-V24 (2) R-924 (mod p’). 
But p divides both 4 and (%). Hence 
2?-1 U, = p RY»? (mod p’). 
Since R and A have no odd common factor and p is prime to R, the 
theorem follows. If p is 3, (1.12) becomes 4U; = 3R+ 4. Hence UV; is 
divisible by 9 if and only if A = 3k where k is prime to 3 and R = 3n—k. 


5. Generalization of Euler’s totient function. We define 7'(m) 
m an arbitrary integer by 


v v 
(1.16) T(m) = 2] Jaf eT (7) whee. = he 
i=1 t i=1 
RA\. : , 
Here (=) is Legendre’s symbol or zero according as p does or does not 


divide RA, while the symbol (2*) is defined to be 0, —1 or —2 ac- 
cording as R = 4k, 2k+1 or 4k4+2. 


* Carmichael, loc. cit., p. 47. 
T Dickson, History of the Theory of Numbers, vol. 1, ch. 4. 
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THEOREM 1.12. Jf (R, Q) are the constants of the series U, then for any 
number m prime to Q 
Ur~m = = 0 (mod m). 


Proof. In fact {p — SE = p—oe. Hence by the laws of apparition 
and repetition Uzi = 0 (modp;“). Also by Theorem 1.3 Urim = 0 
(mod 2“) and the theorem follows. 

It can be shown that if S(m) designates the L. C. M. of the factors 
of 7'(m), then Uson = 0 (modm). Thus the rank of apparition of m is 
at most S(m). In fact the rank of apparition of m may be <S(m). For 
example, R = 5, Q = —3, m = 103, S(m) = 104, but o = 8. 

6. The divisors of U,. In the preceding discussion the prime p was 
considered as given. Now let us suppose that » is given and that it is 
required to determine the primes p which correspond to o. 

DEFINITIONS: A prime factor of Un is called primitive if its rank of 
apparition in the series U is n. Otherwise it is called non-primitive. 
A primitive factor of Un is called intrinsic if it divides the index n. Other- 
wise it is called extrinsic.* 

From the law of apparition we have the following 

THEOREM 1.13. The non-primitive factors of Un are primitive factors of 
Ua, where d; are the proper divisors of n. The odd extrinsic factors of Un 
are of the forms kn+1. 

CoROLLARY. The odd extrinsic factors of Vn are of the forms 2kn +1. 
This follows at once from (1.10). 


SECTION 2. PERIODIC AND DEGENERATE SERIES. 


1. Periodic series. The present extension of Lucas’ theory gives rise 
to a set of periodic series only 2 of which are of Lucas’ type.t In what 
follows we show that there are 12 periodic series U. 

If a series U is periodic, it is bounded. Hence the congruence 
Up—ce = 0 (mod p) becomes an equality for p sufficiently large. Hence 
U, = 0 for some r + 0. But U, = O implies that a” = b’ and a + b 
and since (a+ })* and ab are coprime integers it follows that a and b 
are roots of unity. The condition ab = Q implies that these roots of 
unity are reciprocals or negative reciprocals. Hence we have only 2 cases. 

Case 1, Q=1. Lett a = e(k/m), then b = e(—k/m) and since a + 3, 
k+0. Then R = (a+b)? = 4cos*(2ka/m). Hence R = 1, 2, or 3 





* Compare Sylvester, loc. cit., p. 362. 


+ Carmichael, loc. cit., excludes this pair of series. el 


t Throughout this paper the notation e(k/m) will be used for e* 
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are the only possible cases, each of which is satisfied by integral values 
of k and m. The case R — 0 is excluded by our fundamental hypothesis 
that R and Q are coprime. 

Case 2, Q = —1. If a = e(k/m), then b = — e(—k/m). The con- 
dition a + b becomes k/m + 1/2. Then R = —4sin*(2ka/m). Hence 
R= —1,—2, —3. 

We have then 6 periodic series VU. It will be of interest later to con- 
sider as distinct the series arising from the 2 values of R'*. In this way 
we get 12 series U which are periodic. Their constants are listed below, 
where ¢ is the number of terms in the period. The corresponding series V 
are also periodic and have the same values of ¢. 


TABLE 2. 





R'? A a b 





1 e (1/6) e(— 1/6) 
—1 e (1/3) e(— 1/3) 
i e(1/12) — e(— 1/12) 
—i e(— 1/12) | — e(1/12) 
Qa e (1/8) e(— 1/8) 
— Q'2 — e(—1/8) | —e(1/8) 
iQ'/2 e (1/8) — e(— 1/8) 
—iQi e(— 1/8) | —e(1/8) 
3"? e (1/12) e(— 1/12) 
— 31? — e(— 1/12)! — e (1/12) 
43'/ — e(1/6) e(— 1/6) 
—i3i e(—1/6) | —e(1/6) 





























Conversely if a series is bounded, it is periodic. For if p is a prime 
larger than the absolute value of any term in the series U,, then Up—ce = 0. 
Hence the series is periodic, since the roots are roots of unity. 

2. Degenerate series. A series U or V is said to be degenerate, 
when A=0. Then R= 4Q, a=b= R'?/2 = Q, and (a*— b")/(a—D) 
becomes the derivative of a” with respect to a and hence U, = na™", 
V, = 2a". Since R and Q are coprime, R = +4, Q= +1. This 
gives 4 series 

N Q Us Va 
4o 1 n 2 
4, 1 n(—1)"—" 2(—z)" 
4, } —1 nin 27” 


re Ss nt) oe oe) 
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in all of which V is periodic and the absolute values of the terms in U 
give the series of natural numbers. 

THEOREM 2.1. If the k-th differences of Un are zero for some value of k 
and for every value of n, then either Un is identically zero or else U is the 
series of natural numbers. — 

Proof. If 4 +0, the k-th difference of U,, a® (a—1*— &”* (b—1* = 0, 
implies a—1 = b—1 which contradicts the hypothesis A + 0. 

Hence if a series exists satisfying the hypothesis of our theorem it must 
be one of the degenerate series. If a = b, the k-th difference of U, 
becomes the derivative of a"(a—1)* with respect to a or 






ej. 





SRT: 











a” (a—1)*—" [n(a—1) + ka]. 


This must be zero for k, k+1, etc. which can happen only if a = 0 or 
a=1. If a=O, OU, is identically zero, and if a=—1, U, =n. 

3. Degenerate series modulo m. A series is said to be degenerate 
modulo m if R, Q, or A is congruent to zero (modm). If m is an odd 
prime p, we have already seen (in section 1) the effect of degeneracy on 
the apparition of p in the series U. 

The cases R or Q congruent to zero present little of interest, U, and Vy 
being congruent (mod m) to powers of R and Q respectively. 

In case 4 = 0 (modm) we see that if m is odd, R and Q are both 
prime to m. If m is even, R =m (mod 4) and Q is prime to m. The 
case 4 = 0 gives the following extension of Wilson's theorem. 

THEOREM 2.2. Let Un = Un if n is odd and Un = Up/R'” if n is even, 
then 





Be SESS a TS OE eee 














p-1 2 
‘c= (2) oPt D2 (mod p). 
k=1 Pp 





Proof. Let m be any odd divisor of 4. Then (1.12) (mod m) becomes 








(2.1) Uy, = k2'-* R&Y?2 (mod m). 
For m= p, 
p-1 (p—8)/2 (p—)/2 
[Ta= [] mm. [] ur 
k=1 k=1 k=1 
(p—8)/2 (p—1)/2 





= [] @k+1)2-* x [J 2k-2-%* Re 
k=1 k=1 












(p—1)! 2-(P-D (P22 R(p—-D (p—-8)/4 — _ (=) (2)"™ 


pow (mod p), 
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which gives the theorem. We note that in Lucas’ theory in which R is 
a square we have simply 
p—-1 


I] U, = (—1)"+8 (mod p). 
=1 


In case of a composite modulus m we have two generalizations of the 
preceding theorem depending on the parity of m. 

THEOREM 2.3. If m is an odd divisor of A, and k runs over the o(m) 
numbers less than m and prime to m, then 


T= nf} {2 (aoam, 


where the symbol 4 = ¢?(™2 (mod m) and where 4, = —1 or 1 according 
as m is or is not a power of an odd prime p. 
Proof. The set k can be separated into two subsets: k, and k, con- 


taining respectively the odd and even numbers of & and each having ¢ (n)/2 
elements. Then 

1a = 11u,- 1%. 
From (2.1) 


I] Uk = Il ky I] Ie I] gi-k, Il gi-k, Il Re Il R22 


* ae Il ke Q7 2%: -Y-2K—DY puelSa,—+20,—H] (mod m). 


According to a theorem first stated by Gauss, [][k = y (mod m), 
where 4 = —1, when m = 4, p%, 2p* 
and y= _ 1, in all other cases. 
Since m is odd the values of 7 are as described in the theorem. Also* 


Dit) ke _ Dk anal 79m). 


Hence we have 


Il Te = M1 Q-MPMIZ+GM) PH m)(m—H/4 — yp, {24 — 


(mod m), 


which gives the theorem. 

Finally if m is even we have the following 

THEOREM 2.4. Jf 4 =0 (mod m) and k runs over the y(m) numbers less 
than m and prime to m, then for m even 





* A. L. Crelle, Jour. fiir Math., 29, pp. 80-84. 
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l]Ja=% V7“ (mod m) 


where 47, = —1, if m= 4 or 2p* and unity in all other cases. 


Proof. Since m is even, the product []U, extends over odd values of 


k only, and (2.1) can be replaced by Uy =kQ*-», Then 


Il UO, = []« [le = Qez&—vi2 = % g “tre mek. 








Section 3. THE Binary Form G,. 


Thus far we have considered U, and V, as functions of m. In this 
section we are primarily concerned with U, and V, considered as functions 
of R and Q. From the definition of U, and V, we have 


[(m—1)/2] bat Meh, 
Un(R, Q) = a (—1) (" ‘) Re-%i-v2 Qi 
3.1 sii 
en —_ a> j(*@—*—1) 2 pense QF 
Va(B, Q) = B+ D (—1)'("7 |) peso, 


Hence U,(R, Q) and Vn(R, Q) are binary forms. In Lucas’ theory the 
corresponding forms are not homogeneous. 

1. A transformation. If we consider U, and V, as functions of A and Q, 
we obtain binary forms different from U,(R, Q) and V,(R, Q) given above. 


However these forms are related as follows. Let F(z, y) (’ a S(x,y) 


mean that F' is the same function of z and y as f is of ax+y and 
yx+dy. Then 
THEOREM 3.1. If n is odd 


(3.2) (R—4Q" UB, @ (, 3) Mal, Q, 
(3.3) Vn(B, Q) (| _ 1) RP UCR, Q). 
If n is even 

(3.4) (R—4QY" T4(R, Q (5) — 1) RP UAR, ®, 
(3.5) Ta, Q (4 —3) Val, Q. 


Proof. The roots of the equation z?—R'?z+Q=0 are a and bd. 
Let a’ and b’ be the corresponding roots of 22— 4'@zx—Q=0. Then 
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a=a' and b=—D’. Consequently 4U,(R,Q)=a"+b” or a”—b” 
according as m is odd or even. This proves (3.2) and (3.4). Similarily 
Vn(R, Q) = a’”"+b” according as n is odd or even. This gives (3.3) 
and (3.5). 

This transformation which interchanges R and A and changes the sign 
of Q is not possible in Lucas’ theory unless A is a perfect square, that 
is, when a and b are integers. 

2. Definition of G,. The divisors of U, have been classified in section 1 
as primitive and non-primitive, the latter being primitive divisors of Ua, 
where d; are the proper divisors of n. This being true for every value 
of R and Q the product of these non-primitive divisors appears algebraically 
in U,(R, Q). The quotient of division of U, by the product of its non- 
primitive divisors we shall denote by G,. As a function of R and Q, 
G, is a binary form. 

3. Inversion formulas. It follows from the definition of G,, that 


(3.6) Un =|] Gs, 


where 6; are the divisors of m (including m itself). Dedekind* observed 
that if any 2 functions satisfy (3.6) they may be inverted 


Un [I Uninyr, +: 


: I] Unip, IT Un ip, Py? — 





(3.7) G, = 


where p; are the distinct prime factors of n. We find it sometimes con- 
venient to use the following inversion of (3.6)7 


(3.8) he at LI: 
IIe, Wa 


where a; are the proper divisors (less than m) of n, b; the proper divisors 


of a; and so on. 

4, The fundamental property of G,. Since G, is the product of 
the primitive factors of U, we have by Theorem (1.13) the following 
fundamental property. 

THEOREM 3.2. The odd extrinsic prime factors of the numbers represented 


by the binary form Gn(R, Q) are of the forms kn+1. 








* Jour. fiir Math., 54 (1857), p. 21. 
t+ Amer. Jour. of Math., 51 (1930), p. 296. 
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In accordance with the fundamental hypothesis of section 1 we consider 
only numbers properly represented, i. e. with R and Q coprime. 

5. The law of repetition for G,. It is clear from the definition 
of G, that the law governing the appearance of a given prime in the 
sequence G,, G., Gs,---, is identical with the law of apparition for U, 
given in section 1. Hence we consider the reappearence of this prime in 
the sequence of G’s. 

In discussing the properties of G, relative to divisibility the cases 
m =1,2,3,4 and 6 are of no interest since any number is representable 
by these linear forms. These cases are therefore excluded. 

First let p be odd and let w be its rank of apparition. If p divides G,, 
then r is of the form kw, since otherwise U,+0O (modp). Furthermore 
k is divisible by p, for Gxw is a divisor of Uxw/Uw which by Theorem 1.6 
does not contain the factor p unless k is divisible by p. Let k = pK, 
k’>1 and prime to p, then G,,, is a divisor of U,,,/U,,, which by 
Theorem 1.6 does not contain the factor p, since k’ is prime to p. We 
therefore consider the case r= op*, If first neither =p nor w = 2p, 
from (3.6) 


Dy! Uy = I] Gy = Gay I] Gay ghs 


where d ranges over these divisors of wp* which contain the factor p* 
and where w’ are the proper divisors of #. The product TG. 9 is not 
divisible by p since none of the subscripts are multiples of ». By 
Theorem 1.6 the ratio on the left is divisible by p, but not by p*, hence 
the same is true of G1. 

If » = p we have from (3.7) 


= U,a/ U,i- 
and if o =2 or 2p we have 


Gah = Day Ui / U,A Dy p-- 


In either case G is divisible by p, but not by p’. 

Finally consider the prime 2, which will appear in U,, Us, or Uy. By 
similar reasoning it is easy to show that the numbers G,, or G, ., may be 
even while all other G’s are odd. Moreover these even G’s will not be 
divisible by 4. Hence we have the following theorem. 

THEOREM 3.3. If n + 1, 2, 3, 4, or 6, and if @ is the rank of apparition 
of an odd prime p in the series U, then the numbers Gy are divisible by p 
if and only if n= ep". If 4>0, Gris not divisible by p*; if 4=0, 
Gn = Gu may be divisible by p* unless o = p>3, or ow = 2p>6. The 
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numbers Gy (for Q odd) are even if and only if n = 24 or n = 8-24. No 
Gy, is divisible by 4. 

6. The intrinsic divisors of G,. Let d be a divisor common to G, 
and , let p be any odd prime factor of d, and let w be the rank of 
apparition of p. By the preceding theorem nm must be of the form wp’, 
Now » <p-+1 and consequently p is the largest prime factor of m. That 
is d contains no other odd prime factor, than the largest dividing n itself. 
But by the preceding theorem G, does not contain the factor p*. Therefore 
if d is odd, d= yp. Suppose now that d is even. Then by Theorem 3.3, 
n = 24 or 3.24. In either case d may be a power of 2, but since we 
consider n >4, d is 2 itself. In order that d be of the form 3-2“ we must 
have n = 3”. If then n = 3.24 = 3”, we have only one value of n, 
namely 12, for which G, and m are both divisible by 6. These results 
may be summarised as follows. 

THEOREM 3.4. If n is not of the form 24 or 3.24, 4>0, then the only 
intrinsic factor of the binary form Gn(R, Q), is the largest prime factor 
of n. Ifn=2 or 3.24, A>2, then 2 is the only intrinsic factor of 
Gn(R, Q). If n= 12, Giz may have 2,3, or 6 for intrinsic factors. 

7. G, as a function of a and }. If we substitute for R and Q their 
values in terms of a and db in G, (R, Q), we obtain a binary form* F;, (a, b). 


This same form may be obtained from the function (a*— b")/(a — b), or 
simply a”— b" for n +1, by removing all its irreducible algebraic factors 
of degrees <g(n). If we put az and b—1, F(a, b) becomes the 
well known irreducible factor of x*— 1, whose roots are the ¢ (n) primitive 
n-th roots of unity.+ Let a=z and b=1/z. Then F, (a, b) is a poly- 
nomial in z of degree 2 y(n) which is in fact F, (z*, 1). The substitution 


(3.9) (e+1/z?=R 


transforms F,, (z?, 1) into Ga(R,1). The roots of F, (2e?, 1) = O are the 
square roots of the primitive n-th roots of unity. Hence from (3.9) the 
roots of G,(R, 1) = 0 are of the form 


(3.10) [e(k/2n)+e(—k/2n)]? = e(k/n)+e(—k/n) +2 = 4c08*(ak/n). 


The above expression yields 4 g (m) distinct roots, and this being the degree 
of Gr(R, 1), it follows that this polynomial has distinct roots, which are 
given without repetition by (3.10), where & runs over 3  (n) integers < n/2 
and prime to n. 





* This form is a generalization of Carmichael’s F,. For n = 1 however we have F, = 1, 
while his F, = a—b. 
}¢ Kronecker, Jour. de Math., (1), 19 (1854), pp. 177-192. 
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8. The forms H,. If we express that irreducible factor, of degree fi 
y (2n) of V, = a®+" in terms of R and Q, we obtain a binary form ‘i 
Hi (PR, Q) which can be obtained directly from V, in the same way as G, | 
is obtained from U,. The forms H, however are contained in the G’s, 
since the above mentioned irreducible factors of a?”—b" and a”+ b” are 
identical. That is 


(3.11) Hy = Gan. 





ae 













PSkcinebo ge 





From Theorem 1.5 it follows that if m is odd 


(3.12) Vv. = [| 4, 


where 6; ranges over the divisors of n. 
THEOREM 3.5. If n is odd there exists a linear transformation between 


Gon and Gn of the form 
(3.13) Gn (RB, Q (5, — 4) Gn, Q. 






Ser SSL IT 





Proof. If we invert (3.12) and apply the transformation (3.3) to each 
factor we get 












Hy, 


_ Mad] Mayr, °° ( _ i 
II Vap, | | Var, 7,7 °*° shinitias i 
RU, | | BY? Unp, », «+ 

[] 2°? On, [] 2° Un, 2,7,°°° 





(3.14) 

















It can be shown* that the numerator and denominator of the right hand 
member of (3.7) contain the same number of factors. Hence F"? cancels 
in the right hand member of (3.14) and we are left with G,. That is 
Ay (, ee G,. This result together with (3.11) proves the theorem. 

9. Sylvester’s polynomials 4%, (u, 1). Sylvester+ has defined a set ity 
of polynomials #,(u, 1) having the fundamental property of G,. They 
arise from the polynomials F;, (x, 1) by the reciprocal substitution 2+2~'=y, 
and have roots of the form 2 cos (2k2/n) = e(k/n)+e(—k/n) where k 
as before runs over the 4¢(mn) numbers prime to nm and <n/2. Hence 












(3.15) ws, (x, y) (, a Gn (x, y). 








* Bachmann, Kreistheilung, Leipzig (1872), pp. 9, 10. 
T Loc. cit. 
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This transformation furnishes another proof of the fundamental property 
for the %’s. The present extension is necessary for the complete equi- 
valence of Sylvester’s theory and this part of Lucas’ theory.* 

If n is odd it is easy to show that the roots of G, (x, 1) =0 are the 


square roots of the roots of #%, (x, 1) = 0 or 
Gn (a2, 1) = Fy (x, 1) Pa (—z, 1) (m odd). 


Transformations (3.13) and (3.15) give 


Ww, (—a, 1) = Won (x, 1). (nm odd). 
Hence 
(3.16) Gp (a?, y?) = By (x, y) Pon (x, y) (nm odd). 


If n = 21 with 7 odd and 4>0 


27k 22 (24 1—k)\. 
Gy, @, Y) = I] (e—2y cos srs] (e—2y cos ae ) 


2at 
= I] (e—2y cos oi} 


where ¢ runs over the numbers less than 247 and prime to 24+*7. Hence 





(3.17) GA; (a, ¥*) = Paty (x, y). 


10. G, for special values of R and Q. So far we have considered 
R and Q as variables. If we fix R and Q and let nm vary, we obtain 
a sequence of integers whose factors are the primitive factors of the 
numbers U. Thus if R=9 and Q= 2, then G, is the maximum irre- 
ducible factor of 2"—1. If m is a prime, we get the Mersenne numbers, 
if n is a power of 2, the Fermat numbers. More generally if R = (y+1)* 
and Q = y, G, is the maximum irreducible factor of y*—1. If R and Q 
assume values rendering the series U degenerate, we have 

THEOREM 3.6. If R = 4 and Q = 1, Gn(4,1) has the value q or 1, 
according as n is or is not a power of a prime q.t 

Proof. In this case 4 — 0, so that the series U is the degenerate 
seriest for which Un =n. Hence if n = g*, Gn = Upe/Ujeu = ¢. 

If n = [J gj, »>1, then 


we t=1 
(3.18) Un, =n =[[¢,=[]e, [] I] CHF 
i=1iA=i1 ‘* 


* Notwithstanding Lucas’ statement to the contrary. Comptes Rendus, 90 (1880), p. 855. 

f Using the function A(m) (Landau, Handbuch, I, p. 333) we can state this theorem as 
follows: Gn (4,1) = e4™, 

¢ The series 4, and 4, give the same value of G, for n + 2. 
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where d; extends over those divisors of m which have more than one prime 
factor. But Ga, = q,, and since each g, appears a, times in the above 
‘ 


double product, the latter =n. Hence [[Gz, = 1. Since G, is a factor 

of [] Ga, its absolute value is unity. Moreover from (3.7), Gn is positive 

being a ratio of positive integers. Hence in this case G, = 1. 
THEOREM 3.7. For R=0, Q=—1, Ga(O, 1) = (—1)9™"q or (—1)9™? 

according as nis or is not twice the power of a prime q. In other words the 

product of the roots of Gn is unity or q according as n is or is not 2q*. 
Proof. Case 1, n odd. U,(0, 1) —1, hence by (3.7), |G, (0, 1)| = 1. 

The sign of G,(0, 1) is (—1)”, where y = 9(n)/2 is the degree of Gn. 
Case 2, n = 2k, k odd. By Theorem 3.5 















Fa la as cecal ta ge eee 





Geox (0, 1) = Gk (= 4, —1) = (+ 1) Gx (4, 1). 





Hence by Theorem 3.6, Go, (0, 1) = (—1)”q or 1 according as k is or is 
not a power of a prime q. 
Case 3, n = 24k, A4>1. By (3.15) and (3.17) 





be Se ail Va Ta 






G1, 0, 1) = ¥y,(—2, 1) = Gay, (4, 1). 









Hence by Theorem 3.5, G,i,(0, 1) = 2 or 1 according as k is or is not 
a power of 2. 

11. Discriminant of G,. The preceding theorems can be applied to 
the determination of the general formula for the discriminant of G,. We 
need the following al 
Lemma. Let Dy be the discriminant of the symmetric polynomial 4 






k 
F(x) = a+ aa%®74 bat24 ... 4ba*+ax+1=[] @—r) @—91>) : 


i=1 


and let Dg be the discriminant of g(y) obtained from f(x) by setting 
x+a1t=y. Then 






k 





where s; are the roots of g(y) = 0. 
The proof, which is straight forward, is omitted to save space. Let 
S(x) = Fr(a, 1) and g(x) = 4%, (x, 1) then in this case 


[] ¢@—4 =[]642)6,—2) 
= W,(—2,1)¥%, (2, 1) = G,(, 1) Ga (4, 1), 
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in view of (3.16). By Theorems 3.6 and 3.7 this product is 4, when 
n = 2, (—1)’p when n = p* or 2p* and 1 in all other cases. The 


discriminant of F, is known to be* 


(3.19) (—1)92_2*_ 
Ta? @iq—D 


Using this result together with our lemma and (3.15), we have the 
THEOREM 3.8. The discriminant of Gn is given by 


ga—n2*—1 if n= 2, A>2, 





plar*a+ne "2 if m = p* or 2p", 


p(n)/2 - 
= =. if n=|[a%, y>1, n+2p*. 
Tl 7a tust 

i 





i=1 

12. An unsolved problem. It is interesting to inquire whether there 
exist binary forms, not linear transforms of Gn, which possess the funda- 
mental property of G,, that is, whose extrinsic divisors are all of the 
formskn+1. Although we have not yet obtained a proof of the existence 
of such forms, we have general rules for obtaining forms which appear to 


possess this property. For example the forms 


x*+ 162°%y—5izcy’*®—y’, 
z®—182*%y+ 692y*?— y* 


have extrinsic factors of the forms 14k+1 and 18k+1 respectively, but 
are not linear transforms of G, or G,. There seem to be infinitely many 


such forms associated with each value of n. 
A detailed account of the quadratic partitions of G,, and methods of 


factoring G, will be given elsewhere. 


Errors IN SYLVESTER’s TABLE OF Wy. 





n For Read n For Read 





9 —1 +1 23 36 u? 36 u7 
10 +1 —1 25 —5u +5u 
14 |+2u! —2u 29 28 u3 28 u? 
18 | +1 —1 30 | u—9ue+... ut+ ui— 4u?—4u+1 
19 | 1043 | —20u5 31 —4u —8u 
22 +1 —1 33 —1 +1 
22 |—3u| +34 36 9u3 9u? 
































* Rados, Jour. fiir Math., 131 (1906), pp. 49-55. See also E. T. Lehmer, Bull. Amer. 
Math. Soc., 36 (1930), pp. 291-298. 
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The author regrets the lack of illustrative material in this section 
(especially a table of G,(R, Q)), which was omitted to save space. 









SECTION 4. DERIVED AND ANTI-DERIVED SERIES. 





1. Derived series. If in a given series U we select every r-th term 
and divide each of these by U,, we obtain a new series 






0, 1, Uey/ Uy, Usy/ Uy, «++, Unrl Uy ee %, 











We shall cali this series the derived series of order 7, and denote it by U®. i! 
It is obvious* that U™ is a recurring series of the second order with if 








constants 
-” _ v, Q” — Q, 4” — AU;, ” = dU,;, 
a” = a’, bo” = b’, mg =: U,/U,, ve a= Vi. 








These may be looked upon as substitutions which enable us to generalize 
all the formulas we have developed involving Q, R, A ete. If r—1, it is 
obvious that no change takes place in the series on derivation. The 
operation of derivation is commutative. If r = 2k, Va» is an integer, 
hence U® is of Lucas’ type. i 

A given series and its derived series have certain properties in common. 
These we proceed to examine. 

THEOREM 4.1. Jf @ is the rank of apparition of an odd prime p im the 
series U, then its rank of apparition »” in the series U™ is 















wo” — =-L, C. M. (o, r) 






except when w divides r in which case wo” = p. 
Proof. We seek in the series U the first term whose rank is a multiple 
of » and also of r. This is clearly the L.C.M. (, 7). In forming the 


derived series this rank becomes a L. C. M. (@, r). If w divides r, 


A” — AU; is divisible by p. Hence in U®, « = 0, then by Theorem 1.9 
ao = jp. 
If t is the quadratic character of Q with respect to p, then the quadratic 













2 2 
characters o, ¢ and t become on derivation (“+4, (=| and (<) 





respectively. Unless Uz, == 0 (modp) we have 











* Lucas, loc. cit., p. 189. 
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6” == ¢ &” = oe 
o =o; r = 2k+1, o = 1 pr = 2k. 
r™ = Tt rc” = 1 


This table gives the following 

THEOREM 4.2. If Uoy 0 (modp), then oe is invariant under derivation 
of order r. 

2. Derivation of periodic and degenerate series. 

THEOREM 4.3. Jf a series U is invariant under derivation of order r>1, 
then it is either a periodic or a degenerate series. 

Proof. If US’ =Un, then a” =a, bl) =b, Q =Q. Hence a and b 
are either reciprocal or negative reciprocal roots of unity. This condition 
on the roots (a, b) coincides with that imposed by periodicity except when 
a=-+b in which case we get degenerate series. It follows that each 
of the series discussed in section 2 is either left invariant on derivation, 
or else is transformed into another periodic or degenerate series. 

3. Derivation of G,(R,Q). Let us consider the result of deriving 
the binary form G,(R, Q). If we make the substitution R” = V7, Q”? = Q 
for R and Q in the binary form G,(R, Q) we get a new form G%’(R, Q). 

THEOREM 4.4. If r and n are any two integers prime to each other, then 
= [1 G@na,, where d; are the divisors of r (including 1 and r). 

This theorem may be proved easily by induction from the proper divisors 
of n to n itself. 

THEOREM 4.5. If the prime factors of an integer r divide the integer n, 
then Gn’ = Gur. 

Proof. First let n kr“, where r is a prime not dividing k, and 
where «>0Q. Then we show that 


(4.1) G2 = Grats 


The proof is by induction. We assume the theorem to hold for all proper 
divisors a; of k and start with e —0 and A=1. Then 


Gr = Urr] (Gr Ge T] Ga, [] Gray) - 


On derivation of order r the left side becomes Gy. On the right 


U,, becomes U,,,2/G,, 
[] Ga, and G, become [] Go, [] Gra, and Grr, 
and I14@,,, becomes [1 G,.,, by hypothesis of the induction. 


Finally G,—U, becomes G2. Hence we have 


a” = U,2/(4,6¢6, [1 @, [1 4, [1 @»)- 
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On the right we have U,,. divided by the product of the G’s corresponding 
to all the proper divisors of kr®. That is Gi = Gy. 

Next let k be a prime, then Gur = Usr/GuG, and Gir = Urr?/U; Gr Gr GF. 
Hence for all k, Gi? = Gr. Successive applications of this result give (4.1), 
applications of which give the theorem. The above discussion may be 
summed up in the following theorem. 

THEOREM 4.6. Let r and n be any two positive integers and let r/d be 
the largest divisor of r prime to n, then 


(4.2) Gn = |] Graz, 


where 6; are the divisors of r/d. 

4, Anti-derived series. The series U“” which on derivation of order r 
becomes the given series U, is said to be the anti-derived series, of order r, 
of U. Anti-derivation is not always possible, that is to say, U“/” does 
not always belong to the class of series with integral R and Q. In order 
that the series U“” should exist it is necessary and sufficient that the 
constants (R, Q) of U satisfy 
(4.3) Q is a perfect r-th power; 

(4.4) R is properly represented by the polynomial V; in which the given Q 
is replaced by QU’. That is, V;(R®”, QU”) = R. 

THEOREM 4.7. If a series U possess more than one anti-derived series of a 
Jixed order r, then it is either a degenerate series, or one af the periodic 
serves lo or 1. 

Proof. If there were two series with constants (a,, b,) and (a2, b,) yielding 
the same series on derivation or order 7, we should have a” = at = aj 
and 6”) = bf = bf. Hence a” and b” would be zero or roots of 
unity and the series U“” would be degenerate or periodic. Examining the 
periodic series we see that the only possible cases are those mentioned in 
the theorem. 

CoROLLARY. For any fixed value of Q+0, +1, the polynomial in R, 





Vy = integer, 
has not more than one integral root. 

Since U*® = (U™)® it is sufficient to discuss anti-derivation in which 
the order is a prime number. When + = 2 the conditions (4.3) and (4.4) 
reduce to the condition that R and Q be perfect squares. We have com- 
puted a complete list of those series whose constants (R, Q) are each less 
than one million, that possess anti-derived series of prime order > 3. The 
results are omitted to save space. There are only 98 such series for r >5 
and 328 for r= 5. 
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5, Anti-derivation of G,. If R and Q take on values for which U (R, Q) 
is anti-derivable, G,(R, Q) may become reducible. That is to say, for 
every n, the form G, (R, Q), although irreducible in the rational field, may 
become reducible when R and Q are replaced by V; and Q” respectively. 
In fact (4.2) may be written | 


(4.5) Gn — I] Gadd," 


If the prime factors of r divide n, then G, does not become reducible. 
For in this case (4.5) becomes 


(1/r) 
Gn —=— ion . 


When r = 2, the reducibility of G, is also shown by (3.16). The possibility 
of anti-deriving G, greatly simplifies its factorization. Not only is it often 
possible to separate G, at once into a product of two or more factors, but 
also the restriction on the prime factors of G, (or its residual factors) is 
appreciably increased. This topic will be discussed in detail in a paper 
on the factorisation of Gn. 

6. Two extensions of the concept of power residuacity. We 
close this section with a brief discussion of two possible definitions which 
generalize the idea of quadratic and higher residues. We can give space 
to a detailed account of the quadratic cases only. In what follows, the 
odd prime p shall not divide RQA. 

The first definition is an extension of that classical definition of r-th 
power residuacity, which depends on the existence or non-existence of 
solutions x of the congruence x” = D (mod p). If a given series U is 
congruent modulo p, term by term, to a series U™ which is anti-derivable 
with the order r, then we say that U is anti-derivable modulo p. In order 
that U be anti-derivable modulo p it is necessary and sufficient that there 
exist a solution (a, 8) of the pair of congruences 

a= a4, 


rap, oer, 
where a and b are the constants of the given series U. In order to obtain 
a pair of congruences involving integers we may change conditions (4.3) 


and (4.4) to congruences modulo p. We define the symbol* (2) to 
r 


be 1 if and only if the series U determined by a and 6 is anti-derivable 
modulo p with the order ry. For example, if r = 2 the series U is anti- 





* The values, other than 1, of this symbol need to be mentioned here. This remark 
applies also to the other symbol about to be defined. 
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derivable modulo p if and only if R and Q are quadratic residues of p. 
Hence we have the “ 


THEOREM 4.8, The symbol (“:") = 1 if and only if o=t=1. 
2 
The second definition we consider, is an extension of Euler’s criterion ie 












(4.6) (<) = 1 if and only if c?-* —1 = 0 (modp). 
Tr 





4 
Mbwnihinnlinidatbiditniunichabniaane took ee ee 
- — = . —_ —— 





We define the symbol [*"] to be 1 if and only if 
r 





(4.7) Up-ceyr (R, Q) = 0 (modp), 





which for R = (c+1)* and Q = c becomes Euler’s criterion. 
THEOREM 4.9. The symbol [7:2] = 1 if and only if o=t. 
2 


Proof. Let p—oe = 2k so that Up-ce =Us Ve, then | *:2| on it 


Pp tk 
and only if V; is not divisible by p. First let c—e. Then by Table 1, 
Vp—1 = Vx = Ve —2Q = 2o0(modp). Hence Vi+0 (mod p) if and only 
if o—r. Next leto——e. Then Vpis = Vi—2QQ = 2Qo (modp). 


Hence Vi; +0 (mod p) if and only if ot. Hence the theorem. 
A glance at Theorems 4.8 and 4.9 shows that if (*"), = 1 then 
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[42 *| = 1 but not conversely. More generally we have the theorem 
2 


THEOREM 4.10. uf(*") = 1, then [=2] =1. 


r 







Proof. If (*.") = 1, there exists a series UV’ such that 
r 









Usn!U! = Un, Uf £0 (modp) 





holds for every value of n. Let p—oe =—kr. Then, since ge is invariant 
under derivation, we have, for n =k 
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Ux = Usvr/U/ = Up—ce/U; = 0 (mod p). 









Hence the theorem follows at once. 
The more inclusive of the two extensions of the power residue notion, 


expressed by mt 2] , gives rise to a generalisation of the theory of the 
r 


binomial congruence c‘—1 = 0 (mod p). The rank of apparition #(R, Q) 
of p takes the place of the exponent to which c belongs modulo p, while 
pairs (R, Q) for which o(R, Q) = p—ce replace primitive roots. How- 
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ever we cannot give further space to this subject. The discussion given 
here is necessary to the development of the final section. 


Section 5. TESTS FOR PRIMALITY. 


1. Introduction. Perhaps the most remarkable results of Lucas are 
included in a set of theorems concerning the prime or composite character 
of integers of certain forms. His conditions for primality are sufficient 
but not necessary.* One is uncertain whether Lucas’ tests will reveal 
the character of a number which is actually a prime. Carmichael has 
given a set of conditions, both necessary and sufficient for the primality, 
which except for two cases depend upon the existence or non-existence 
of a certain auxiliary number pair used in testing a given integer. From 
a practical point of view these tests are not applicable since no method 
is given for determining in advance an appropriate number pair. In this 
section we give non-tentative, necessary and sufficient conditions for the 
primality of numbers of the form 2” A—1. For practical methods of 
i testing numbers of unknown form or of the form 2” A-+1, the reader is 
referred to an article on the converse of Fermat’s theorem.t 

2. General theorems. We first give three theorems governing the 
primality of any integer N prime to 2RQA. 

THEOREM 5.1. If N+1 is the rank of apparition of N, then N is a prime. 

y 
Proof. Suppose NV is composite, NV = Tx"; then J(N) in (1.16) is 


different from N+1. By Theorem 1.12, Ucr~vye = 0 (mod N). By hypo- 
thesis Uy+:1 = 0 (mod NV). Therefore U:rwyj—w+y = 0 (mod N). But 
[.— (= . ) < pit1 so that47(N)<2N. Moreover 7(N)>N+1, 


Pi 
since N+ 1 is the rank of apparition of N. Hence 


0<>TW)—(W41)< N41. 


We have thus exhibited a term in the series U, divisible by N, whose 
rank is less than the rank of apparition on N. This contradiction proves 
that N is not composite. 

THEOREM 5.2. If Uyis = 0 (mod N) and if Um,=0 (mod N) where 
mi = (N+1)/u, and qi are the prime factors of N+1, then N is a prime. 

Proof. Let w be the rank of apparition of N. Then o is a divisor of 
N+1, but not of m;. Consequently » contains gq; to the same power as 
N+1. Hence o = N+1, and N is a prime by the preceding theorem. 


* Although Lucas did not attempt to give necessary tests, one of them actually is 


necessary. See paragraph 3. 
t Bull. Amer. Math. Soc., 33 (1927), pp. 327-340, 34 (1928), pp. 54-56. 
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THEOREM 5.3. If Unis =0 (mod N) and Uwsnig = s = 0 (mod N) and 
if the G.C. D. of N and s is @, then the prime factors of N which do not 
divide @ are of the forms* kq“+1, where @ is the highest power to which 
the prime q occurs as a factor of N+1. 

Proof. Let p be a prime factor of N not dividing @ and let w be the 
rank of apparition of p, then » divides N+1 but not (N+1)/g. For 
otherwise s would be divisible by p, contrary to the hypothesis that p 
does not divide g. Therefore » contains the prime factor qg to the same 
power a as N+1. Since w divides p+1 we have p=—kg*+1, which 
is the theorem. 

Ordinarily we find that @ — 1, but there are examples in which this is 
not the case. We proceed to apply these theorems to numbers N of special 
forms and to obtain necessary and sufficient conditions for primality. 

3. A test for Mersenne numbers. We first consider the Mersenne 
numbers 2"—1 with m an odd prime. Lucas has given two theoremst for 
testing these numbers, each theorem consisting of three disjunctive state- 
ments. The present extension enables us to replace these six statements 
by the following 

THEOREM 5.4. The number N = 2"—1 is a prime if and only tf it 
divides the (n—1)-st term of the series 


4, 14, 194, 37634, ---, Sx, --- 
where Sp = Sk-1+— 2. 
Proof of necessity. Let N be a prime. Consider the series U defined 
by R=2, Q=-—1, A=6. Then 
=" jeg 


+= (3) = (3)- (8) > 
we Pee RP SORE kod 
wn Lt ee Fe -(2)-GA=-- 
e=(s)=(e)— + © =(y)— Gr) = 

Since o = —r, it follows from Theorem 4.9 that N divides V,... From 
(1.10) Vii = Va—2 fork>0. Since V, = 4, it follows that S, = V, and 
hence N divides the (n—1)-st term of the series 8. 

Proof of sufficiency. By hypothesis N divides V,.-: (and hence U,») but 
is prime to U,»—.. The rank of apparition of N is thus a divisor of 2", 


but since N does not divide U,.:, the rank of apparition of NV is 2” = N-+1. 
Consequently, by Theorem 5.1, WN is a prime. 





* The signs in N+1 and kq*+1 do not necessarily go together. Compare this theorem 
with Bull. Amer. Math. Soc., 34 (1928), p. 54, Theorem 4 in which “Prime factors of N/e”, 
should be “prime factors of N not dividing e”. 

Tt Loc. cit., pp. 305, 316. 
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For numbers of the form 24*-!—1 Lucas advises the use of the series 
3, 7, 37,-+-. This series does not give a necessary condition for primality, 
while the series 4, 14, 194,.-.- gives a necessary and sufficient test for 
both 2@t!—1. 

4, Further tests for Mersenne numbers. We digress to consider 
other series S which may be used instead of 4, 14, 194,.--. 

In order not to double the labor of applying the tests, we shall consider 
only those* in which Q = +1, that is, Ski: = Si —2, k>1. We are 


then to choose R and Q so that (=) =o and (+) =  e are known for NV 


considered to be a prime. Suppose first that Q = 1 and R, be a choice 
of R. Then R, must be a non-residue of N (taken to be a prime) and 
A, = R,— 4 must be a residue. For we need ce = —1 and ot = —1, 
that is o——1, «=—1. If now Q=—1, R, and A, would be inter- 
changed. We have already considered this transformation and have proved 
that if nm is even, V, is invariant as shown in (3.5). Since S, = Vy, the 
series S is the same for Q=+1. If N= 2"—1, n being an arbitrary 
odd integer, the quadratic characters o and ¢ cannot be determined except 
for certain values of R and A. The non-residue R must be chosen only 
from numbers of the form 


—y’, aad y’, 3 y’, 6 y’, 
where y is any integer. The residue A is chosen only from 
x, 2 x, —3 2’, —62'*. 


Since S, = V, = (R-+ A)/2 is independent of the interchange of R and A, 
there remain only ten essentially distinct ways in which we can write the 
equation 4 — R — —4. These are given below. 


(I)a*?+y*=—4, (2) 2°+2y?=—4, (3) w*-3y°=—4, (4) x* 6y'=—4, 
(5) 2a°+-2y?—=—4, (6) 2a*%—-3y’=—4, (7) 22°'—6y*——4, 
(8)—3°—3y2=—4, (9)—32*—6y*=—4, 

(10) —62*—6y*= —4. 


But most of these equations are impossible. At first glance we rule out 
(1), (2), (5), (8), (9), and (10). Equations (3) and (4) are impossible because 
there are no solutions of #— Du? = —1 for D=3 or 6. We are left 
with equations (6) and (7). In (6) x and y are both even. Setting y = 2u, 





*For tests in which Q + +1, see Pepin, Comptes Rendus, 86 (1877), pp. 307-310 
(Carmichael, loc. cit., p. 70) and Pomey, Comptes Rendus, 170 (1920), p. 100. 
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we get z*—6u* = —2. This equation has infinitely many solutions as 
we find by expanding 6”? in a continued fraction. Solutions (x, y) are 
obtained from the convergents to 6”*. Calculating the corresponding values 
of R and remembering that V, = R— 2, we get as many first terms 9, as 
we wish. These are 


&, = 10, 970, 95050, te ty Uny tery where Un = 98 tun—1 — Un—2. 


Finally consider (7). Dividing by 2 we have z*—3y*= —2. This 
equation has infinitely many solutions. By expanding 3’? we obtain the 
following values of V, = 8, 


S, = 4, 52, 724, 10084, ---, wa, ---, Where tu, = 14 U,1— Mm. 


Summing up the problem, we have two infinite sets of possible series S which 
may be used with every 2”—1, (nm odd). These series may be classified 
according to their first terms. There are 11 series whose first terms are 
<10*. These are 


S;= 4, 10, 52, 724, 970, 10084, 95050, 140452, 1956244, 9313930, 27246964. 


CoROLLARY. The number 2"—1 is a prime if and only if the (nm — 2)-nd 
term of any of the above series is = +2+»/? (mod n). : 

For n fixed, other residues and non-residues may be chosen which are 
characteristic of N = 2”—1, and hence other tests than those given above 
may be devised for this N. For example for 2*°’—1 one may use the 
series 11, 119, 14159,---. The total number of distinct series modulo NV 
which may be used to test the number V = 2"—1 is 2"-*. In fact the 
first terms of the series are obtainable from the expression 











+V 24)2 +) 2+ ---+V2 (mod n) [(n—2) radicals] 


by varying the + signs to — signs in the 2”-* possible ways. 

5. Tests for 3.2"—1. We proceed to discuss tests for numbers of 
the form A-2"—1, A odd. The case A = 3 requires special treatment. 
The number N = 3-2"—1 is a multiple of 5 if nm = 1 (mod4). We 
therefore exclude this case. The case nm = 2 (mod4) is an exceptional 
one, which we shall take up later. For the remaining 2 cases, we have 
the following 

THEOREM 5.5. If n=0 or 3 (mod 4), then a necessary and sufficient 
condition for the primality of N = 3-2"—1 is that N divides the (n—1)st 
term of the series 


5778, 33385282, ---, Sk, --- where S, = Sti—2. 
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Proof of necessity. Suppose N is a prime, and consider the series U 
defined by R = 20, Q=1, and d= 16. We have 


+= (Jatt, 0 (B= (a —1 oft 


Since o = —t, we know by Theorem 4.9 that V, .».. = 0 (mod N). 
Moreover V, = 5778 = S,, V,..x = 4S, and hence S,_, = 0 (mod N). 

Proof of sufficiency. Let S,1 = 0 (mod N). Then WNW divides 
Ug.on = Uys = Uy.gr—1 + Vg.gn—1, but is prime to U; 1 = Uy... Thus 
the hypotheses cf Theorem 5.3 are satisfied and the factors of N are of 
the form k2"+1, the smallest of which, 2"—1, exceeds N?, hence N 
is a prime. 

6. Tests for A-2"—1. For N= A-2"—1, A>3 and odd, we give 
the following test. 

THEOREM 5.6. If N= A-2"—1+43N’, where n>2, and A is prime 
to 6 and <2", then a necessary and sufficient condition for N to be 
a prime is that N divides the (n—1)st term of the series 


Si, Se, Ss, +++, Sk, +++ where Sp = Sp-r—2, S; = Vea (12,1). 


Proof of necessity. If N is a prime, then 
8 | 12 1 

e= (5) = +1, o= (+) —1l, r= (5) = +1. 
Since o = —t, we have Viy_ geo = Vg .on— = 0 (mod N) so that gy, , =0 
(mod NV). 

Proof of sufficiency. If N divides V, ». (and hence Uy,,), but is 
prime to U4, it follows again by Theorem 5.3 that the smallest 
possible factor of N is 2"—1 which exceeds N*. Thus JN is a prime. 

As special cases of this theorem we have the following tests. 

1) The number N= 5-2"—1, n>2 and even, is a prime if and only 
if N divides the (n—1)st term of the series 
95050, 9034502498, .--. 
2) The number N=7-2"—1, n>2 and odd, is a prime if and only 
if N divides the (n—1)st term of the series 
9313930, 86749292044898, .-.. 

Any number of the above forms not covered by the above tests is 

a multiple of 3. The numbers A. 2”—1 which we have failed to consider 


are 3.2+2—-], 3A42"—1 for A< 2", and A2”—1 where A>2” and 
may be a multiple of 3. A necessary and sufficient condition for the 
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primality of any number belonging to the first two cases may be readily 
found. To this effect we search for values of R, Q and A such that 
oe = ot = —1. For convenience in computing we let Q=1. Hence 4 
must be a residue and # a non-residue of N (considered to be a prime). 
To find R and A we select a prime p, of the form 4k+1, of which NV 
is a non-residue. Setting 4 = z*, and R = py’ we have z*— py* = —4. 
This equation always has solutions (2, y) which can be found as usual 
by expanding p’? in a regular continued fraction. If p= 8m--1, (z,y) 
are taken as (2¢, 2u) in #&—pu? = —1. The value of R = py’ follows 
at once and V24 = S; can be calculated. The following table gives the 
values of R corresponding to different values of p. 

















TABLE 3. 
Pp R p R 
5 20 53 53 
13 138 61 1525 
17 68 73 4562500 
29 29 89 1000004 
387 148 97 130073508 
41 4100 101 404 

















The use of this table will be illustrated later. 

Finally consider the numbers A2"—1, A>2”". Here we no longer 
have a proof of the sufficiency but we can assert that any factor of NV 
is of one of the forms k2”+1. When » is large this gives a good 
restriction on the factors of N, and a better restriction on the squares 
which differ by VN. This matter will be discussed elsewhere. 

7. Tests for A2"+1. For numbers of the forms A2"+1, a similar 
discussion may be made. In particular we could give new tests for the 
primality of 22°+1, but those Fermat numbers which have not already 
been tested are too large for the application of any known test. As for 
the numbers A2”-++-1, tests by the converse of Fermat’s theorem are equally 
applicable and often more practical. Even if one does not insist that 
practical applicability is the only virtue of a test for primality, a discussion 
of the tests for 42”+1 involves so many separate cases that it is easiest 
to invent an individual test for each number following the general methods 
described above. 

8. The series S, modulo N. In applying any of the above theorems 
the series S;, is taken modulo N. If and only if N is a prime, S; = 2 
(mod NV) for all k>n. lf N is composite, the series S,; becomes periodic 
modulo N, hence there is a pair of indices » and » such that 8, = S, 
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and Sy-1 = S,-1. But this implies Su-1 = Sy-1 so that N divides the 
product (Sy—1+ Sy—-1) (Suzr— Sy—1). Provided Sys # — Sy we can 
decompose WN into a pair of factors by the G.C.D. process. For example 
if we apply Theorem 5.6 to N= 5-.2°—1 = 319 we find S = 307, 142, 
65, 76, 32, 65,.--. Consequently 142*— 32? = 174-110 = 0 (mod N). 
Hence N = 11-29. In general this periodicity manifests itself before 
the term of rank (V+ 1)/2 is reached. Many examples indicate that the 
period is much shorter, but there seems to be very little regularity in the 
results, 

9. Examples. In conclusion we give a few examples showing the 
application of the above discussion. 

1) N = 7-.2%—1 = 3758096383. In accordance with the second 
special case of Theorem 5.6 we form the sequence 


9313930, 86749292044898, ..-, (mod N). 


The 28th remainder is found to be zero, hence N is a prime. 
2) N = 9.2%'—1 = 18874367. We have not developed a test for 


this number. However we see that (=) = -—l1. From Table 3 we take 


R = 20, Q = 1 and find that Vig = S, = 4122878. Calculating the 
series S modulo N we find that Sz. = 0. Consequently N is a prime. 
3) N= 3.2°°—1 = 824633720831. Since 38 = 4m-+2, Theorem 5.5 


does not apply. We find however that (3) =-—l1. From Table 3, we 
take R = 13, Q = 1, V,(13, 1) = S, = 1298. The 37th term of the 
series § modulo N is zero, hence N is a prime. 





















RELATIONS BETWEEN THE CRITICAL POINTS AND 
CURVES OF A REAL ANALYTIC FUNCTION 
OF TWO INDEPENDENT VARIABLES.* 


By Artuur B. Brown.t 


1. Introduction. A critical point of a function is one where all its first 
partial derivatives vanish. Relations between the critical points of a function 
of two variables were obtained by Poincaré,t included in his treatment of 
a vector field. Critical points of a function of m variables have been 
studied by Birkhoff,§ Morse,|| W. M. Whyburn{] and the author.** Birk- 
hoff treated “minimax points”; Morse non-degenerate critical points of all 
types; Whyburn considerations of a point-set theoretical nature; and the 
author general isolated critical points of an analytic function. 

In the present paper the case of both isolated critical points and curves 
of critical points is treated by precise methods for the first time. While 
the general problem would be difficult for a function of n variables, it 
becomes simple when m is taken equal to 2. 

2. Notations and hypotheses. We shall use the terminology of 
analysis situs as defined by Alexander,i+ substituting the terms cycle and 
Betti number for closed chain and connectivity number, respectively. In the 
present paper, Betti numbers may be taken either absolute or modulo 2. 

The following is familiar notation. A function of class C” is one con- 
tinuous and possessing continuous partial derivatives of orders 1, 2, ---, k. 
A curve is regular of near any of its points it is given by taking x as 
a function of y, or y as a function of x, of class C’. It is regular and 
analytic if the function is analytic. 

Our hypotheses are as follows. A closed region R of the zx, y-plane 
is given, bounded by a finite number of regular analytic closed curves. 





* Received October 8, 1929. Presented to the Amer. Math. Society, October 26, 1929. 
+ National Research Fellow. 
t“Courbes définies par une équation différentielle”, part. 3. Liouville’s Journal, 
4th series, vol. 1 (1885), pp. 167-244. 
§ “Dynamical systems with two degrees of freedom”, Trans. Amer. Math. Soc., vol. 18 
(1917), p. 240. 
|| “Relations between the critical points of a real function of m independent variables”, 
Trans. Amer. Math. Soc., vol. 27 (1925), pp. 345-396. 
q] See Bull. Amer. Math. Soc., vol. 35 (1929), pp. 604 and 701-708. 
** American Journal of Math, vol. 52 (1930), pp. 251-270. 
tt “Combinatorial analysis situs”, Trans. Amer. Math. Soc., vol. 28 (1926), pp. 1-49. 
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A function f(z, y) is given, real and analytic over R. Its inner normal 
derivative, at any boundary point, is negative. 

Morse showed in his paper cited above that under such hypotheses the 
function f can be redefined near the boundary so that it assumes a con- 
stant value on the boundary, greater than the value at any interior point. 
No new critical points are introduced by the change, and the new function 
is of class C’’. Hereafter f will denote the new function, unless the con- 
trary is stated. 

3. The locus f = constant. Let us consider the following lemma. 

Lemma 1. Let g(x, y) be real and of class C’ over R, analytic at its own 
critical points, and not zero on the boundary. Then the locus g = 0 can be 
made a 0-complex plus a linear graph whose 1-cells are regular arcs. An even 
number of 1-cells abut on each 0-cell. 

Rigorous proofs of these statements can be given, starting with the 
Weierstrass factorization theorem.* We note that if c is a critical value 
then (f—c) satisfies the hypotheses of the lemma; consequently also the 
conclusion. 

THEOREM 1. The locus of all critical points is a 0-complex plus a linear 
graph whose 1-cells are regular analytic arcs. An even number of 1-cells 
abut on each 0-cell. 

Proof. The critical points are the real points on the locus 


(3.1) g(x, y) = (af/dx)?+(af/dy)? = 0. 


Let us use the original /, so that g satisfies slightly stronger hypotheses 
than those of Lemma 1. The proof required for Lemma1 would yield 
the conclusion of the theorem. 

A critical value is one assumed by / at a critical point. 

CoROLLARY. The number of critical values is finite. 

For f is constant on each connected part of the locus g = 0. 

4, Points of minimum and maximum. 

THEOREM 2. Let P be an isolated point of the locus f=c. Then f has 
either a proper relative minimum or a proper relative maximum, at P. In 
the first case, for e>0 sufficiently small, the locus f < e+e, neighboring P, 
is a 2-cell and its boundary. <A similar statement is true in the second case. 

Proof. The first conclusion is an almost trivial consequence of the 
hypothesis. Let us prove the second part, in the case of a minimum. 

Let C be a circle, center at P, such that f>c on and inside C, except 





* Osgood, ‘Lehrbuch der Funktionentheorie”, vol. 2, erste Auflage, p. 74. See also 
p. 83, and vol. 1, vierte Auflage, pp. 400 ff. 
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at P, but f is less than the next critical value above c. Choose e>0O 
smaller than the minimum of (f—c) on C. 
Since no point of the locus, say B, satisfying 


JS =cte 


within C, is a critical point, the implicit function theorem tells us that 
this locus is a regular analytic arc, in the neighborhood of any point 
on it. From Lemma 1 it follows that the locus consists of a finite number 
of regular analytic curves. Again because this locus contains no critical 
points, we conclude that it is the boundary of the locus, say H, of points 
within C satisfying 















Sscte. 










Let A be a given curve of B. There must be a minimum or a maximum 
of f inside A, since f is constant on A and has no critical point there. 
Therefore P, the only critical point inside C, is interior to A. 

Suppose B contained a second curve, say A’. By the above proof P 
must be interior to both A and A’, and consequently the two would bound 
a region containing no critical point. That is impossible, for reasons 
given in the last paragraph. 

We conclude that B consists of a single regular analytic curve. It is 
well known in the theory of functions of a complex variable that such 
a curve bounds a region, here H, homeomorphic to a circular disc. Hence 
Theorem 2 is true. 

5. Changes in Betti numbers associated with points of minimum 
and maximum. 

LemMA 2. Let P be a point at which f has a proper relative minimum c. 
Then for sufficiently small e>0O if the points satisfying f<c+e and 
connected to P are added to a complex which contains no points near P, 
the only resulting change in Betti numbers is an increase of one in Ry. 

Proof. According to Theorem 2 the added points form a 2-cell and its i 
boundary, not connected to the rest of the complex. Since the added ; 
complex contains no non-bounding 1- or 2-cycles, and consists of one piece, 
the changes in Betti numbers must be as stated in the lemma. 

LemMA 3. Let P be a point at which f has a maximum, say c. Then 
Sor sufficiently small e>0, if the points satisfying c—e< fc and 
connected to P are added to a complex whose points in a fixed neighborhood ; 
of P are those satisfying f <c—e, the only change in Betti numbers will a} 
be a decrease of unity in R,. Wt 
Proof. According to Theorem 2 the added points form a 2-cell whose a + 
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boundary was in the original complex. Since A) and R, are unchanged, 
the conclusion of the lemma follows at once from the Euler relation 


Ro— Rh, + Ry = m—ea, + ay. 


6. The loci f=c—e and f=c+e. 

Lemma 4, Let c be a critical value. Let A be one of the connected parts 
of the locus f<c, plus its boundary, say B. For suffiently small e>0 the 
locus f = c—e, in A, consists of a finite number of regular closed curves; 
one for each inner curve of B, and enclosing it; one for each isolated point 
of B, enclosing it; and one associated with the outermost curve of B, 
enclosing all the others. Hach curve of the locus f=c—e, together with 
the corresponding part of B, is the boundary of a region in A satisfying 
e—e<f<ce. These regions contain all the points of A satisfying those 
inequalities. 

Similar statements can be made with the relations f<c and f= c—e 
replaced by f>c and f=c+e. 

Proof. By B we mean the boundary of A in the point-set sense. Lemma 1 
tells us that B consists of isolated points (of maximum), and curves made 
up of regular arcs. Some of these arcs may consist of critical points. 
Any connected curvilinear part of B can be traced as a closed curve, but 
parts of it may be passed through twice. The accompanying figure shows 

a hypothetical case, where the heavy lines 
represent B, the shaded region A, and the 
broken curves the locus f= c—e. In this 
case there is one “outer curve” and one 
“inner curve”’. 
Since the proof is similar to that of 
Theorem 2, we shall give only indications 
here. Each connected part of B is treated 
separately, taking the place of Pin Theorem2. 
Corresponding to the circle C in the proof 
of that theorem, may be taken a simple 
closed curve in A running along close to 
the part of B in question. The rest of the proof is similar to that of 
Theorem 2. 

7. Differences in Betti numbers of the loci f< c—e and f<c-+e. 
A boundary curve of a (not necessarily connected) region shall be called 
inner or outer according as it is an inner or outer boundary of one of 
the connected parts. For convenience in reference we state the following 
well-known formulas as a lemma. 

LemMA 5. Let Ry, R,, Ry be the Betti numbers of a plane region bounded 
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by simple closed regular curves. Let Ni and N, be the numbers of inner 
and outer boundary curves, respectively. Then Ryo = N, and R; = Nj. 
Now let c be any critical value, and e>0O a constant so small as to 
satisfy the conditions of all lemmas and theorems thus far stated. We 
shall consider the complexes, say K, and K;, defined by the respective 








relations 

(7.1) fee, 

(7.2) SS cte. 
All the points satisfying 

(7.8) c—e<fscte 






are connected to the locus f= c, as follows from Lemma 4. The points 
(7.3) will be added to K, in four steps, the last yielding Kg. 

First Step. We add to K, the points of (7.3) connected to the isolated 
points of f = c, and call the new complex K;. Let mo(c) and m,(c) 
denote the numbers of isolated minima and maxima, respectively, at which 
Sf = c. Let R;(K) denote the ith Betti number of the complex K. From 
Lemmas 2 and 3 we get the following result 


Ro (Ks)— Ro(Ki) = = mc), 
R, (Ks) — RB, (Ki) = —m,(c). 


Seconp Step. We add to K; the part of (7.3) connected to the linear 
graph, say L, of relative minimum with respect to neighboring points, 
with critical value c (if there is such a graph). The new complex is called K,. 

Let S, be the first Betti number of a given connected part of L. We 
know that it divides the plane into S, finite regions and one infinite region. 
Since neighboring points satisfy f>c, Lemma 4 tells us that close to the 
boundary of each region is a simple closed curve of the locus 


S =cte. 


These are, then, S, new inner boundary curves and one new outer boundary 
curve. Applying Lemma 5, and adding the results for all the connected 
parts of Z, we obtain the following changes, 


Ro (K;) — BR (Ks) = kh (ZL), 
R, (K;) — kh, (Ks) = hk, (Z). 

































(7.4) 

















Tuirp Step. We add to K, the part of (7.3) connected to the linear Pi 
graph, say H, of relative maximum, with value c, calling the new complex ‘ 
K;. By similar proof to that just given, we get the following result. 





. . ros ac eee aeeneee as 
ESE ST eek 





A. B. BROWN. 


Ro (Ks) — Ro (K,) — — R, (A), 
R, (Ks) — BR, (Ks) —. — R, (Hf). 


Fourtu Step. Let C be the linear graph of all points at which f = c¢ 
except the isolated points and points of Z and H. Then K;, is obtained 
from K, by adding the part of (7.3) connected to C, as we see by glancing 
at the first three steps. 

Let S, be the first Betti number of a given connected part of C. Close 
to the boundary of each of the regions into which this part divides the 
plane is a curve either of (7.4) or of 


(7.5) S = c—e. 


By proof similar to that used in the second step, we find that for each of the 
curves in the S, finite regions we get a decrease of unity in (Ry —R,), 
regardless of which of the two loci (7.4), (7.5) contains the curve. 
The curve in the infinite region is found to give an increase of unity in 
(Ro— Ry). 

Before stating results we make two remarks. We note that R, decreases 
only if the curve in the infinite region is part of (7.5). Now in this case 
a curve, say A, in a finite region must be part of (7.4); as otherwise the 
connected part of C in question would be part of H, contrary to hypo- 
thesis. Corresponding to A is an increase of one in R,. Hence R, cannot 
decrease. By similar proof, Ry cannot increase. 

Adding these results for all the connected parts of C, we find that the 
fourth step gives us the following relations. 


Ro (Ks) — R; (Ke) — Ro (Ks) + Ri (Ks) = Ro(C)— B,(C), 


R, (Ky) — B, (Ks) = 0, 
Ro (Kz) — Ro (Ks) < 9. 


Now adding the changes for all four steps, and letting AR; denote 
R;(Ke)— Ri(Ki), we find that 


(7.6) AR, < = mo(c)+ Ry, (L)— BR, (A); 
(7.7) AR, Pad — mz (c)+ R, (L) — Ry (A); 
(7.8) A(Ro— R,) = mo (c)+ mz (c)+ Ro (L+C+H)—R,(L+C+H). 


We shall be able to put (7.8) in a simpler form. Let us call a critical 
point of intermediate type one at which more than two branches (1-cells) of 
the locus f=c abut. The type number of the critical point shall be one 
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half the excess over two of the number of these branches. According to 
Lemma 1 the type number is an integer. 

Any connected part of one of the graphs L, C or H can be constructed 
by starting with a simple closed curve, and then adding cross-cuts (curves 
starting and ending at points of the part already constructed). This fact 
is easily proved by use of the property that an even number of branches 
end at each critical point. Thus for a graph K we use R,(K)—R,(K) 
cross-cuts. Since each cross-cut adds two branches at critical points, 
R, (K)— Ry (K) is the sum of the type numbers of the critical points on 
this graph. 

Let m,(c) be the sum of the type numbers of all the critical points of 
intermediate type at which f= c. Since they occur on the loci LZ, C and H, 
it follows that 
















m(c) = R,(L+C+ A)—R(L+C+H). 








Hence (7.8) can be rewritten in the form 








(7.9) A(Ry— R,) = mo (c)—m, (c)+ ms (0). 









Now using (7.6), (7.7) and (7.9), we obtain the following theorem. 
THEOREM 3. Let c be a critical value. Let My(c) and M,(c) be the 
numbers of parts of the loci of minimum and maximum, respectively, at which 
f=c. Let M,(c) be the sum of the type numbers of the critical points of 
intermediate type at which f = c plus the number of parts in L and H, 
the linear graphs of relative minimum and maximum, respectively, on which 
f= c. For a constant e>0O, let K, and Ky be the complexes satisfying q 
S<c—eand f<c+e respectively. Let AR; = Ri(K2)— Ri(Ki),i = 0, 1. a 
Then if e>0O is sufficiently small, the following relations hold. i 


AR< M(c)—R#, (A), 
AR, = —M,(c)+ #, (LD), 
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A(Ry — R,) —_ M, (c) — M, (c) + UM, (c). 






We note that 





My (c) = mo(c) + Ro(L), 
My (c) = me(c)+ Ro (A), 
M, (c). = m,(c)+ Ro(H)+ Ry (L). 


8. Relations between the critical points and curves. Morse 
proved* that if there is no critical value in the interval a< f< b, (a<b), 















* Morse, loc. cit., pp. 358-360, and 396. 
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then the complexes defined by the relations f< a and f<b have the 
same Betti numbers. Since the Betti numbers of an empty complex are 
all zero, it follows that relations involving A) and R, may be obtained 
by adding the relations given in Theorem 3, for all critical values. Thus 
we get the following theorem, where we have added R, — 0 to the last 
relation. 

THEOREM 4. Let My and My be the numbers of parts of the loci of relative 
minimum and maximum, respectively, of fin R. Let M, be the sum of 
the type numbers of all the critical points of intermediate type in R plus 
the number of parts in L and H, the linear graphs of relative minimum 
and maximum, respectively, for all critical values. Let R; be the ith Betti 
number of R. Then the following relations hold. 


M = +f, (A), 
UM, 2 FR, (L)—k, 
M,—M,+M, = R— Fk, +f. 


HarvArRD UNIVERSITY, 
PRINCETON UNIVERSITY. 











ON PLATEAU’S PROBLEM.*) 


By Trsor Rapo. 


Introduction. 


1. Plateau’s problem has recently been the object of investigations of 
increasing generality.) Most of these investigations were concerned with 
boundary curves of some particular shape (approximately plane curves, 
or curves having a simply covered convex projection upon an appropriate 
plane). R. Garnier') took up the case of a simple closed boundary 
curve of arbitrary shape (a knotted curve, for instance). Using work of 
Birkhoff and of his own on the monodromic group problem of Riemann, 
Garnier considered first the case of a simple closed polygon, and by 
a passage to the limit extended the existence theorem to simple closed 
curves of bounded curvature. 

The present author recently gave a new method of making this passage 
to the limit,*) by which the solution can be extended from the case of 
a simple closed polygon to that of any rectifiable simple closed curve.*) 
More important than this generalization may be the fact that in order 
to make this passage to the limit, ¢¢ 7s sufficient to solve Plateau’s problem 
approximately (in a sense to be defined later, in §3), the existence of the 
approximate solution being almost immediate. The purpose of the present 
paper is to develop an existence proof based on this idea. 

After some preliminary remarks (§1 and § 2), the approximate problem 
is stated and solved in §3 for simple closed polygons, and in §4 the 
existence of the exact solution is then obtained by a passage to the limit 
of the same type as that used in the paper already quoted.*) This is carried 
through, for the sake of convenience, for polygons; the existence theorem 
being thus established for any simple closed polygon, the existence theorem 
for any simple closed rectifiable curve follows from the author’s earlier paper.) 





*) Received January 13, 1930. 
‘) A. Haar, Uber das Plateausche Problem, Math. Annalen 97, 1927, pp. 124-158 (this 
paper contains references to previous literature). — R. Garnier, Le probléme de Plateau, 
Annales Sci. de l’école norm. sup., 1928, pp. 53-144. — J. Douglas, Several abstracts in 
the Bulletin Amer. Math. Soc., vol. 33, pp. 143) 259; vol. 34, p. 405; vol. 35, p. 292; 
vol. 36, pp. 49-50. 

?) T. Radé, Some remarks on the problem of Plateau, Proc. National Acad. Sci., vol. 16 
(1930), pp. 242-248. 

5) Mr. J. Douglas announced recently the solution of the problem of Plateau for any 
Jordan curve (at the meeting of the American Math. Society in Bethlehem, Pa., December 1929). 
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2. The analytic statement of Plateau’s problem is as follows: 

Given, in xyz-space, a simple closed curve I'*, to determine three functions 
a(u,v), y(u, v), z(u,v) with the following properties: 

(i) x(u, v), y(u, v), z(u,v) are harmonic functions for u*+v?<1, 

(ii) and for u®+v*<1 the relations 


E = @G, F= 0 
are satisfied, where 


B= HARK PHBA Vy Wot %y %) 


(iii) x(u, v), y(u, v), z(u,v) are continuous for u?+v 
equations 
x=2(u,r), y=yu,r, 2 = 2lu,r) 


give a one-to-one correspondence between u*®+v* = 1 and the given curve I'*. 

(i) and (ii) are, by a well-known theorem of Weierstrass, the conditions 
that the surface « = z(u,v), y = y(u,v), 2 = z(u,v) be a minimal sur- 
Jace, and (iii) expresses the fact that this surface is bounded by the given 
curve I*, 

3. In a discussion in the mathematical colloquium of Harvard University, 
after a talk by the author, it was pointed out that the above statement 
of Plateau’s problem implies that the minimal surface which we are seeking 
is of the type of the circle. There remains therefore the more general 
problem of determining the minimal surfaces of all possible topological 
types bounded by the given curve. It has also been pointed out that 
there remains the problem of proving the existence of a surface, bounded 
by the given curve, with a minimum area; indeed, a minimal surface bounded 
by the given curve is not necessarily the solution of this problem of 
minimum area. The author hopes that the methods used in the present 
paper will allow these problems also to be attacked successfully. 


§ 1. Preliminary remarks. 
1. Throughout the paper $ denotes a given simple closed polygon. 
When three functions x(u, v), y(u, v) and z(u, v), continuous for u?+v 
<1, and such that the equations 


(1) t= xu, v), ies y(u, v), - e(u, v) 


place the boundary u*+v? = 1 of the unit circle in one-to-one corre- 
spondence with $$, we shall say that the equations (1) define a surface 
bounded by &. 
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(2) x= £(u, v), y = yu, »), 2 = 2(u, v) 
define the same surface as the equations (1). We shall express the same fact 
by saying that (1) and (2) are parametric representations of the same surface. 

2. Suppose now that it is possible to divide the unit circle u*+v* < 1 
into a finite number of curvilinear triangles 4,, .--, 4; in such a way that 
each of these triangles is placed by (1) in (1,1)-correspondence with a non- 
degenerate rectilinear triangle of the xyz-space. Then we shall say that 
(1) defines a polyhedron H bounded by %. Denote by Ar, ---, 4g the 
rectilinear triangles, images of the curvilinear triangles 4,,---, 4,; these 
triangles Ay,---, 4g may of course intersect. The area of 77 is then, 
by definition, the sum of the areas of 4;, ---, 4¢ and will be denoted 
by I(). 

3. Given a polyhedron 1 bounded by $%, consider a (1,1) continuous 
transformation of the unit circle into itself. The functions x(u, v), y(u, v), 
z(u, v) are carried by it into three new functions z (u, v), ¥ (u, v), Z (u, v), 
and the curvilinear triangles 4,,---, 4,, described in No. 2, are carried 
into new curvilinear triangles 4,,---, 4,. From general theorems con- 
cerning conformal mappings it follows that we obtain in this way a new 


parametric representation 


(3) = x(u, v), = y (u, v), - = z(u, v) 








of 7 with the following properties: 
(i). The sides of the curvilinear triangles 4,, ---, 4, including end-points, 
are analytic arcs. 
(ii). Except on the sides and vertices of 4,, ---, 4, the functions z (w, v), 
y (u, v), 2(u, v) are analytic and satisfy the relations 


(4) E=G6, F=9, 


where, in the usual notation of differential geometry, 






BE=84+y2422, F= ZudvtYuYottus, 4G = +H2+7. 


(iii). Three distinct points A, B, C, arbitrarily given on u?+v*? = 1, 
are carried by (3) into three distinct points A*, B*, C* on $. 

In order to obtain this as a particular case of general theorems, we 

divide 1 into its rectilinear triangular elements Ay, ---, 4g and displace 
38° 
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Now consider any one-to-one continuous transformation of the unit circle 
u?-+ v* < 1 into itself; x(u, v), y(u, v), z(u, v) are carried by it into three 
new functions x (u, v), y (u, v), Z(u, v) and we shall say that the equations 
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these (by a rigid motion) so that they are finally situated in the same 
plane. Denoting the coplanar triangles thus obtained by 67, ---, dj, 
consider two of the triangles Ay, ---, 4¢, say 47 and 4;, connected along 
an edge of %; by means of the displacement described above, the common 
side of Aj and 4; is carried into a certain side s; of 6; and into a certain 
side s; of 6; and we obtain a one-to-one correspondence between s; and 
s; by considering two points P;*, P;* of s;7, sj as corresponding points if 
they coincided before the displacement. 

If we establish in this manner one-to-one correspondences between each 
pair of sides of the triangles é;, ---, 6; which coincided initially, the 
triangles d;, ---, d¢ furnished with these correspondences constitute a 
simply connected bounded closed Riemann manifold (einfach zusammen- 
hingende berandete Riemannsche Mannigfaltigkeit) in the sense used in 
the theory of conformal mapping. The existence of the parametric 
representation (3) with the properties (i), (ii), (iii) then appears as an 
immediate consequence of the general theorems concerning the conformal 
mappings of such manifolds.*) 

4. A parametric representation 


x= xlu, v), y=ylu, v,), 2 = 2(u, v) 


with the properties (i), (ii) and (iii) of section 3 will henceforth be referred 
to as an isothermal representation of 1, normalized by the condition that 
A, B, C be carried into A*, B*, C*. 

If we use such a representation, we have, using (4), the following 
expression for the area of Z/: 


6) 1a) = | feo—ry = ffa— ffa= tf fers, 


the integration being over the region u?+v*< 1. 
5. Consider a surface S, bounded by $, and given by the equations 


(6) ie soe: x(u, v), Manes y (u, v), - 2(u, v). 


Suppose that z(u,v), y(u, v), z(u,v) have continuous first derivatives 
for u?+v°<1, and write 


B= THA P= ayy YyYobeutor F = ryt ey 





*)See P. Koebe, Abhandlungen zur Theorie der konformen Abbildung, III. Journal fiir 
Mathematik, vol. 147, 1917, pp. 67-104 and Allgemeine Theorie der Riemannschen Mannig- 
faltigkeiten, Acta Mathematica, vol. 50, 1927, in particular pp. 119 and ff. 
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and suppose that the integral 
I(s) = f feo—rye 


extended over u*+v?< 1 is finite. By definition, the value of this integral 
is the area of 8. 

Denote now by /(r), O0<r <1, the length of the image of u?+v? = 7° 
by the transformation (6), and suppose that /(r) is uniformly bounded: 


lr<cM, O<r<l, 


where M is some finite constant. It may then readily be proved that it 
is possible to find a polyhedron * likewise bounded by %, the area of 
which differs by as little as we please from the area of 8S. The details 
are left to the reader. 


§ 2. A lemma concerning harmonic surfaces. 
1. Let S be a surface defined by equations 





ze = z(u,v), 





= = x(u, v), = y(u, v), 


and suppose that x(u,v), y(u,v), z(u,v) are continuous for u*+ v* < 1 
and harmonic for u*+v*< 1. Let J(r) denote the length of the image 
of w+v*? = r?< 1. (2(1) may be infinite). 

Then I(r) is a monotonically increasing function of r. In particular, if 1(1) 
is finite, then we have l(r) << 1(1) forO< r<1. 

This lemma, already used (Il. c. *)) by the author, may be proved by a 
slight modification of an argument used by Bieberbach in proving an analogous 
theorem concerning conformal mappings.®) For the sake of completeness, 
however, we give the proof in full. Writing u+iv = w, consider an 
arbitrary sequence of m points w1, ---, w, on the circle |w| = r<l. 
Consider the function 


10) = Hl (w ) —2 (wT + [ye] —v (=) 
fees) ele” 
Where wn4i1 denotes w;. Each term ; f 


Wk Wk-1 
xrlw—|—zriw 
Yr r 


5) L. Bieberbach, Ober die konforme Kreisabbildung nahezu kreisférmiger Bereiche, 
Sitzungsberichte preuB. Akad. Wissenschaften, Math.-Phys. Klasse, 1924, pp. 181-188. 
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is obviously continuous for | w|< 1 and harmonic for |w|<1. Now the square 
root of the sum of the squares of any finite number of harmonic functions 
is a subharmonic function ®) and the sum of any finite number of subharmonic 
functions is again a subharmonic function. It follows that w(w) is sub- 
harmonic for|w|< 1. Therefore, ifr< R < 1, w(w) assumes its greatest 
value for |w| < R at some point wo for which | wo| = R. In particular, 


(7) W(r) < W(u). 


Now w(r) and W(wo) are obviously the lengths of polygons inscribed in 
the images of |w| = r and |w| = R respectively. We therefore have 


(8) W (wo) < UR); 


further, given « >0, we can choose wy, ---, wn, So that 


(9) y(r) >l(r)—e. 


From (7), (8) and (9) we have /(r) ——« << 1(R). Since « >0 is arbitrary, this 
proves the lemma. 


§ 3. Approximate solution of Plateau’s problem. 

1. Given three distinct points A, B, C on u?+ v? — 1, and three distinct 
points A*, B*, C* on the simple closed polygon %, we say that Plateau’s 
problem is solved for % with the initial conditions A> A*, B> B*, C>C* and 
with an error <«, if there exist three functions x(u, v), y(u, v), z(u, v) 
with the following properties. 

(i) x(u, v), y(u, v), z(u, v) are harmonic for w?+v?<1, and 

(ii) satisfy the relations 


JJiri< Jf a@e—em<s, 
where 
E= w+ y+ %, F = Luky+ Yuyot luev, G = B+¥te, 


the integration being extended over u?+v?< 1. 
(iii) (wu, v), y(u, v), z(u, v) remain continuous for u?-+ v? = 1 and the 
equations 
x= £(U, v), joes y(u, v), ' = z(u, v) 


carry the boundary of the unit circle in a one-to-one way into $, the 
points A, B, C being carried into A*, B*, C*. 





®) For the facts used here concerning subharmonic functions, see F. Riesz, Sur les 
fonctions subharmoniques, Acta Mathematica, vol. 48, 1926, pp. 329-343. 
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We shall now show that this approximate problem is soluble for every 
e>0. 

2. Consider all the polyhedrons bounded by $ (the term polyhedron being 
used in the sense explained in § 1, section 2), and let 4 denote the lower 
limit of their areas. o> 0 being chosen arbitrarily, there is a polyhedron 7/7, 
bounded by %, for which 














(10) I(M)<i+e. 
Let 
(11) x = x(u, v), y = yu, v), z = 2(u, v) ; 









be an isothermic representation of 7, as described in § 1, sections 3 and 4, F 
normalized by the condition that A, B, C be carried into A*, B*, C*. Let ; 





x(u, v), y(u, v), z(u, v) be the harmonic functions which coincide with 
x (u,v), y(u, v), Z(u, v) on the boundary of the unit circle, and let S denote 
the surface 

(12) x = x(u, v), y = y(u, v), g = g(u,v). ~ 















These harmonic functions obviously satisfy conditions (i) and (iii) of § 3, 
section 1; we shall examine these functions with respect to condition (ii). | 

3. As a harmonic function with given boundary values minimizes the ; 
Dirichlet integral’) we have the inequalities: 


Sfeta< ffe+a, 
(13) Jfatwsffara. 
Jferasffars, 


all the integrals being extended over u?+v?< 1. Writing 
=x2+¥4+2, E=22+9724+7%, etc. 


as before, we have from (13) the inequality 


(14) tfferos +f fara. 


By the lemma of § 2 we can apply the remark of § 1, section 5 to the 
harmonic surface S defined by (12). So we obtain a polyhedron //*, 
bounded by $, satisfying the inequality 


(15) I(H*) < (8) +6. 


7) See Hurwitz-Courant, Funktionentheorie, Berlin, J. Springer, 1922, p. 335, Hilfssatz II, 
where the fact referred to is stated and proved in the generality wanted here. 
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464 T. RADO. 
On the other hand, by the very definition of 4, we have 


(16) A<I(f*). 


Using (10), (14), (15), (16), and (5), we obtain 
l—o<1(S) = { {orm < { {wor < +f fare 
(17) <t{ [ara 


= I(H)<ia-+o, 


The identity 
\F| = (Fy? = (2? Gt + (2G — Fy}? [21 Ge — (EE — Fyape 


gives, by Schwarz’s inequality and (17) 
(18) [Siz < ato) op. 


From (17) we have further 


(19) J f (p!— @ne = 2 J J B (E+ a —woy"| <4. 


Since 4 is fixed and o is arbitrary, the right hand sides of (18) and (19) 
can, by a proper choice of o, be made less than any given «>0O. Then 
the functions z(u,v), y(u,v), z(u,v) also satisfy condition (ii) of § 3, 
section 1, and the existence of the approximate solution is proved. 


§ 4. The passage to the limit. 


1. Let an(u,v), yn(u,v), 2n(u, v) denote an approximate solution in 
the sense of § 3, section 1 for the simple closed polygon $8, with the 
fixed initial conditions A— A*, B> B*, C->C*, and corresponding to 
€ = é,(é,—>0). For the sake of clarity let &, (0), yn(@), Sn (0) denote 
the boundary values of zn (u,v), yn(u, v), én(u, v), where @ is the polar 
angle determining the points on the unit circle. The equations z= &,(6), 
y = %4n(0), 2 = fn(6) place the unit circle u?-+v? = 1 in a (1,1) corre- 
spondence with the polygon %; this polygon certainly having a finite 
perimeter, it follows that the sequences &, (@), yn (@), ¢,(@) are uniformly 
bounded and of uniformly bounded total variation. Therefore, by a well- 
known theorem of Helly, we can pick out from them everywhere con- 
vergent subsequences. To avoid complicating the notation, we also denote 
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these subsequences by &,(6), 47n (0), Sn(0). Let £(6), y(0), (0) be the 
limit functions; the sequences £, (0), 7x (6), n (0) being uniformly bounded 
and of uniformly bounded total variation, § (6), 7 (0), (0) are bounded 
and of bounded total variation. 

Denote now by 2(u, v), y(u, v), z(u,v) the harmonic functions deter- 
mined by Poisson’s integral formula, § (6), 7 (0), ¢(@) being the boundary 
functions; we shall show that these harmonic functions solve Plateau’s problem 
for the given polygon ¥. 

2. Uniformly bounded sequences being integrable term-by-term, x,(w, v), 
yn (u,v), én(u,v) converge inside the unit circle to x(u,v), y(u, v), 
z(u,v), the convergence being uniform in any closed point-set interior to 
the unit circle; moreover the same holds for all the partial derivatives. 
From this latter remark, it follows that 





E,>E, Fro Fk, Ga-G 


uniformly for u?+v?< r?<1. Whence 


a Jfimi-ffirl, ffa—ars- J far—ory, 
(r) (r) (r) (r) 


the subscript (r) indicating that the integrals are extended over u*?+ v’ 
< r?<1. Now 


ff itui<en, {fae cy <h 


the integrals being extended over u?+v*<1. A fortiori, 


(21) f f | Fn| <n, f f (En” — Gn’) <en. 


r) (r) 
From (20) and (21) it follows that 


(22) fir ut, JJ aoe any wd @. 


Now, + <1 is arbitrary, and EZ, F, G are continuous in the interior of the 
unit circle; it therefore follows from (22) that 








(23) E = G, F=0 for w+v*<1. 








Thus the functions x(u, v), y(u, v), 2(u, v) satisfy conditions (i) and (ii) 
listed in the statement of Plateau’s problem (see Introduction, section 2). 
It remains to investigate these functions for u?+v* = 1. 
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3. Let O<c(r < 1, and let J, (r) denote the length of the image of the 
circle u?-+ v? = r* by the transformation 


(24) x = In (u, v), yY = yn(U, v), z= gn(u, v). 


The functions xp (u,v), yn (u, v), 2n(u, v) are harmonic for u?+ v?< 1 and 
continuous for u?+-v* = 1; J, (r) is therefore a monotonically increasing 
function of r (lemma of § 2). As the equations (24) put «w*+ v? = 1 into 
(1,1)-correspondence with the given polygon %, it follows that 

(25) L@<L for O<r<il, 


met 


where ZL denotes the (finite) length of %. Now in any closed set interior 
to the unit circle, the partial derivatives of xn, yn, Zn converge uniformly 
to the respective partial derivatives of x, y, z; we therefore have 


(26) h(r)>lr) for O<r<l, 


where /(r) is the length of the image of u?-+ v? = r® by the transformation 
x=ax(u,v), y=ylu,v), z—2z(u,v). From (25) and (26) we obtain the 


inequality 
(27) in <i. ie. @er<i. 


4. We shall now prove that z(u,v), y(u, v), z(u, v) remain continuous 
for u?-++-v? = 1. These functions being harmonic, we can write 


x(u,v) = RA (w)], y(u, v) = RL (w)], z(u, v) ee R[fs(w)], 


where f,,./2,/3 are analytic functions of w= u-+iv for |w|/<1, and R 
means “the real part of”. Let 7;(r) denote the total variation of f, on 


the concentric circle |w| = r<1; we have 
T(r) = ffi |dw| =r [foe +220 a0 
<r ful tlavlldo <r feet ytepeaotr [lett yttentae, 
From (23) we have, by (27) 
rf eet yap ae =r [ltt eter ae 
= [reg +ytarde =) < 1, 


(28) 


and so by (28) 
T,(r) < 2L. 





















ON PLATEAU’S PROBLEM. 467 


That is to say, the total variation of f, (w) on concentric circles is uniformly 
bounded; by a theorem of F. Riesz*) this secures the continuity of f, (w) 
for |w| <1, and then, of course, the continuity of z(u,v) = RA (w)] 
for u®-+v?<1. The same reasoning applies to y(u, v) and 2(u, v). 

5. The continuity of the functions x(u, v), y(u, v), z(u,v) being thus 
established for u?-+-v? < i, let us denote their boundary values by x(@), 
y (0), 2(8). 

We recall that x(u, v), y(u, v), 2(u, v) were defined by Poisson’s integral 
formula, the boundary functions being £(6), 7(@), £(6). These boundary 
functions are bounded and of bounded total variation (§ 4, section 1). Thus 
they are continuous on u*? + v? = 1, except in at mosi an enumerable set 
of points. Denote the set of their common points of continuity by H; we 
shall prove that H coincides with the whole unit circle u*-+v* 1. We 
first note that, by a well-known property of Poisson’s integral formula 


a(6) = §(6), y(6)= (6), 2(6) = £(6), 





at any point w= cos 6, v= sin 6 on u*?+v*?=1 which belongs to H. 
6. We shall have to consider the points 


P: u=cos0, v = sind, 

Py: x = & (0), y = (0), 2 =bn(0), 
P*: x= 8(0), y= 170), 2 = 0(8), 
Pt: «= 2(0), y=y(0), 2 = 2(6). 


The relation P— Px is a (1,1) continuous correspondence between u?++- v® = 1 
and %. P* being the limit of Px, the following facts are immediately evident: 

I. P* is on ¥; in particular, the fixed points A, B, C, are carried by 
the correspondence P—> P*, into the fixed points A*, B*, C* (§ 4, section 1). 

II. Let P, Q be any two points on w*?+v? = 1. Let o, c denote the 
two closed ares determined by P, Q on u?+v*? = 1. The corresponding 
points P*, Q* determine on $ two closed ares (if P* and Q* coincide, 
one of these arcs reduces to a point). Then it is possible to denote these two 
latter arcs by o*, t* so that the image S* of any point S on o is a point of o* 
and the image T* of any point T of t is a point of t*. 

III. In particular, if P*, Q* coincide, then §(@), 7(6), £(6) all reduce 
to constants on one of the ares ¢, t. 

7. Consider now a small arc o on u?+v* = 1, bounded by two points 
P, Q of the set H, defined in § 4, section 5; denote by rt the complementary 


(29) 





8) F. Riesz, Uber die Randwerte einer analytischen Funktion, Math. Zeitschrift, vol 18, 
1923, pp. 87-95, in particular p. 95. 
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are on u®+v* = 1, and by o*, c* the two ares on $ defined in § 4, 
section 6, II. The points P, Q being points of H, the corresponding points 
P*, Q* coincide with the points P*, Q* defined by (29). The functions 
x(0), y(@), 2(@) being continuous and o being a small arc, the distance 
of the points P* — P*, Q* — Q* is likewise small; $% being a simple 
polygon, it follows that one of the two arcs o*, c* is small.®) Now, 
o being a small arc, ¢ will contain at least two of the three fixed points 
A, B, C and therefore c* contains at least two of the three fixed points 
A*, B*, C*. The diameter of c* cannot therefore be less than a fixed 
number, and so it results that o* is a small are. In other words, if P 
describes a small are o of the unit circle, the corresponding point P*, 
defined by (29), moves on a small are of %, provided that o be bounded 
by two points of H. The set H being everywhere dense on u?+ v? = 1, 
any point on u?-+v* = 1 is interior to arbitarily small arcs bounded by 
points of H, and so it follows that §(6), 7(@), ¢(@) are everywhere con- 
tinuous on w?+v* = 1. We therefore have on the whole unit circle 
(see § 4, section 5) 


(30) a(0) = 5(6), y(0)= 9(6), 2(6) = £(). 


8. By (30), the points P* and P*, defined by (29), are identical; we 
therefore have, from § 4, section 6, I, II, II: 
a) For any point P: u = cosé, v = siné on u®+v*? — 1, the point 


(31) P*: s=2(<), y=y(6), #2 = 2(0) 


is on $; in particular A, B,C are carried by (31) into A*, B*, C*. 
b) If the points P;, P:’, corresponding by (31) to two distinct points 


Pi: wu = cos6,, v = sind,; Ps: u = cos@,, v = sind, 


coincide, then x(@), y(@), z(@) all three reduce to constants on a whole 
are o of w-+v? = 1. 

We can however easily exclude this last possibility. For, suppose that 
x(0), y(@), 2(@) all three reduce to constants on a whole arc o of u?-+v?=1. 
Then the harmonic functions z(u,v), y(u,v), z(u,v) are analytic on ¢ 
and therefore the relations (23) certainly hold on @ also: 


(32) E = G, F=0 one. 


From the assumption that x(@), y(@), 2(@) all three reduce to constants 
on o, it follows that 
tg = 0, ywo=d”I, w2=0 ones. 





®) Here we make essential use of the fact that % is simple. 
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Square, add, and use (32); it follows that all of the first derivatives 2, 
Lv, Yuy Yo) Zu, 2v Vanish on the whole arc o, and consequently that x(w, v), 
y(u, v), z(u,v) all three reduce identically to constants. This however 
is certainly not the case, because the points A, B,C are carried by means 
of the equations x= z(u,v), y=y(u,v), 2=—2z(u,v) into the three 
distinct points A*, B*, C*. 

It is thus proved that the equations 


t= x (8), thee y (9), hires 2(@) 


put u*?+v? = 1 into (1,1) continuous correspondence with the given 
polygon 3; that is to say, the harmonic functions (u,v), y(u,v), 2(u, v) 
also satisfy the last condition (iii) of Plateau’s problem. The proof of 
the existence theorem is thus complete. 


HARVARD UNIVERSITY, 
January 8, 1930. 
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ON MINKOWSKI?S MIXED VOLUME 
OF THREE CONVEX SOLIDS.* 


By T. H. GRonwALL. 


Let a, 8,7 be the direction cosines of the tangent plane to the surface 
of a convex solid; then this solid is completely determined by assigning 
the distance H from the origin to the tangent plane as a function of «, 
Aandy. Introducing tangential codrdinates x, y, z proportional to e, 8,7, 
we may normalize H so as to be homogeneous of the first degree:t 


(1) H (tx, ty, tz) = tH (a, y, z) for t>0. 


Before writing the formula for the volume of the convex solid H, and 
its generalization to the mixed volume of three convex solids H, K and L, 
we need some auxiliary identities. By Euler’s theorem on homogeneous 
functions, 

(2) cH,+yH,+2H, = H, 


where Hz = 0H (a, y, z)/dx etc. Since Hz, Hy, Hz are homogeneous of 
degree zero, Euler’s theorem gives 


(3) % Azy+ yHyy+ 2Hy: 0, 
tHe: + yHy +2Hz = 0. 
We now define (H, H) by 
1 1 2 
9 (4, H) = oe (Hae Hyy— Hay) 


(4) = + (Hyy Hu — Hyz) 


1 

ae 

It is readily shown that these three expressions are equal; for instance, 
solving (3) with respect to Hz,, Hy, and H;, and substituting in the second 


(Hes Har— Has). 





* Received January 23, 1930. Presented to the American Mathematical Society, June 17, 
1920. 

t Minkowski, Volumen und Oberfliche, Math. Annalen, vol. 57 (1903). Hilbert, Grund- 
ziige einer allgemeinen Theorie der linearen Integralgleichungen (Leipzig, Teubner 1912), 
pp. 242-245. 
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expression (4), we obtain the first. By polarization (replacing H by AH+"K 
and comparing coefficients of 4u in (4)) we obtain 


1 
(HA, K) <= oe (Her Kyy t+ Hyy Kox — 2 Hay Koy) 


1 rr 
= =? Aw Kz + Hz Kyy— 2 Hy yz) 


1 m 
23 (Hez Kee+ Hex Kez —2 Haz Kuz). 










The volume V of the convex solid H is given by* 





(6) eh J H(H, H)as, 
6 Js 





where the integration is extended over the entire unit sphere S(a*?+ y*+-2* = 1). 
The mixed volume of three convex solids H, K, L is defined as 





(@) Vaxz = + { HK, Das, 





so that, in particular, VaznH = V. 

Minkowski gives the theorem that Vyxr is invariant under any permutation 
of H, K and L. Since (5) is symmetrical in H and K, it follows imme- 
diately from (7) that Vaxr = Vuarx, and it only remains to prove that 


Vint = Vuxz or, by (7), 


(8) f. [K(H, L) — H(K, L)] a8 ei 









Minkowski proves this by transforming to polar coérdinates, which renders 
the proof somewhat unsymmetrical. The following short proof, based on 
Stokes’ theorem, is entirely symmetrical. 

On the unit sphere S, take an area A bounded by the contour C; we 
begin by showing that 


dLIx, dLy, dL, 


o Be. 6% 
Kz, Ky, KK, 


Writing the integrand to the left in the form Pda+Qdy+ Rdz, we have 







BES 





—— 
Pee 


a" 





mae an PY as fo were meas +3 MY Hat Ce, he EC Sets at i). ay ERR yy Hoe on Sea dns ET eee a ——— 
er ae a Tz pe eee ae 7 Gare PEE Sy ee ee aie Spit) ESS SARS th + Bay ger: faery 
—— eae! bas = ee = - . ele , aT OW . ees b . 
~ wre = Bec teeer sg PP ee —_—-= a = == aed ME Se 
* 9 mars > ae Seating * ae sm ‘ * . . of 
Se ee Re eee ae CMe a gts ek 7 S oe . 





= [Ku, D— HK, Das. 














es aes ae 





eo ee ae pig gg 
P = Hy Hy H, ; Q = Hy Hy H, 
Key Ky K, Kez Ky K, 


= eS 
rf te 



















* See the references in the preceding footnote. 
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and consequently* 
Lace Lex Liz 


P. mea Qe = Hz H, 
Ke Kw Ky: 
Lyz Ley Ly: 

Hex Hee Hz H., 2 

Ke K, Koz Kuz 














In each determinant, multiply the last column by z and add to it the first 
and second multiplied by x and y respectively; using (2) and (3), we find 


| a i ee 
2(Py—Qze) =| Hey Hy 0|+|He Hy H 
i & tite & 4 
ke tea 2 Lis? Lee 2 
Hee Hey 0 H, Hy H 
E.R Xi. ie Rat 














Calculating the determinants and using (5), it is seen thatt 


Py — Qx = 2[K(H, L) — H(K, D)]. 
Similarly 
Q: — Ry = x[K(H, L)— H(K, LD), 


Hence, by Stokes’ theorem, the integral to the left in (9) is equal to 


fa, L)— H(K, L)| (¢dxady+adydz+ydzdz). 


But on the unit sphere, dxdy = zdS etc., so that this integral reduces 


to the right hand member of (9). 
Now (8) follows immediately from (9) by letting C shrink to a point, 


thus making the line integral vanish. 





*In performing the differentiations, we have to assume the existence of the third order 
derivatives of LZ, but since these cancel in the expression for P,— @Qz, this assumption 
may be avoided by the familiar device of approximating L and its derivatives up to the 
second order inclusive by a polynomial and its corresponding derivatives. 

{This implies z +0, but we may get similar determinant expressions for «(P, — Qz) 
and y(P, — Q:), and one of x, y and z is +0 on S on account of 2?+9?+2?=1. 
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Let 9(21, %2,--+, 2n) be homogeneous of degree k; then Euler’s theorem 


states that 
(1) 


n 


D> % 


v=1 


By T. H. GronwaLy 


09 (x1, W2,°**, In) 


— ky (a, 22, ¥¢ 





Oty 


and more generally, m being any pesitive integer, 


(2) 2, a4” 


Conversely, we may inquire what are the general solutions of the partial 
differential equations (1) and (2).¢ It is well known that the general 
solution of (1) is a homogeneous function of degree k, and this is usually 


> 
. Ly, Ly, *** Ly,, 


V¥_=1 


*") Xn) 


0” » (x1, X25 *** Xn) 





= k(k—1)---(kK—m-+ 1) 9 (a1, m2, +++, n). 


proved by the change of variables 


(3) 


&, = QZ, 


ee eee 
2 x’ 


whereby (1) reduces to §,8y/0&, = kg. In the general case, the following 


OLy, Oxy, eee 0 ty, 


In 
’ E, = oe 
71 


result appears to be new: The general solution of (2) is 


(4) (x1, %2,+++,%n) = > ¥e (a1, %2, +++, Xn) + log x - > We (21, 2, +++, Xn), 


where $o and We are any homogeneous functions of degree e, and the first 


sum extends over all the different roots @ of the equation 


THE CONVERSE OF EULER’S THEOREM ON 
HOMOGENEOUS FUNCTIONS.* 


(5) e(g—1)--- (e—m+1) = k(k—1)---&—m+}), 


while the second sum extends over the double roots (when any such occur; 


there are never any roots of higher multiplicity than two). 


A proof may be had by the use of (3), but even in the case m= 1, 


the following method is simpler. Writing 
y = (taxi, tae, --+, tan), 


(6) 





* Received January 23, 1930. Presented to the American Mathemati¢al Society, Fe- 


bruary 26, 1927. 


+ For m= 2, the writer encountered this problem in connection with some work in 


thermodynamics. 
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it is seen at once that equation (2) is equivalent to 


(7) my 2 GoD bow ty, 


The characteristic equation of (7) at t=O is evidently (5), and for 
a multiple root of the latter, we must have 


Jee e—1-- (e—m-+1)] = 0, 





the roots of which are all real and different since by Rolle’s theorem 
each of the m—1 intervals (0, 1), (1, 2), ---, (m—2,m—1) contains 
a root. Consequently a multiple root of (5) must be a double root. 

The general solution of (7) is 


(83) y = DCo (ar, x2, +++, xn) & + D Do (a1, x2, «++, an) # log t, 


the sums extending over all the different roots of (5), and De = 0 when ¢ 
is a simple root. When m= 1, then (5) reduces to 9 =k, and (8) to 
y = C(a1,x2,-++,Xn) t*. Making ¢ = 1, it follows from (6) that C(a1,22,---,2n) 
= (a1, %2,--+,2n), SO that : 
(9) y (ta, ta2,---, tan) = t* y (a1, 2,+**, Xn), 


and consequently the general solution of (1) is homogeneous of degree k. 
When m> 1, we observe that on account of (6) 


= 32% 
¥= 


and substituting y from a it follows that for each of the different roots 
of (5) 


Ox,’ 


6D, 
Reig = oDp, 


3 ~ 


ze Oty 


According to what was pre for m= 1, the first of these equations 
shows that Do = We (x1, %2, +--+, Xn), Where We is homogeneous of degree @, 
and writing Co = #9 (a1, x2, --+, Xn) +De- log 21, the second of our equations 


reduces to 

Sy, 2 

a> 0 ty Safad Cfo; 
so that 9% is homogeneous of degree e. Substituting these values of Co 
and De in (8), and making ¢ = 1, our theorem is proved. 
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A FORMULA IN GEOMETRICAL OPTICS.* 






By T. H. GRonwaLt. 










1. On a surface S, consider an area A bounded by the contour C, and 
on a surface 8’, an A’ bounded by C’, and let m and n’ be the directed 
normals to S and S’ at the points zyz and z’y’z’ respectively. Finally 
let r be the distance of the two points, so that 


r? adi (a—z')? + (y—y)?+ (e—z’y. 


Now suppose that A radiates light with intensity equal to unity per unit 
area in the direction »; then (by the inverse square law and Lambert’s 
cosine law) the total amount of radiation from A upon A’ is 













(1) I ={f. cos (n, = (n's 1) agas’. 
We shall prove that this reduces to a double contour integral 
(2) [= —Fffe log r- cos (ds, ds’) ds ds’, 





where the direction of the line elements ds and ds’ is taken according 
to the usual convention that ds, m and v (normal to C, tangent to S and 
directed toward the interior of A) form a right handed system. 

Thus the total radiation J depends only on the contours C and C’, and 
not on the shape of the surfaces S and S’.t+ 

It is evident that 













ea =e Po 
cos (n, r) = t. . 7 cos (n, x) + y ‘ Y cos (n, y)+ : : 7 cos (n, 2), 





















Pa ert se 
cos (n’,r) = = * cos (n’, #)+2—£ cos (n’, y’)+ <3 : 7 cos (n’, 2’), 





and introducing this in (1), we have 


I =f {> [(x’—2x) dydz +(y’—y)dzdx +(e’—z)dxdy] 
>< [(a’— 2) dy’ dz’+ (y’—y) dz’ dx’ + (e’—2) dz' dy’). 


* Received January 23, 19380. Presented to the American Mathematical Society, 


October 26, 1929. 
+ Under the assumptions of geometrical optics; in wave optics, the statement does 


not hold. 





(3 
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From Stokes’s theorem we obtain 








—_ Ps ~_— P ens oo 
{, &a% =7) dy’ dz’+ (x 2 y) dz’ dz'+ (x af 2) dz’ dy’ 
~ fst ,,  g--y¥ 
= +f 3 dy a dz, 


as well as the two equations resulting from this by cyclic permutation of 
the codrdinates. Introducing all this in (3), it is seen that 


1 1 , , , ' 
[= +f J [(e—z’) dy’—(y—y) dz] dy dz 
+ 4 [(a—a2’) dze’—(e— 2’) dz'|dzdx 


+ 4 ly- y')dx'—(x—z') dy'] dz dy. 


Again, Stokes’ theorem gives 


Pe is te ts ~{ 
f, 3 dx dy 3 dzdx = - 1 r dx 


with two similar equations, and substitution in (4) gives 


I= —+ ff log r (dx dz’'+ dy dy'+ dz dz’), 


which reduces immediately to (2). 
2. As an application, consider the case where S and S’ are two parallel 


planes at a distance /; letting 70 by moving S’ perpendicularly to itself 
until it coincides with S, it will be shown that 


(5) I>2A, as 1-0 


where Ay is the area common to A and A’ when superposed in the manner 


described. 
Taking the z-axis perpendicular to the planes and writing 


(6) e = (x—z?+y—y)*, e209, 
we obtain from (4) 


_1f ( G—w)de'—@—2!) ay 
r= 4 [ a as, 











A FORMULA IN GEOMETRICAL OPTICS. 






which may be expressed as 














ite (y—y')da’—(@—a') dy’ 4 
(7) [= ay c’ e as 2 i, 
where 
os 0 (y—y)) da’—(w—a') dy] , 
" eat Fete) 







To show that J,>0 as 1/0, we observe that 






|y—y’) da’—(a—z’) dy'| < e@|ds'|, 





as is seen by squaring (or as a special case of Lagrange’s inequality), so 
that 


, Pds 
(9) |Z; | < [ila sot’ 


In the surface integral, introduce polar codrdinates with origin at 
x,y: x—a’ = ecos6, y—y = esind, dS = ededé@. Denoting by 
0: (4), @2 (6), 03(0),--- the values of @ at the successive intersection points 
of the line segment eg > 0, 6 = const. with C, we have when 2’, y/’ is 
exterior to A 


Pads l? de 
Scots /*) =f - (f- + f+ . e+ /* 


When z’, z/ is interior to A, 


Scots — Sat [+ -) 2a 


In either case we have 


Pds ie fe sisal 
pes aee+i ~ ” «. Sie, 


and by (9), denoting the length of C’ by L’, 


















(10) \L|<a*L'l. 










In (7), we now introduce polar codrdinates with origin at x, y in the line 
integral: z’/—x = e@ cos 9, y—y = e sin y, whereby 





i i sat ‘ “ Ph “3 ph neh an 
— ——s - ~ -- - - — 3 eae in pS Ts 
feats 73) SR R re se Bio ie ay TERR PRR isk Sat iwi a 
i 


AE Ka 


—iirek 
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J, wv) de—@— =) dy = {a an tate, 
c’ g c’ 





where « = 1 or 0 according as ~, y is inside or outside A’. Consequently, by 
(7) and (10), 


lim J = nf dS, 
A 


l—>0 


and the integral obviously equals Ay, so that (5) is proved. 
In certain very special cases, (5) has been established by direct, and 


sometimes quite lengthy, calculation of (1).* 





*See C. E. Wright, Note on a geometrical radiation theorem, Philosophical Magazine, 
ser. 7, vol. 7 (1929), p. 946, where further references are given. 
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NOTE ADDED IN PROOF: Eq. (2) was established by Larmor. The transformation of 
multiple surface integrals into multiple line integrals, Messenger of Mathematics, 1887, 
pp. 23-30, eq. (13). The result stated in eq. (5) of the present paper however appears to 
be new. 








ON THE THEORY OF LINEAR INTEGRAL 
EQUATIONS. I.* 








By Ernark HItte anv J. D. TAMARKIN. 






INTRODUCTION. 

1. It is well known that the classical results of the Fredholm theory 
may be extended without much difficulty to kernels of the class 2, i. e. 
such that 






Si Sixe, &)/* dx d& exists.t 


Various details of the proof remain valid when the kernel belongs to 
the class 2? instead, i. e. when 


[fixe prazae exists a <p<9. 






It is natural to ask, therefore, whether or not Fredholm’s theory may be 
extended to kernels of the class 2?. The answer, somewhat unexpected, 
is that this cannot be done. 

We obtain this result through a study of certain classes of step kernels. 
By a step kernel we understand a function K(x, &) defined for O<27, &<b 
by means of a sequence {b,} and a matrix (Kmn) as follows: 








Kin if bma<a2< bm, bni<F<bn, mn = 1, 2, 3,++>, 
0 elsewhere. i 


K(x, §) = 





Here 0 = bb) <li <--- <bn<.--- and lim bk, =b< +o. It is clear : uy 
that the theory of such kernels is intimately connected with the theory of if 
bilinear forms and systems of linear equations in infinitely many unknows.{ 
In the present paper we consider four particular types of step kernels. 
(i) (Kmn) is a diagonal matrix, i.e. Kmn = 0 if n +m, Kim real. 















* Received April6, 1930. Presented to the American Mathematical Society, December 28, 1929. 

+ See T. Carleman, Math. Zeitschrift, 9 (1921), pp. 196-217. A new proof was sketched 
by the present authors in a note in Proc. Nat. Acad. Sci., 14 (1928), pp. 911-914. Details 
will be given in a forthcoming paper intended as Part II of the present one. 

} See T. Carleman, Sur les équations intégrales singulitres & noyau réel et symétrique, 
Uppsala Universitets Arsskrift, Mat. 0. Naturvet., 3 (1923), pp. 185-220. This memoir will 
be referred to as C. II. Carleman takes b, =, Kun = Kam. It is important for our i 
purposes to remove both these restrictions. Bi 
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(ii) (Kmn) is “spaltenfinit’”; we take Kmn = 0 if n<m, Knn = Gm if 
n>m. 

(iii) (Kmn) is the transposed matrix of case (ii). 

(iv) K(w, 8) = Seu Yale) Wnts (8), 8 integer > 0, where (Yn(x)} is a 
subset of Haar’s orthogonal system.t b, = 1—2-"; the expression 
for (Kmn) is rather complicated. 

The result in case (i) enables us to construct a symmetric kernel belonging 
to a prescribed 2?(p< 2), having a prescribed set of characteristic values 
(any denumerable set of real numbers + 0). There may be infinitely many 
quadratically integrable fundamental functions to a given characteristic 
value. In case (ii) we have still greater freedom. We give an example 
of a kernel _ 2? for every p <2 such that the corresponding homogeneous 
equation has a quadratically integrable solution for every 4+0. In case 
(iv) we can find s linearly independent solutions of this nature. 

We have obtained similar results for other kernels which are not step 
kernels. 

2. In trying to find as general classes as possible for which the classical 
theory would hold, we were led to kernels of a type which in some 
respects is more, in others less general than the class 27. We suppose 
that the kernel satifies a restriction of one of the following two types: 


(L) [\K@,®|de<q, o (Mt) ['|K@,®)| ab<¢ 


with a finite g, holding almost everywhere. 

We show that such a kernel possesses a unique resolvant for |2|<1/q 
defined by the ordinary Liouville-Neumann series which converges for 
almost all (a, §). The Liouville-Neumann series for the solution of the 
non-homogeneous equation converges if either (i) K(x, §) satisfies (L) and 
I(x) C &, or (ii) K(a, §) satisfies () and f(x) C M(K), the class of all 
functions F'(x) such that 


fixe, &) F(®)| d§<M = Mr 


almost everywhere. The solution then belongs to the same class (2 or M) 
as f(x) and is the only such solution, though the equation may very well 
have solutions of another nature, e.g. belonging to the dual class. 

We can replace (Z) and (M) by modified conditions 


(LY) [| K(@, | U@) de<qt®, (M*) f° | K(w, 8)| m@) dé <q m@), 


if the classes 2 and MW be modified accordingly. 
Tt See C. II, pp. 62-68 where the case s = 0 is treated. For type (i) see ibid., pp. 187-188. 
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In general our theorems cease to hold outside of the circle |4| = 1/q. 
We can apply Schmidt’s approximation methodt for 1/qg<|4|<1/e if 
there exists a bounded kernel K(x, §, ¢) such that either 


(L-+) J, |K@, 9) —K(@, 8, 0)| de<e, or 


(a+) J |K@, 9 —K@,§,0| d<e. 


In this case the Fredholm theory remains valid in the circle |4|<1/e 
if f(x) C & or M respectively. If ¢ can be taken arbitrarily small we have 
thus an extension to the whole plane. 

In the case of Volterra’s equation we should expect the Liouville-Neu- 
mann series to be an entire function of 4. We verify this in a couple 
of cases which are of some interest. 

An examination of the literature has shown that kernels of the present 
type have been studied by at least four authors, viz. E. E. Levi, G. C. Evans, 
E. W. Hobson and T. Carleman.{ Levi assumes his functions to be inte- 
grable in the sense of Riemann; he is moreover of the opinion that 
neither the iterated kernels nor the resolvant will exist. Finally his main 
approximation theorem is not correct. Evans considers Volterra’s equation 
and kernels with regularly distributed discontinuities. Hobson imposes a 
number of different conditions; his and our results overlap only in part. 
Carieman considers first a particular kernel which satisfies conditions of 
the types (Z*) and (M/*); he shows the existence of a resolvant and the 
convergence of the Liouville-Neumann series for the resolvant and for the 
solution of the non-homogeneous equation when / (x) be suitably restricted. 
Secondly, he considers real symmetric kernels with regularly distributed 
discontinuities which satisfy a condition analogous with (Z+-). He shows 
the existence of a bounded solution for a bounded f(x) unless 4 is a charac- 
teristic value, but he does not touch the question of the existence of a 
resolvant. 

3. The order of the material is as follows. Chapter I contains the dis- 
cussion of step kernels, §§ 4-7 corresponding to types (i)-(iv). Chapter II 
is devoted to the Liouville-Neumann series, the kernel satisfying one of 
the conditions (LZ), (M), (Z*) or (M*). Chapter III is devoted to the 





+ We are unable to find any better translation of the German “Abspaltungsmethode”’. 

tE. E. Levi, Atti d. R. Accad. dei Lincei, Rendiconti, (6) 16:2 (1907), pp. 604-612. 
G. C. Evans, Bull. Amer. Math. Soc., 16 (1909-10), pp. 130-136, Trans. Amer. Math. Soc., 11 
(1910), pp. 393-413; ibid., 12 (1911), pp. 429-472. E. W. Hobson, Proc. London Math. 
Soc., (2) 13 (1914), pp. 307-340, especially Theorems (e), (f) and (g). T. Carleman, Uber 
das Neumann-Poincarésche Problem fir ein Gebiet mit Ecken, Inaugurul-Dissertation, 
Uppsala, 1916, §§ 2, 4 and 6. The latter paper will be referred to as C. I. 
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approximation method for kernels satisfying one of the conditions (L+) 
or (M+). Chapter IV contains some remarks on Volterra’s equation and 
the Appendix is concerned with some particular kernels. 


J. Step KERNELS. 


4, The diagonal case. We refer to § 1 of the Introduction for the 
definition of step kernels and proceed to a discussion of the case in 
which (Km) is a real diagonal matrix. Thus the kernel is defined as 


follows: 
(4.01) K(#,&) = 
Here a» is real, 0 = dlop<b<---<ba<--- and lim bk, =)D<+om., 


n> oo 


Qn if bn1<2%,F<ba, n = 1, 2, 3,---, 
0 elsewhere. 


We consider the integral equations 


D y(a) = fa) +2 ['K@, 9 y@ as, 


(hy) wa) = Af" K(w, 8) u@) a8, 


where /(x)C_&, i. e. the class of functions integrable on (0, 6). By 
a solution of either of these equations we mean a function (_ 2% which 
satisfies the equation in question for almost all z. 

We begin with the homogeneous equation (J;,), supposing b,»—1< 2 < Dy. 
Then 


b, 
(4.02) u(x) = day f u(&) dF = un 


say. Putting 

(4.03) an (bn —bn-1) = Cn, 
we see that 

(4.04) ttn = A on tin, 

Put 

(4.05) 1/qm = d,, {4,} = 4. 


If 4C_ 4, the only solution of the system (4.04) is uw, = 0, and the only 
solution of the homogeneous equation (J;) is u(~) = 0 almost everywhere. 
If, however, 4C_4, 4 = 4d, say, we can take u,—1 and u, =O for 
n+k. The corresponding solution of (J,) is obviously integrable. The 
number of linearly independent solutions of (J;,) for 4 = 4, coincides with 
the number of c,’s equal to c,. This number may obviously be finite or 


denumerably infinite. 
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If cn should be zero for one or several values of n, the equation 


(4.06) f£ K(x, 8)u(8) ak = 0 


possesses solutions, namely u(x) = U; (arbitrary constant, +0) for 
bea <a<be, ce = 0, and u(x) = 0 elsewhere. The number of linearly 
independent solutions of (4.06) coincides with the number of vanishing c,’s. 

K(x, §) is symmetric and the homogeneous equation does not possess 
any non-trivial solution when $(4)+0. It follows that these diagonal 
kernels always belong to the first class of Carleman.* The set 74 is the 
point spectrum of the kernel and there is no continuous spectrum.t  In- 
deed, if the kernel had a continuous spectrum, the equation 


b A 
(4.07) @(e, )—o(2, 4) = [Kf edu ol’, wd 


must possess a non-trivial solution for suitably chosen 4 and 4,. Suppose 
that Dant<x<b,. Then (4.07) becomes 


*», 4 
w(x, 2)—o(e,h) = anf” {2o(8,2)—2,0(8, 4) —f/ ou) du} ab. 


n—1 


The right hand side being independent of x, we can set w(2, 4) = g(x) + @(A), 
obtaining 


A 
0(2)— ohh) = en {do (2)—Ayo(,) =f (H) dap 


This shows that (A) is absolutely continuous, hence 


w'(2) (L—cend4) = 0 





almost everywhere. It follows that (A) is constant and all solutions of 
(4.07) are independent of 4. Thus there are no differential solutions and 
hence no continuous spectrum. 

Suppose now that 4 does not belong to either 7 or its derived set 4’ and 
consider equation (Z) for byn—1 << x< by» where f(x)(_ 2.5 We see immediately 
that y(~)— (x) must be a constant, y» say, in this interval. Write 


(4.08) ee. (t)dt = fn, 


*C. II, p. 62. 

+ Cf. the remark in C. II, p. 188. For the definition of the differential solutions see 
ibid., p. 82 et seq. 

tIf we mean by a solution of (J) any function integrable in (0, b,) for every » which 
satisfies (I) almost everywhere, then we may allow 4 to belong to A’ but not to A. 
85* 
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then 
by, 
tn = anf,” (8) dE = count afr), 


whence 


It follows that 
f K (a, §) f(§) d& 


1—a["K@,®) dk 





(4.09) y(x) = f@) +4 


, 


or 
(4.10) ya) = sa)—2 fae, 8; HF AB, 


where 
K (a, §) 


1—a["Ke, t) at 





(4.11) R(x, &;2) = — 


It is readily shown that y(x)(_ 2 when f(x)C_ &. Indeed, the necessary 
and sufficient condition that y(x)—/(x)(_ % is that the series 


is) oe 


2: (Pn—n—) lyn| = |A| 2 |¢n| |1—¢nd|* | fr 
be convergent. This is the case because (i) | cn! |1—c,4\—! is bounded 
since 4 does not C_ 4 or 4, and (ii) >| f,| converges since f(x) C 2. 
All the iterated kernels of K(x, &) exist: 


a@(b.—bd__.)”* whee b,_.<2,&<5,, 


0 elsewhere. 


(4.12) Ka(x, §) = 


We shall now state various necessary and sufficient conditions on {an} 
and {b»} which will ensure that K(x, &) shall possess specified properties. 
D,. |K(«,§)| S Mif\an| < M for every n. 
b aapaiae 
D;. [ [xe 2) f@) F@H av ab| < Mf" \s@|taz Sor every f (x) 
such that the integral on the right hand side exists, if |en| <M for 
every Nn. 
Ds. K(x, §)C 2? (0<p) on O0O<a, §<b, i. 0. the pth power of K(z, §) 
is integrable over the fundamental region if > | an|? (bn—bn—1)* 
1 


converges. 
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Dy. [1 KG, | as <M when O<2<b ff |en| <M for every n. 

Ds. [Kn x) dx<oo, i.e. the mth trace of the kernel is finite if 
> c™ converges. 

Ds. jim, ixiow |(K@, &)|\d> = 0 f lim = 0. 


D;. tim [/|K(@, $+) —K(@, 8)|d¥=0 uniformly in x if lim tm = 0. 


De. [| KG, D/O|aE SM i |anl f-” |f@ld8 <M for every n. 


In all these statements “if” is understood to mean “if and only if”. 
Most of the properties are verified by a straightforward computation. 
Only D, requires a slightly more sophisticated argument. That the condition 
is necessary is seen by choosing f(x) = (b¢—Dy—-1)~™* for bx Sw < Dy 
and zero elsewhere. The sufficiency follows from 


ff xe. se FBawas|< ¥ anil f° perael's ¥ heal f.” \reolae. 








We shall have occasion to return to several of these properties in later 
chapters.* At present we call attention to the following consequence of D;: 

THEOREM 1.1. Let 4 = {dn} be any sequence of real numbers +0. Let 
b(0<b<+co) be given arbitrarily. Then there exists a symmetric kernel 
whose pth power (1< p< 2) is integrable over the fundamental region 
O0<2,&<b, and whose point spectrum coincides with A. 

Indeed, we have merely to choose a sequence {b,} such that 


(4.13) S| tnt? On— bra? 


converges. We then put an = (bn—bn—1) An’ and define K(z, &) by (4.01). 
The resulting kernel will have 4 as its point spectrum; its pth power 
will be integrable over the fundamental square in virtue of Ds; and (4.13). 
We have consequently merely to show that it is possible to choose the 
set {b,} so that lim b, = 6b and the series (4.13) converges. If there exists 
an a>0O such that |4| is always >a, then it is sufficient to choose 


a sequence 0,, d,,---,dn,--- such that 6, >0, and the series aon? and 





* D, expresses that K(a, §) satisfies condition (M) of §§ 2 and 8; D, expresses that 
S (z) © M(H), defined in the same paragraphs. D, and D, are of interest in connection 
with the question of approximating the kernel by certain bounded kernels, see § 17. 
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$5, are convergent, the sum of the latter series being d<b. Then put 
1 


b, = b—4, bn = Dn-itOn41, n = 2,3,---. Such a sequence {dn} can 
obviously be chosen in infinitely many different ways; moreover, the choice 
can be made in such a fashion that the corresponding kernel belongs to 
every 2? with p<2 and not merely to a fixed one. If, on the other 
hand, 40 belongs to “ we write M,— Max |A,|-? where mp will 


N=vSNn 
be disposed of later. Then Mn41 > My and Mn>oo. Let (m<)m<mg<:-- 
-++<omm<-++ be the values of m for which Mn: >M, and suppose that 
M,, = 2. Put 
e? = Mn, rr (Mn,—Mn,_,) for me<n < Meq1. 
Then 


Mey Mt 


—p 2Q- ~ —n+ 
Dll & SM, Ue —-mI> Me 
m+1 m+1 


<2Ma), Ma’ (Mn—Mn,.)- 


Hence, (4.13) will converge if we put bn—bn»-1 = 94,. Further > 6, is 
n, 


convergent, and by choosing m) sufficiently large we can make its sum 
so small that it is possible to choose O0<bi<be< +++ <bn,, so that 


00 
2 (bn— dns) =— b. 

We notice that the multiplicity of the characteristic values can be 
prescribed. Thus the choice 


ic.) 
an = (bn—bn—-1), 2: (bn— bn)? convergent, 
gives a symmetric kernel (_ & having only one characteristic value 
4 = 1, but with infinitely many fundamental functions. These examples 
show that the Fredholm theory which holds for kernels (_ 2? is not valid 
for kernels (_ 2? when p< 2. 

We have supposed the numbers {a,} to be real in the preceding dis- 
cussion, but this assumption is unnecessary except in the proof of the 
non-existence of differential solutions, such solutions being defined for 
Hermitian kernels only. If we permit the set {a,} to be complex, the 
point spectrum .4 may obviously be an arbitrary denumerable point set 
in the complex plane not containing the point 4 = 0. 

5. Limited columns. We shall now consider the case in which the 
elements of the matrix (Kmn) are zero below and along the main diagonal. 
In order to simplify the discussion we assume that Kmn = am when n>m 
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Thus we define the step kernel as 





where dm may be real or complex. 
follows: 


(5.01) K(«,t) = ( for bo1<x<bn, ba<&<b, 


0 elsewhere. 


As a further simplification we take b to be finite. We consider the integral 
equations 


) y(a) = f@)+4f" KC, Dy ® ab, 
(In) u (2) = a K (a, ®) u(&) dé. 


The adjoint equations will be: discussed briefly in § 6. Let 2’ be the 
class of functions F'(%) such that f "F (x) dx exists for every n and tends 
0 


to a finite limit when n->o. All integrals which follow are to be taken 
in this sense, i. e. 


(5.02) [= me f*.... 


n> JO 


JS (x), u(x) and y(zx) will be supposed to belong to @. If 


(5:03) Dn << o< bn 
equations (J) and (Ih) become 

(5.04) y(a) = f(x) +2an 4 y (8) a&, 
(5.05) u(e) = han [ u(&) a8. 


These equations show that y(x)—/f(x) and u(x) must be constant in 
(bn—1, bn). Denoting these constants by yn and wu» respectively, (5.04) 
and (5.05) imply the following infinite systems of linear equations in 
infinitely many unknowns 


(5.06) i = han > [(b% — bez) yr +Sul, 

E, (n = 1, 2, 3, ) 
(5.07) tn = Aap > (bi — bp—1) Ux, 

k=n+1 


Here f, is defined by (4.08). Write 


(5.08) Ln = (bn — bn—1) Yn» Ui = (bn — bn—1) Uny Cr = (bn — bn—1) an. 


Then 


(6.09) a mte 2 sn eee, 8 
k=n+ 


1 
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(5.10) Un = den oo Un (n = 1, 2, 3, +++). 
. k=n+1 


These equations belong to the type for which J. Horn has proposed the 
name “Summengleichungen’’.*) It is readily seen that every solution of 
(5.09) is a solution of the differeuce equation of the first order 


(5.11) Cn (1 + en414) 2nti— Cnt 2n = —Acn Cai fn; 
and that every solution of (5.10) is a solution of 
(5.12) Cn (1+ n414) Unti— enti vn = 0, 


whereas the converse may not be true. 
Put 
(5.13) = P(A) = (L+c14)(1+e4) --- (1+en4), Po(4) = 1; 


the solution of (5.12) is then given by 
(5.14) tn = Cn[Pa(A)}-, 


unique save for a factor independent of nm. With the aid of this solution 
of the homogeneous equation we obtain the following formal solution of 
the non-homogeneous equation (5.11)7 


oo 


5.15 = i Py-1 (A). 
( ) Zn P, (A) RL: k 1 (A) 
The discussion of the validity of this solution is based partly upon the 
convergence properties of the interpolation series occurring on the right 
hand side.t 

We begin by discussing the solution of the homogeneous equation for 


which we prove the following 
THEOREM 1.2. Let S be the set of points in the 4-plane where lim | Pp (A) | 


no 
is finite, and let T be the complementary set. The only solution of the 
homogeneous equation (In) which (— @ for 4 8S, 44+—1/cz, is u(x) = 0 





*N. E. Nérlund, Differenzenrechnung, Berlin, J. Springer, 1924, p. 309, where references 
to the literature are to be found. 


+ Cf. Nérlund, loc. cit., p. 390. 
} The convergence theory of these series goes back to J. L. W. V. Jensen, Tidsskrift 


for Math., (5) 2 (1884), pp. 63-72 (71-72) and I. Bendixson, Acta Math., 9 (1886), pp. 1-34. 
The second paper contains proofs of such theorems that are needed in the following. 
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almost everywhere. If 4(_T instead, the only solution (_2’ is, up 
to a factor independent of x, . 
(5.16) u(x) = an[Pa(A)], bn-r<a< dn, es = 1, 2, 8, ---. 








| RE negra Ts SS 












Proof. Let 4S be fixed and 4+—1/cp for any nm. Then there ‘ f 
exists a sequence of integers m, m2, ---, mx, --- such that {| Py,(4)|} is im | 
bounded, 4 fixed. It follows that if n is fixed there exists an M independent 
of k such that 






™ 


(5.17) I] |14+4|<. 


p=nt1 





Suppose now that (J,) has a solution u(~)C 2 and put 





n= faoa, naSn 





Then V,—>0 as n>. A simple calculation shows that 










Vn = Aen Vani = Len (1 + en41 4) Vine Te. w'e-0 
= hen(1 + en4i4) (1 + engad) «++ (1 + erty 4) Vaso. 


Now choose vy = n—vn; then the multiplier of Vni++41 is bounded. Since 
Vn,ti70 as k>oo and v, is independent of k, vn = 0 for every n. Hence 
u(x) = 0 almost everywhere. It is obvious that (5.17) may not hold if 
4 = —1/c, for some value of #; hence the preceding argument may break 
down for such a 4. 

Suppose next that 4(C_ 7. Here we need the identity 


(5.18) 









nt+m Cy 1 Py (A) 
(5.19) Pn(4) | 2 Bw re ib- Prim(A) 






which is a particular case of Nicole’s identity and easily proved by induction. 
If we let m>o, noticing that | Prim(A)| >, we get after multiplication 
by cn4 and division by P, (A) 






Cy Cn 


(5.20) nd De BO = BO: 











This relation shows that v,, defined by (5.14), satisfies (5.10) for 4 C_ 7; 
the convergence of the series on the left hand side of (5.20) implies that the 
corresponding function u(x) 2’. This completes the proof of Theorem 1.2. 

The series >'v, is not always absolutely convergent in 7', i.e. the 
solution u(x) of (Jp) need not (_ &, the class of functions integrable in 
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(0, b). This may be shown as follows. Put cn = (—1)"yn where the é, 
n 

are integers, Dy? is convergent, but Sy,=—In-0 with n. Put 
1 


n 

>c% =Cn. By an argument familiar from the theory of entire functions, 
1 

it is readily found that there exist two positive constants A and B such that 


A exp [Crh R(A)] <| Pa (4)|< B exp [Cr R(A)] 


for 4 fixed + —1/c,x. Take now the particular case yn, = 1/n and put 


é, = O when 2k<n < *l1+prl. k= 2,3,--- 


and ¢, = n otherwise. 
An easy computation shows that C, = logloglog n+ O(1). Hence 


| Cn | | Pr (A) |-4 >Cn- (loglog n)-®® 


and »>'|v,| is divergent. It is easily seen that a similar result is true in 
the general case c, —(—1)"y» if the y, satisfy the conditions stated 


above and the é, are suitably chosen. 
We now proceed to a study of the non-homogeneous equation. Put 


Prin (a 
(5.21) Pea). — Pax (4), n, k = 0, as 2, oF 
n 


Let S) and S, denote subsets of S defined as follows. 4 shall C & if 


(5.22) 2, | Cn+m+1 Pn,m(A) | < M, (A), n 


4 shall CS, if 
(5.23) | Pn,«(A)| < Me (A), n,k 


where M,(A4) and M,(4) are finite and independent of m and k. The 
following theorem will be proved. 
THEOREM 1.3. The non-homogeneous equation (I) possesses a unique solution 


CL tf either (i) ACS and f(x)C &’, or (ii) ACS, and f(x) CX, viz. 


is) 


(5.24) (a) = f(a) tan = Si Pn,ra—n(2); dna << bn, 


or 


(5.25) —-y(a) = f(z) —Alim [P8@, 8 DSO dé, 
je eJ0 
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where | I | 
(5.26) R(x, 34) = eae ee bm, bna><E<ba,m<n, i | 


0 elsewhere. | 


If (1) has a solution (— 2’ for other values of 1, it is unique if and only if 24(_ 8. 

Proof. The formal equivalence of formulas (5.24) and (5.25) is easily 
verified, so we restrict. ourselves to a study of the convergence questions. 
The series in (5.24) is obviously absolutely convergent if 4(C_ 8, and 
S(@q)C 2. If ACS and f(x)’ instead, formula (5.22) together with 
Abel’s lemma on partial summation shows that the series is at least con- 
vergent. Now consider the mth partial sum of the series >'2,; using 
partial summation and formula (5.19) we get 









Jom 5 7%, FAP 





n—1 


=15 for POL ig tt S hPa Doo 





n—1 


=> Smt (Pa) —11+ [1p aC) pr. ri Py—-1(4) 






oom >» Sm+i Pm(A) >> Sm41 sare Zs m Pn, m—n—1 (A) 
fA —)>:—Ds. 


Here >; is convergent if either (i) or (ii) is satisfied. >, tends to a finite 
limit when n>oo. If (ii) is satisfied, 













|Zs|< M@ _D |fm|+0 when n->co, 


If (i) is satisfied instead, we get by partial summation 


Dis FL Bs 
m=n+1 | r=—n+1 







|Cm Pn, m—n—1(A)| < M, (a) -1. u. b. 


’ 











p ge 2 
n+1 


r= 





which tends to zero when n>. This proves the convergence of >» Zn 
under the assumptions of the theorem, which shows that y(x)C_ 2’. That 
y(x) satisfies (J) follows from the fact that 







8 


a 1 00 vis s—1 “33 1 0o 
FP ln = Pa) 2 fm Pm-1(A) 2 fn ?P, (a) 2 fm Pm). 


m=n-+1 
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This relation shows that z, satisfies (5.09) which implies that y (x) satisfies (Z). 
This completes the proof of Theorem 1.3. 

This theorem is not very satisfactory since the sets S) and S, usually 
constitute only minor parts of S. The theorem is, however, as good as 
might be expected. Indeed, if the non-homogeneous integral equation (J) 
has a solution C_ 2’, (5.09) must have a solution such that > 2, is con- 
vergent. Any solution of this system must satisfy the difference equation 
(5.11) and a solution of the latter is necessarily of the form 


pia lp@ta, Shr | 


as long as the series converges. This may well be the case for every 
AS if f(z) 2, but the corresponding series >'z, need not be con- 
vergent outside of S,. Take, e. g. 


b, == 1 qa=1 if at% qg=F if n=, k=—1,3,-->. 


par. tae 

n+1’ 
Here S is the region |1+4|<1 plus the point 4—0; S, = S, contains 
only this point. Then take 


[0 in Gra, dn) if nm $ 241, 
Ie) = Ce ee ae if n = 2k41, 


J (x) &. Let 4 be any point of S—S,. It is easily seen that every zp 
exists, but 
a = 4{1+o0(1)], 


which shows that >'z, is divergent. Hence the corresponding function y(z) 
does not C_ 2 and cannot satisfy (J). 

This example shows that in order to get solutions of the non-homogeneous 
equation valid in a substantial portion of S, we have either to restrict 
the constants {c»} or the function f(x). It would take us too far to pursue 
this problem in all its ramifications, but we shall give one example of 
what can be obtained by imposing suitable restrictions on the set {cn}. 

THEOREM 1.4. If cn>0O and cy tends to a limit c, the following cases 
arise: (i) If c = 0 and Dvn is convergent, S = Sy = S, is the whole 
A-plane and T is vacuous. (ii) If c=0 and > but not dc, converges, 
then S = 8, is the half-plane R(A) <0. (iii) ec=—0 but De diverges, 
then S = S&S, is the region R(A)<0 plus the point = 0. (iv) Ifc>0, 
then S = 8, contains the interior of the circle |1+c4| = 1, the point 
4 = 0, and possibly additional points on the circle. The exterior belongs 
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to T. In cases (ii)-(iv) Sy is the set of interior points of S. (v) If finally 
c=-+a, S=S8, is the point 4 =0, S is vacuous, and T is the region 
0<|4|<oo. In cases (i)-(iv) y(xz) 2 with f(x) for 4C&. In cases 
(ii)-(v) u(x) & whenever 4 is an interior point of T. 

Proof. The statements about the various shapes of the sets S), S,, 8, 
and 7’ are easily verified and may be left to the reader. For the con- 
vergence questions we need the following 
LEMMA. If cn >0, trn>c<@, and 4(_&%, then there exists a finite 


M(A) independent of n such that 


n 
(6.27) Sn (4) = |APa@| D> < M().* 
m=1 |P, m (A)| 
The lemma is trivial if >’c, is convergent. Suppose therefore that > cy 
is divergent, starting with the case c= 0. -Put 4 = re“*® where 
0< 6< 2/2, Sin this case being the half-plane R(4)<0. Since c,—>0, 
we can find an WN so large that cniir < cos@ for nm = N. For such 


values of n 
l1+¢,4,4] = (1—2¢,,, 7 cos 6+¢2..7" 


1 
< (1— en4i F COS ay? <1 — > enti 7 COS 8. 





Let M(A) be the largest of the (V+1) quantities S,(4),-.--, Sw(4) and 
2sec@. Then 
Swi (4) = |1+ cw414|Sw (4) + en 7 


< (1— ews r cos 0) Sw) +5 cn+i r cos 6 2 sec 0< M(A) 


and similarly for Syix(4), k>1, which proves the lemma for the case 
c= 0. 

Suppose now that c>0. Then S is the region |1+cé\|<1. For 
a fixed 47 & and any given d>0 we can find an N = Ng such that 
11+ en414|<1—d forn > N. Hence tniir<2. Let M(A) be the largest 
of the quantities S,(A),---, Sw(4) and 2/é. Then 

Sw4i(4) = |1+ enp14| Sw(4)+ eri r 
<(1—6) M@)+6.4 < MQ), 


and similarly for Syix(4), k>1. This completes the proof of the lemma. 





* Formula (5.27) holds for all values of 4 with cn replaced by |ca| when S|c»| con- 
verges. In this case y(x)C 2 with f(x) for all values of A. 
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Referring back to the convergence proof for >z, we see that if4C& 
and if f(x)C_ &%, then (5.27) holds and 
















DZleml SZ fats! [2 Pm) 2 rea 
Cr 
+ S| fil [AP @)| BO] 






n—1 


wb: 


les ive 


5 Al Paral}, 





which remains bounded when noo. It follows that >'|z,| is absolutely 
convergent and y(z)C_ &. 

It remains to prove that u(a)C_ 2% when 4 is an interior point of 7. 
The terms of the series >'vn are positive for real positive values of 4 and 
by (5.19) the series converges for such 4’s. From this it follows readily 
that the series is absolutely convergent in the interior of 7.* It should 
4 be noted that w(x) may even be bounded in a part of 7. Thus, for 
ie example, if 


(5.28) |an| < en, CC, = a Sune Ds & convergent (e>0), 
m=1 







Sa arta a AS Ph panne setae eit eee Pa ni 






ges 


















then u(x) is bounded for #(A)>k. Similarly, if 







(5.29) }an|<(1+k)", c>0, 






then u(x) is bounded for |1+cé|>1+k. Since k may be arbitrarily 
££ small, it is clear that w(x) may be bounded in any interior part of 7. 
a If cn >, we may finally have bounded solutions of the homogeneous 
integral equation for all values of 2+0. As an example we may take 










1 
2 so ° 
in = n?(n+1), bn 1 n+1’ 


ee n*(n + 1) 
“@) = Fra a+nFi)’ 





(5.30) 






bos << <x. bn . 










We shall now state necessary and sufficient conditions in order that 
K (za, &) shall possess certain specified properties: 


C,. |K(w, §)| < MY |an| < M for every n. 
CG. K(a, E)C W(O<p) on 0<2, E<b if > \an|? (bn _—_ bn—1) (b — dn) 
n=1 









converges. 





*See Bendixson, loc. cit. pp. 2, 7, and 15-19. 
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Cs. fixe, §)|dE< M for0<2<b, if |an| (b—bn) < M for every n. 





Cs. PK, Yaz < M for 0<8<d, f $len| < M 





Co. Mim Jig) yl, 8) aE = 0, Hf lim an()— by) = 0. 














Cs. im, xj>w KG, §)|dx = 0, if Dd |\en| converges. 









STONY TO an se 
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ch. fixe, )SO\ds <M, f \anl [PE a¥ <M for every n. 


i ore Ry = 





These properties are analogous to those of the diagonal step kernels 
expressed by conditions D,, Ds, D,, Dg, and Ds of §4. The proofs do 
not offer any difficulties. 

We shall not consider the general question of constructing a kernel 
K(a, §) with prescribed “spectrum” 7. It is, however, of some interest 
to show that a kernel of the type here studied may (_ 2? for every p< 2 
and still the set 7’ may be the maximal one, viz. 0<|4|<00. We proceed to 
give such an example which is chosen with a view to later applications. Take 


an = (n+1)!, 5, = 1— 1 


(n+1)! ° 
(5.31) r(n+2) 


u(2) = PPrG/itn 41)’ On—-1< 7< Dy. 
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Here cn = n and T is the region 0<|4|< 0 by Theorem 1.4. Condition C, 
is satisfied for every p< 2 since 


& lanl? On — dna) On) = ¥ nln 1). 





Thus the homogeneous equation has an integrable solution for every finite 
4+0; u(x) is bounded with respect to x for every 4 such that |4|>1. 
This is no longer true for 0<|4|<1, but u(x) C 2? (0< p<) for 







such /’s. 
6. Limited rows. We now proceed to a brief examination of the rie 
adjoint equation whose kernel K’(x, §) = K(&,x) where K(z, &) is of the a 






type considered in the preceding paragraph. Thus ; 
6.1) ea Te 
0 elsewhere. a 





The integral equations 


I’) y(e) = fa) +2" Kw, 8) y@ ak, 
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(i) ula) = Af" K'@, 8) w®) ab, 
are equivalent to the following (“‘zeilenfinit’’) systems of linear equations 


n—1 
(6.2) bn = den 2 (Cet on), Sr = 0, 
ose (n = 2, 3,+++), 


n—1 
(6.3) Vn hen 2 Vk; v, = 0, 


where 
Cn = (nYn; Un = CrnUn,; Pr = ain Jn; 


Jn; Un; yn having the same significance as in § 5. 
The solutions are easily computed. v, = 0 for every n, hence 


(6.4) u(x) = 0 


almost everywhere is the only solution of the homogeneous integral equation. 
Farther 
n—1 


(6.5) tn = en Pra (2) & AD (n >1); 


thus the non-homogeneous integral equation has the solution 
n—1 


oe p 
(6.6) y(z) = f@)+4 Pra) & poy’ bn-1<2< bn, 
or 


61) y@) =F@)—Af RE, a; ) Fas, 


where R(x, §; 4) is defined by formula (5.26). Thus there exists a solution 
of I’ for every finite value of 4. It would take us too far to study the 


integrability properties of this solution. 
7. The kernels of Carleman-Haar. In his fundamental treatise on 


singular integral equations Carleman* introduced the kernels 


(7.01) Kale, 8) =F an Ynl2) Yn), 


where the functions w(x) are the following subset of Haar’s well-known 
orthogonal system: 
Wo (x) = 1 for 0 <2< 1, 
—1 for 0 s< 4, 
Ho={ai ts ele 2<1. 


*C. II, 62-66. Our discussion follows that of Carleman to which we refer for further 
details. 
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0 for 0 <2x<1-—2", 
Wn (x) = — 2-1/2 for 1—2-"11 < H 1 = i—2”, (n = 2, 3, ee *). 
420-02 for 1—2"  <x<1. 


We shall also consider kernels of the form 
co 
(7.02) Ke (a, 8) = 2 an Yn (2) Yue), 


where s is any positive integer. These kernels are obviously step kernels. 
We have b, = 1—2~"; the expression for Km» is rather complicated and 
may be omitted. We shall be concerned only with the homogeneous 
integral equation 


(In) ited wel a Ke, E) u(&) dé. 


It can be shown that any quadratically integrable solution of this equation 
has the form ; 


(7.08) wa) = S eo Yaa). 

Substituting this expression into (7.03) we get 

(7.04) z (cy —A dy Cris) Wr (x) = 0 

for every x, O0<x2<1, which implies* 

(7.05) wtp: “gh ie ioe : as reer 


In the case considered by Carleman s =O and the a, are real. We 
have then two possibilities. (i) k 0. Then 4 must equal 1/a, for some 
value of » in order that (J,) shall have a solution. Thus the set {1/a,} 
gives the point spectrum. To the characteristic value 2, — 1/a, cor- 
responds the fundamental function wu» (a) = W»(x), the number of linearly 
independent fundamental functions being equal to the multiplicity of 4,. 

(ii) k+0O. Then if 4 is not a characteristic value, 


k k Qin—1)/2 


(7.06) co = Tacrkes Cn = as PE n 1. 


IV 


In order that there shall exist a quadratically integrable solution x (x) 
of (J,) for non-real values of 4 it is necessary and sufficient, that 


converge. The kernel then belongs to Carleman’s class II. 


* We refer once more to Carleman for the justification of (7.05) and the preceding steps. 
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We are interested primarily in those kernels which (_ 2 for p< 2, 
In the case of Ko (x, §) this can be shown to be true if and only if the 
series 

00 n—1 
(7.08) > 2-2 Pa 2” am + 2” an 
mm 


n=1 


Dp 


converge. This condition is not consistent with (7.07) when p > 4/3 since, 
in particular, the series > 2‘?-»” | ay |? must converge. Thus if K(x, §)(C 2? 
with p > 4/3, then it cannot be of class II; the number 4/3 cannot be 
replaced by any smaller number in this statement. 

We can satisfy (7.08) for every p< 2 by assuming, e. g. 


(7.09) an = O(n") 


for any fixed a. Thus the condition (7.09) still leaves considerable freedom 
in prescribing the point spectrum of a kernel Ky(x, §)(C 2? for every p< 2. 

We now take s>0. Here we shall assume a, +0 for every n. Denote 
by m anyone of the integers 0,1,---,s—1 and put 


ao,0 = V2, Qm,o= 1 for m>0, 


(7.10) 
Am,n = Am AIm+s Am+2s +++ Am+m—1s for n>0O. 


Then 


n—1 
AN) Egan = A" 0, [og —h S 20IMOF G2? 


where the quantities c, c¢,---, ¢s-1 are arbitrary. 

The characteristic values may fill out domains in the 4-plane under 
much less restrictive conditions than in the case s = 0. Let us take the 
simplest case k = 0. Then 
(7.12) Cntns = a-* Gre “ns m=—0,---,s—1; n=0,1,2,---. 


> |c|? will converge for every value of 240 if, e.g. a,>o. In this 
case the homogeneous integral equation possesses (at least) s linearly 
independent solutions quadratically integrable for every 4+ 0. If |a,| tends 
to a finite limit a instead, the same will be true for |4|>1/a. 

The condition that K(x, §) shall (CC 2” is analogous with (7.08) though 
more complicated, but condition (7.09) is still sufficient in order that 
Ks(x, §) shall (_ 2? for every p<2. As we have just seen, the “point 
spectrum” may nevertheless fill out the region 0<|4|< 0. 


II. THe LiouvILLE-NEUMANN SERIES. 


8. In the present chapter we shall be concerned with the integral 
equations 
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1 
(1) y(e) = f@)+2f" K@, 8) y® ab, 
1 
W') e(2) = g(a) +4 {° KG, 2) 2(8) ab. 
The interval (0, 1) could be replaced by any other interval including 


(—o,-+0). K(x, &) shall be a measurable function of (x, €) and there 
shall exist a positive g such that either 


(L) f | K(x, &)|dx<q for almost every &, 
or 

1 
(M) f | K(x, §)|d&<q for almost every x. 


We consider three classes of functions, 2, Mt and Mt’. Here & is the 
class of functions integrable on (0,1). DM = M(K) is the class of 
functions F(a) for which there exists a finite == Mr such that 


1 
(Me) f | K(a, §) F(§)| d§ << My for almost every x. 
Finally we set 


(K’) K(§,2) = K'(z,§) and PM =M(K’). 





Our main theorem is the following 
THEOREM 2.1. If K(x, &) satisfies either (L) or (M), then all the iterated 
kernels Ky(x,&) of K(x, §) exist for almost all (a, §). Further the series 


(&) R(x, §;4) = - > % (x, $) ar 


converges for almost all (x, §), provided |4|< 1/q, and is the unique resolvant 
of K(x, &). 


(Y) y() = fla)—APR@,ENSQA — (A <1/a) 


defines a solution of (I) if either (i) K(x, §) satisfies (L) and f(x) &, or 
(ii) K (a, §) satisfies (M) and f(x)—_M. y(x) belongs to the same class as f(x) 
and is the only solution of (1) having this property. 


(Z) (x) = gla)—A, RE, 252) gO aE (2 << 1/g) 


defines a solution of (I') if either (i) K (a, §) satisfies (L) and g(x) WM’, or 
(ii) K(x, &) satisfies (M) and g(x)C_&. 2z(x) belongs to the same class as g(x) 
and is the only solution of (I) having this property. 
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9. We begin the proof of Theorem 2.1 by showing the existence of the 
resolvant. We shall carry through the argument in detail for the case in 
which the kernel satisfies condition (J/); after which a brief sketch will 
suffice to indicate the argument when (Z) is satisfied instead. We state 
once and for all that the phrase “a function exists” will be understood 
in the following to mean that the function in question exists for almost 
all values of the variables in their respective ranges. Similarly all ine- 
qualities are understood to hold for almost all values of the variables 
involved. Finally, 4 is fixed and |4|< I1/q. 

We first consider Ky, (x, §) defined by 


1 
K(x, 8) = | K(w,#) K(t,8) at, 


provided the integral exists. Consider the double integral 


«1 ‘1 
J f, | K(x, t) K(t, §)| dt dé. 


0 


By the theorem of Fubini, this integral exists if one of the repeated integrals 
exists. Now by condition (1/) 


1 1 1 
fixe@otfiee,9) as} at< af Keo) dt <a. 


It follows that the double integral as well as the other repeated integral 
exist and hence also 


1 1 oot 
f as K(a, t) K(t, §) dt = f Ky (a, §) d&. 
Consequently Ks(x, §) exists and 
1 
J, Ke@,D| a8 < ¢. 


Suppose that K,, (a, §) exists and that 


1 
(9.1) [i iKule,O) dk <Q". 
Then 


1 1 1 
Sie. O4f Kult, 9) ashar< of" K@, oO) at < @, 
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whence we conclude the existence of 


1 1 1 
[ras [' Ke, t) Kult, Sat and K(x, 1) Kult, 8)dt = Kuss, 8), 


and the estimate 
1 
Jp Kuss, 8) dB < or, 


It follows that all the iterated kernels exist and the estimate (9.1) holds 
for every n. Put 
(9.2) — D> Kn(w, &) 4" = Ien(aw, §; 4), |4| << 1/9. 
m=1 


kn(a, §; 4) exists for every n and by (9.1) 


1 
(9.3) J kno, 82) aB < g(1—a\a))>. 
Moreover 


1 
(9.4) Ti,n tp ={ lKn+p (a, §; A) —In (a, €; 4)| dé < q(q\4\)" (l—q|4|)-, 


11 | 
(9.5) Tn. ntp =|" \Kn+p (x, §; 4) —kIyn (x, &; A)\ dé dx | 
< g(q\4\"—g\ a), 


for every positive integer p. From these estimates it follows that 
ky (a, §; 4) converges in mean of order one with respect to § for almost 
every x as well as superficially with respect to (v7, §). But we can conclude 
still more. Putting 
€&, = Max Tnjntp; 
p 


we see that >'e, is convergent. It follows that k(x, §; 4) converges to 
a limit in the ordinary sense of the word for almost all (x, €).* Thus 
if we put 

ico) 
(9.6) R(x, §; 4) = — X Kala, 8), 


n=1 


then the series converges for almost all (2, €) provided |24:<1/q. In 
virtue of Plancherel’s theorem and the estimates (9.3) and (9.4) we find 
further that 


1 
(9.1) Jp 8@, 8:2) a8 < q(—a\a)>, 








*See M. Plancherel, Bull. Sci. Math., (2) 47 (1923), pp. 195-204 (197-200). 
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1 
(9.8) f R(x, EF; A)—ken (a, €; | dE < g(q|4\"A—@)4))7, 
B 8 
(9.9) lim [Pinte EA) dé =|’ R(x, €; 4) dE, 0 < a<B <1, 


where all relations are true for almost every zx. 
10. If K(x, §) satisfies condition (Z) instead of (M) we prove in the 
same manner that all the iterated kernels exist and 


1 
(10.1) , Kn(x, §)| dx < q", 


1 
(10.2) Jn, n+p ={ | Kn tp (a, §; 1) —kn(z, §; A) dx < q(q|4 Dae! ———- A|)-3, 


with a similar inequality for the repeated integral. We conclude that 
R(x, &; 4), defined by (9.6), exists, and that formulas (9.7)-(9.9) remain 
valid provided d& be replaced by dz, the relations so obtained being 
valid for almost every &. 

11. We next proceed to a study of the functions which belong to 
MK) = M. We shall use the following abridged notation 


1 r) 
K-F() = [ K@,)FWdt, &-F) = [' @e, t;4 Fat, 
R-K-F(x) = ff se, Ke, t) F(t) dt ds, 
1/1 
K.&. F(x) = J, J, K@, 9&6, t; 4) F(t) dt ds, 


and similarly for other functions. When no ambiguity is likely to arise, 
K. F(x) will be replaced by simply K. Fete. he fundamental properties 
of the class Wt are expressed in 

Lemma WM. If K(x, §) satisfies condition (M) and if F(x) M, then 
Ky,- F(a) (n = 1, 2, 3, --), R- F(x), R-K- F(x), and K-S. F(x) exist 
Sor almost every x and(_M. Moreover R-K- F(x) = K-R. F(x) almost 
everywhere. 

Proof. K.-F exists by the definition of the class Mt (see formula (M) 
of § 8); since 


1 m 5 e 
f K(w, »)|| K(s, t) F()| dt} ds < Mg, 


K-FC MM. It follows immediately that K.K.F = K,-F exists and 
C” MM, and hence that every K,-F exists and CM. Moreover 


(11.1) |K|-|Kn-F| < Mq". 
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Thus k,- F(x) exists and (_ Mt for every mn. Using (11.1) and assuming 


4|<1/q, we find that 
\kn- F| S M(1--g|4\)*, 


| K\-\kn» F| < Mq(i—q|4|)-, 
watp = | Kntp—n|-| F'| < M(q\4\)" (1—q|A|)-, 
natp = |K|-|knip—kn|-|F| < Mg(q!4\"(i—q)4\)7. 


In virtue of these estimates and the fact that k,>S8 almost everywhere, 
it follows by Plancherel’s theorem that 


(11.2) lim kn F = &-F, |&-F\|< MU—g|4\, 
(11.3) lim | K|-|kn-F) = |K|-|&-F| © Mg(Vl—q/a|y, 
nun 


which shows that R- F(x) exists and (LM. 

We have already seen that if G(x) M then A-G@(zx) will exist and 
CM. Taking G(x) = R- F(x) we see that K-R- F(x) exists and M. 
A similar argument applies to &-K-F(x). It remains to prove that 
these two functions are equal almost everywhere. Put 


1 
(114) K(x, 8) = [KO ) Kt, Hat, Ke, 8) = K(w, 9). 
The existence of these functions and the relation 


(11.5) K™(2,&) = Kala, 8), (n = 1, 2, 8, --+) 


for almost all (a, &), will now be established. Suppose that this has been 
done for » <m and consider the triple integral 


Bl pl 
In = [off Ke, u) Km-i(u, t) K(t, )dudtds, 0<A<1. 


The existence of J» is proved by a threefold application of formula (9.1). 
We can compute the value of J» in two different ways. On the one hand 


B rt B pl 
In =f" [ Kuo, OK(, Datas =f" [ KM, | KU, Hatas 
8 
=f. Km» (x, &) dé; 


on the other 
Bl 
Jm =f VS, K (x, u) K™—” (u, t) K(t, §) du dt d& 
1 a 
=f K(a, u) Km (u, §) dudé = f f K (a, u) Kn (u, E) dud& 
8 
= { Km-+i (aw, §) d§. 
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It follows that K+» (a2, §) also exists and (11.5) holds for » = m+1. 
Since (11.5) is trivial when n = 1 and 2, this relation holds for every n. 
An immediate consequence of (11.5) is that 


thtmnecars 


a p62 2e 
- Mare; 5 


1 1 
(11.6) [kn (ew, 652) K(t, Hat = [Ke Okn(t, Dat, n=1,2,-- 


AE CE Ag BES REIN 


for almost all (7, §). Indeed the common value of the two sides of this 
equation is 4-1 [kn41+ K]. Thus 


(11.7) AK-R-F=AR-.K-F = limkyys-F+K-F = &.F+K.-F, 


nn” 


om 
ES 


PE Ay 


or in unabridged form 
1 1 
f K (a, )Fwat+y, K(x, t;2)F (dt 
“1 1 
(11.8) = Af [' K@, 98,6) FO deat 


1 1 
a aff, R(x 8; 4) K(s, t) Fb) ds at. 


This fundamental relation holds almost everywhere in x for every func- 
tion F(a) of M. 

12. We are now able to prove that part of Theorem 2.1 which refers 
to equation (7), A (x, §) satisfying condition (/). Let us first show that 
KR (x, §; 2) is a resolvant of K (a, §&). Put 


rw = {) when 0 < x < & where 0< § < 1, 
10 elsewhere. 


eho ee 
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This is obviously a function of Mt. Substitution in formula (11.8) gives 
5 é Efi 
f, K (a, natty] R(x, t;4)dt = uf (KC, s)R(s, t; A dsdt 
Eel 
sis af. R (a, s; 2) K(s, t)dsdt 


for almost every x. Since § is arbitrary we get for almost all (a, &) 





: 
is 


1 
K(x, 8)+8(2,§:2) = af, K (a, 8) &(s, & Ads 


1 
= af, R (x, 8; 4) K(s, §) ds 


which shows that & (x, §; 2) is a resolvant of K (x, &). 
The uniqueness of the resolvant is easily shown with the aid of the 
abridged notation. We can write (12.1) as follows 


(12.1) 


(12.2) K+& = 1K. = 18.K, 
or 
(12.3) (E—1K).(E—i’8) = (E—18).(E—1K) = E, 
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where E denotes the identical operation. Suppose the existence of a function 5 
satisfying one of the reciprocal relations, for example 


(E—A$).(E—AK) = E. 
Operating on the right with H—ASK we get 
E.(E—A8) = (E—AQ)-£, or § = &. 


The same type of reasoning applies if the other reciprocal relation is 
supposed to be satisfied. Thus the resolvant is unique. 

Formula (Y) will now be proved for the case in which K(2, &) satisfies 
condition (M) and f(x) belongs to M. We put F(x) — f(x) in (11.8), 
obtaining after some simplification 


y (a) = f(a) —A&-f(a) = fle) +1 K-f@) —BK-&- f(a) 
= fe) +1 K-y (a) 


which proves (VY). Since /(~)C_ M we conclude by Lemma MW that KR-/(x) 
and hence also y(x)C_ M. 

That this is the only solution belonging to Mt can be proved as follows. 
Suppose that Y(x) is a solution of (7) and that f(x) and Y(x)C MM. 
The abridged form of (J) is 


(12.4) Y = f+AkK.Y. 
Operation on the left with &, which is permitted by Lemma M, yields 


R-Y = R-f+AR.K.-Y, 
and, by (12.2) and (12.4), 


AR. = —IK.Y = f—Y 
or ‘ 
(12.5) Y = f—A&-f 


which shows that V(x) = y(x) almost everywhere. 

13. We shall now sketch the proof for the case in which K(z, &) 
satisfies condition (1). The basis of the argument is 

Lemma 2. If K(x, §&) satisfies condition (L) and F(x)C_& then the functions 
Ky- F(x) (n = 1,2,3,--+), R- F(x), R-K-F(x), and K-&-F(x) exist for 
almost all x and (_&. Moreoxer, K-R-F = &.K-F almost everywhere. 
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506 E. HILLE AND J. D. TAMARKIN. 
Proof. Suppose that 


(13.1) fire eos: Fs 
Then by (10.1) 
a 1 
J | F(?) | tf, | Kn (x, t)| da} dt < La" 


Hence 


1 1 
f de| | Ki(a, t) F(t) dt. 


exists which shows that K,-F exists and (_ % for every n. 
But then the same is true of k,-F and for |4|< 1/q 


—sr | 
(13.2) Jo ae! [okn(e, 5) FO at) < La—q|a\>, 


1 £1 
(13.3)  Jantp = tf Kntp(a, t3 4)—In(a, t; 2)|| F(t) dt dx 
< La(q 4\)"(l—q\4|). 


Using these estimates, Plancherel’s theorem, and the fact that ky (a, t; A) 
—>R(x, t; 4) almost everywhere, we conclude that 


1 1 
(13.4) lim f, dx\ { kn (a, t; 4) F(d) at a ” de| ay (x, t; 4) F(t) dt 
no 


. 


< Lett A a ‘. 


It follows that R- F(a) exists and C_ &. 
The proof that R-K- F(x) and K.R.- F(x) exist, belong to 2, and are 
equal almost everywhere, follows the same lines as in the M-case. The 
fundamental relation (11.8) remains valid when F(x)C_ &% and K(a, &) 
satisfies (Z). It follows that both the reciprocity relations (formula (12.1)) 
and the proof that (Y) defines a solution of (7) hold under the new 
assumptions. Using Lemma 2% we see that &-f(x) and hence also 
y(x)C_ 2. The uniqueness proof likewise holds, mutatis mutandis. ; 
14, The discussion of the adjoint equation can now be made quite short. 
We can write (J’) as follows 


1 
(x) = gla) +4 f° K'(w, De® as, 


where K’' (x, §) = K(&,x). Consequently we can use the results already 
proved for equation (J); replacing K(x, §) throughout by A’ (x, §) we 
obtain the corresponding results for equation (Z’). In doing this one 
should observe that 


R' (x, §; 4) ee RK (E, x; i), 
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and that K’ (x, &) satisfies condition (L) if K(a, §) satisfies condition (M), 
and vice versa. The class 2, of course, remains unchanged whereas 
Mm — M(K) has to be replaced by Mt’ = M(K’). These remarks 
complete the proof of Theorem 2.1. 

15. Theorem 2.1 is in some respects the best possible theorem of its 
kind. Suppose, e. g., that K(x, &) satisfies condition (M/), then the theorem 
asserts that (J) has a unique solution CM when /(x2)C M and 
4|<1/q. No statement can be made for |24|>1/q and the theorem 
does not exclude the existence of a solution not (_ M for |4|<1/q. To 
illustrate this possibility we may use the kernel defined by formula (5.31). 
Condition C; of § 5 shows that this kernel satisfies (42) with g=1. In 
virtue of condition C; of the same paragraph, the class Pt = M(K) 
contains all functions F(x) such that 


at : 
1 | | F(a) |\dxe<M,0<é6<1, 
1—d 


in particular, all bounded measurable functions; here 2 —) M but the con- 
verse is not true. The corresponding homogeneous equation has a solution 
(— 2?(p<-+) for every 2+0 and CM for |4;>1. It follows that 
the non-homogeneous equation has infinitely many solutions (_ 2, when 
O0<|A\<1 and f(x)C M, only one of which CM. If 4 >1 there 
is either no solution (_ Mt or infinitely many such solutions, according to 
the choice of f(x) in M. 

In the example just mentioned 2) M. The situation may easily be 
reversed; in such a case it may happen that a solution (_ M without (— &. 
The diagonal kernels give us a case in point; conditions D, and Dx of 
§ 4 express respectively that K(x, &) satisfies (A/) and f(x) (_M. If these 
conditions are satisfied y(#)—/(x)C_ &, but y(x)C_ & if and only if 
J (x) C & and this need not be the case if merely D, and D, hold. 

16. It is possible to replace conditions (LZ) and (M) by conditions of 
a similar nature. Assume the existence of two almost everywhere positive 
measurable functions 7(x) and m(x) such that either 








(L*) { | K(x, §) U(x) dx <ql(&) almost everywhere, 
or 
(M*) f | K (a, &)| m(§) d§<q m(x) almost everywhere. 
Then put 
61) f@=L9%, ya =4@,  xe,y =lOK@», 


U(x) ’ L(x) ’ L(x) 
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or 


SSCs 
rhe Mies puree 


m(x) 


(16.2) f(x) = m(x) f*(x), yr) =m(x)y*(a), K(w, &) = m(E) K*(a,8), 


ae SD 


according as K(x, &) satisfies (Z*) or (M*), and substitute these expressions 
in equation (7) which then becomes 


1 
(I*) y* (x) = frat K* (a, §) y*(&) dé. 
Similarly put 
(16.3) g(x) = (a) g* (x), z(x) = Ia) 2* (a), 
or 


(16.4) g(x) = 


ae 


peepee ea ya ae " 


bo 


remanent A ET ae te nO TN eT Rn Hit . 


£0 4g = 2 


ma) ’ mix) ’ 


: Series ‘ + aiaig ia . 
FLIRT RE AT IE ERNE ITI WRITE: PLES RT te 


according as A(z, §) satisfies (L*) or (M*), defining K*(x, §) as above. 
Substitution in equation (J’) gives 


(r*) oud = eure f ‘K*(8, x) 2*(8) dé. 


Theorem 2.1 applies to the resulting equations (J*) and (/*’), since 
K* (a, &) satisfies either (Z) or (J/) according as K (x, &) satisfies (*) or (M*). 
Let g(a) denote either of the functions /(~) or m(x), and introduce the 
following classes of functions: L(y), M(K,—~), and M’(K,¢y). Here L(g) 
is the class of functions F(a) such that 


J, F@)| 9@) de 


exists. F(x) MN(K, ~) if and only if there exists an M— Mp such that 


es 


1 
f K(x, §) F(§) | d& < Mr g(x) almost everywhere. 


Finally putting A’(x, §) = K(&,x) we define M’(K, y) = M(K’,g). 
THEOREM 2.2. Theorem 2.1 holds if conditions (L) and (M) be replaced 
by conditions (L*) and (M*) respectively, provided the statements about the 
existence of the solutions are modified as follows: (XY) defines a solution of (I) 
if either (i) K(x, &) satisfies (L*) and f (x)(_2(0), or (ii) K(x, §) satisfies (M*) 
and f(x) MK, m). (Z) defines a solution of (1') if either (i) K(a, §) 
satisfies (L*) and g(x) W'(K, 1), or (ii) K (x, §) satisfies (M*) and g(x) &(m). 
The proof of the theorem follows from the fact that Theorem 2.1 applies 
to equations (7*) and (J*’). We have thus merely to verify that the 
existence of the resolvant #* of A* implies the existence of the resolvant & 
of K for almost all (x, €), and that the formulas (Y*) and (Z*), of obvious 


a ee tes — cme cn ee St = tie eA ie = CRA Me ANP Ap ly CIPLC ODI Re es a sili | .~ ~ . ~ “ 
= me, = ‘ 3 tart $284) Rr Cw "AX " he ot , ~ —_ = 
¥ BOREL EN SS ut MENTS ORNS an eS A i eee em TS Lamar ert ree 
a z weet 3 > 
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meaning, imply formulas (Y) and (Z), respectively, for almost all x. 
shall show this in the (/*) case. Then 


1 
Ki (2, 8) —{ K* (x, ) K*(t, dt — - 28 (" K(a, t) K(t, 8)at 


_ m(&) 
— m(a my ee x, §) 


which shows that K,(2,&) exists for almost all (#,&). It follows by 
induction that K, (x, §) exists for every m and almost all (x, §) and 


m(&) 


Kr (x, j= — “m(a) ) Kala, §). 
Likewise 
R* (x, §:2) = - =e) (2, 8:2), 


which shows that S& exists almost everywhere. Suppose now that 


S* (x) C M(K*), then ; 
(Y*) y* (x) = fr@o—2f R* (x, E; A) F* (SE) dE 


defines a solution of (J*) for |4\<1/q which (_ Mt(XA*) and is the only 
such solution. If we substitute the expressions for the starred functions 
derived from (16.2) in (Y*), formula (Y) results for almost every x. If 
S* (x) C M(K*) then f(x)  MCK, m); since y* (x) is unique, the same 
is true of y(x). A similar discussion can be given for (7’) and for the 
(L*) case. This completes the proof of Theorem 2.2. 





IJ. THE APPROXIMATION METHOD. 

17. We have seen that conditions (Z) and (M) suffice to ensure the 
existence of the resolvant only for 4|<1/q. In order to operate outside 
of this circle we must impose additional restrictions upon the kernel. It 
is natural to use E. Schmidt’s approximation method (German: Abspaltungs- 
methode) for the continuation process and to choose the restrictions 
eg We shall assume the existence of a bounded function 
K(x, §, €) such that either 


(LZ +) f K (aw, §)— K (a, §&, «)| dw < « for almost every &, or 
1 
(M+) f | K (a, §)—K (a, §, «)| d& < « for almost every z, 


where «<q. Let Q be the greatest lower bound of the values of « for 
which such a function exists. Then 0<Q<q. 
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There are various functions connected with K(x, §) which we may well 
keep in mind when looking for a suitable K(x, &,«). The most natural 
choice is perhaps the function 


K(a, §) when | K(z, §)| < N, 
(17.1) iw (a, §) ~— 0 


The effectiveness of this choice will depend upon the values of 


elsewhere. 


(172) 8, = tim fi, | K(@, 8)\ dx, and 3, = tim fi |K(, Dla, 


Referring to condition Ds of § 4, we see that in the case of a diagonal 
step kernel 6, = 0, = 0 if and only if lim ce, = 0; moreover, 6, = 03 = 


implies lim |c,| == 0. In the latter case there is at least one point of 
n—->D 


A’ on the circle |4|— 1/0. It is readily seen that Q = 0, so that 
Ky(«x, §) is the best choice available. The situation is more complicated 
in the case of step kernels with “limited columns”. Here conditions C; 
and C, of § 5 give necessary and sufficient conditions in order that 0, 
and 0, respectively shall be zero. There is nothing to indicate that these 
conditions are necessary in order that Q shall be zero. 

Another natural choice is the following. Put 


] E+h 
G(x, &, h) = + fe K (a, s) ds, 
(17.3) isan 
@O(z, s) = {- | K(x, t+ s)—K(a, t)| dt, 


where K(x, &) is defined to be zero outside of the fundamental square. 
By a theorem due to Lebesgue, @(x, s)>0 as s>0, «x being fixed. If, however, 


he 
(17.4) { @(x,s) ds = o(h) uniformly in z, 


or, in particular, 
(17.5) lim O(x2,s) = 0 uniformly in x, 
s—>0 


then G(x, &,h) is a suitable choice for K(x, &,«) in (M+), and Q = 0. 
Indeed, G(x, &,h) is a bounded function of # and § for h >O fixed, and 
continuous in §. Further, 


2-+.00 a+ he 
J | K (a, §)— G(7,§,h)\ dé < +: { as | | K(a,&+s)— K(a,§&)| ds 
=—— 90 eJ—H 0 

1 *h 


= asf |K(x,&+s)— K(a,§)| dé 


h Jo 


1 th 
= a @O(z,s) ds, 
h 


0 
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which proves the assertion.* Interchanging the réle of x and & in (17.3) 
we obtain an approximation function suitable for (2+). This choice is fully 
as effective for diagonal step kernels as the preceding one, but obviously 
it might be less suitable in the case of kernels of a more general type. 

We have found two approximation theorems of this nature in the literature. 
T. Carleman? who restricts himself to real symmetric kernels with regularly 
distributed discontinuities uses a method essentially the same as that de- 
fined by (17.1). 


b 
E. E. Levit on the other hand claims that if f K(a, §) d& is (absolutely 


and) uniformly convergent in the sense of de la Vallée-Poussin,§ then to every 
given € >O there exists a polynomial P(x, &) such that 


b 
(17.6) [\K@,9—P@,D| de<e, OS ed. 


It is understood that K(x, §) is integrable in the sense of Riemann, and 

that for every x the set of points where the oscillation of K(x, &) is in- 

finite is such that all but a finite number of its derived sets are vacuous. 

b 

Under these assumptions de la Vallée-Poussin says that f K (a, §) dé is 

absolutely and uniformly convergent if 
| oy —e 0<t< d—d, 

(17.7) |K(a,&)| d& < e(d), i<e<t, 

where ¢(d)—0 with 6 and is independent of x and ¢. 

Levi's proof is not satisfactory and his theorem is not correct. In order 
to prove this, we show first that any function K(x, §) satisfying (17.6) 
with P(x, §) a polynomial or even merely a continuous function has the 
additional property that (17.5) holds. Indeed, defining K(x, §) and P(z, &) 
to be zero outside of the fundamental square, we have for s >0 


O(2,s) = [- |K@,t+)—K(e, | at 
< [| K@,t+9—Pe,t+9|\a+f" |K@,) —P@,o|at 
+ [>| Pe@,t+9—Pe, 9) at 
—[""|K@,t+)—P@,t+9\attf |K@,) —Pe,o|at 
+f \P@,t+)—P@, oat +f), |Pe@,tt+o)lat. 


*A similar argument has been used by N. Wiener in some recent work of his. 
7 C.I, 42. 

t Loe. cit., p. 645. 

§ Journal de Math. (4), 8 (1892), pp. 421-467, especially pp. 436-437. 
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If (17.6) holds, the first and the second of these integrals can be made 
as small as we please by a suitable choice of P(x, &); then we can make 
the third and fourth integrals arbitrarily small by choosing s small since 
P(x, §) is uniformly continuous. Hence we can make @®(z, s) uniformly 
small by making s small which shows that K (x, §) satisfies (17.5). 

We shall now exhibit an example of a function K (x, §) which satis- 
fies (17.7) but not (17.5). We define 


K(x, §) = $0t+(—1)J 
(17.8) sue e = 2<i-F™, “a == 3,9, o+<, 


for nom SE <(nt+1)2, n= 0,1,---, 2"—1. 


This is clearly a bounded function, integrable in the sense of Riemann, 
which satisfies condition (17.7) with «(0) — 06. Now consider ®(2, s) with 
1—2J-FH1 < 7< 1—2-~-* and s = 2-/—2-/-*, where 7 and k are ar- 
bitrary positive integers. Then K(x, ¢-+s) = 0 for t> t; = 1—27; on 
the remainder of the interval O<¢< 1 it equals 0 (or 1) whenever 
K (a, t) = 1 (or 0). It follows that 


t; “1 . 
(x, s) =|, at+f, K(a#, )dt = 1—27+27-1 = 1-271, 
i; 


i.e. no matter how small s is (jy large), @(x,s) may exceed 1/2 for 
suitably chosen values of «. This shows that (17.5) is not a consequence 
of (17.7) and hence that (17.6) is not a consequence of (17.7) in contra- 
diction to Levi’s theorem.* 

18. After this discussion of the possibilities of finding an approximating 
function K (a, §, €) we proceed to a discussion of the consequences of its 
postulated existence. Thus it will be assumed that there exists a bounded 
function K (x, §, «) for every «>Q such that either condition (Z-+-) or 
condition (+) is satisfied. In addition, the kernel shall satisfy the 
corresponding condition of § 8, i.e. either (LZ) or (1), in case this is not 
already implied by (1+) respectively (7+). Let 7 and /y) be the regions 
\A|<1/Q and 4 <1/gq respectively. Let 2, Mt and M’ be defined as 
in § 8. We assume that for every « >Q 


(18.1) M(K— Ke) DMCA) and M' (K— Ke) DM (K), 


where K, = K(x, &,«). This condition is automatically satisfied if 
K (a, §, €) equals Ky (a, §), defined by formula (17.1). Put 


* See further the Note on p. 528. 
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(h) ula) = af" K(@, 8) u@) a8, 


1 
(x) v(z) = Af’ KG, a) 0 ab, 


and let (Z) and (7’) denote the integral equations of § 8. 

THEOREM 3. For a kernel K (x, §) satisfying the conditions stated above 
there exists a denumerable point set 4 = {4,} _I—I, having no limit 
point (_I’, with the following properties. If 4 = 4n equation (In) has 
a finite number of linearly independent solutions, bounded for almost every x 
if K (a, §) satisfies (M) and (M+), (2 if K (a, §) satisfies (L) and (L+) 
instead. Equation (In) has the same number of linearly independent so- 
lutions, bounded for almost every x if K (x, §) satisfies (L) and (L+), C2 
if K (a, §) satisfies (M) and (M+). 

There exists a function & (x, &;4), holomorphic in I), meromorphic in I 
with poles .at the points of the set 4, such that 


(Y) y(e) = fa)—2 J &@, & DF@ Aas 


defines a solution of (I) for 4(_ ['—A provided either (i) f(x) C & and 
K(a, §) satisfies (L) and (L+), or (ii) f(x) C M(K) and K(x, §) satisfies 
(M) and (M+). y(a) belongs to the same class as f(x) and is the only 
such solution. Further, 


(2) ey) = g(e)—4 RE, 2; 2) 9) dF 


defines a solution of (I') for 4(_ ['—A provided either (i) g(x) C M'(K) 
and K(x, §) satisfies (L) and (L+), or (ii) g(x) C & and K(z, &) satisfies 
(M) and (M+). 2z(x) belongs to the same class as g(x) and is the only 
such solution. 

If f(x) satisfies the conditions stated above, then a necessary and sufficient 
condition that (I) shall have a solution (in the above sense) for 4 = hd, is that 
f SF (x) v(x) dx = 0, where v(x) is an arbitrary solution of (In). Analogous 
conditions hold, mutatis mutandis, for the equation (I'), 4 = dy. 

19. We begin the proof of Theorem 3 by considering equation (J) in 
which we assume that f(x)  It(K) and that K(z, §) satisfies (17) and (M+). 
Let 4 = 4, be fixed, 44° _©—I. We can then find a K(x, &,«) = G(z, §) 
such that |4|<1/e. Put 


(19.1) K(x, §) = G(x, §)+ H(z, &). 
Here G(x, §) is bounded and A(z, &) satisfies condition (M) with g replaced 


by «. According to Theorem 2.1, H(z, &) has a unique resolvant (2, §; 4) 
defined by its Liouville-Neumann series for |4|<1/e. Hence 
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514 E. HILLE AND J. D. TAMARKIN. 
(19.2)  (E—A$).-(E—1H) = (E—AH).(E—2) = EB. 


The following lemma will be needed: 

Lemma 3.1. Let K(x, §) = G(a, §)+ H(z, §) where G(z, §) is bounded, 
K(x, &) satisfies condition (M), and M(K)C M(A). Let f(z) C MK). 
Then G.f(x), H-f(x) and -f (ax) exist and are bounded and, hence, 
C MK). 

Proof. We have 


|G-f(x)| = |(K—H)-f@)| S| K-f@)|+| H-f@)|. 


The last two expressions are bounded because f(x) C M(K)C M(A#A). 
That $-/(x) exists and is bounded follows from formula (11.2). Since 
every bounded and measurable function belongs to all classes MM, the 
lemma is proved. In particular, it follows that the functions 5- G(a, &), 
H-4.f(x), 9-H-G-f(x) and @-H-f(x), which will be introduced below, 
exist and are bounded. 

Let us write equation (J) as follows 


y=ft+sG-y+i-y, 
or 


Operating on the left by H—AQ (for the justification, see below), we 
obtain by (19.2) 


(19.3) y = (E—A9)-f+4(E—29)-6-y, 
or . 

(I) ya) = fi@)+a[” Kw, )y® ab, 
where 


file) = fA J" 9, t DP at, 


K,(@, 8) = G(@, HA] Ole, t;) GU, Hat. 

Here f(z) M(K) since it differs from f(x) by a function which is 
bounded by virtue of Lemma 3.1. K, (x, §) is also bounded since it is the 
difference of two functions which are bounded, one by assumption, the 
other by Lemma 3.1. 

Suppose now that equation (J) has a solution y(x)C_ M(K) when 
J (x) MK). Then G- y(x) and H-y(x) are bounded, and it is permissible 
to operate by E—AQ as above. It follows that any solution y(x2)C_ M(X) 
of (Z) must also be a solution of (J;). 
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LEMMA 3.2, M(K)C M(K). 
Proof. Suppose that f(a)C M(K). Then by (19.4) 


K,-f = G-f—19-G-f,; 


these expressions being bounded by Lemma 3.1, it follows that K, -/ is 
bounded and hence that f(x)(_ Dt(K,). As a consequence f, (x), defined 
by (19.4), C M(H). 

LemMA 3.3.* If Ky (x, §) is a kernel having a resolvant R (x, §; 4) 
bounded for almost all (x, §),4 fixed, and if fo(x) M(Ko), then the 
integral equation 


(I) y(a) = fol) +4 [Ky w, By (®) a8 
has a unique solution (_ M(Ko), viz. 
(%0) y(2) = fol)—2 ['R(e, 8D fH AaB. 


Proof. According to the assumption 


Ky+X = 1 Ky - Ro = AR - Ko. 
Hence 


Ko - fo (x) + So - fox) = 4 Ko- e+ fo(x) = 4Ry- Ko- fo(z), 


provided these functions exist. Now K,y-jfo exists and is bounded by 
assumption; since &) is bounded, ®)-K,-jf, also exists and is bounded. 
It follows that all the functions in question exist and are bounded, and, 
in particular, this is true for &-/. 

Now suppose that (J,) has a solution (_ Mt(K); it is then permissible 
to operate on the left by 48, which gives 


ARo+ fo = AK -(E—AKy)-y = —AK-y = —yt+h, 
y = fo—4& - fo. 


This solution actually _ M(Ko) since fo (x) M (Ko) and Ky - fo is bounded. 

It should be noted that if fo(x) and Ky(x, §) be identified with the 
corresponding functions in formula (19.4) then fo(7)C M(K) C M(H), 
by Lemma 3.2, and the solution of (J,), defined by formula (Y,), if we 
suppose for a moment that the assumptions of Lemma 3.3 are satified, also 
(~ MN(K) and is the only such solution. 


or 





* We have not been able to find this lemma in the literature, but do not imagine 
that it is new. 
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Our problem is then reduced to the discussion of the existence and 
properties of the resolvant of K,(#,&). This kernel is a polynomial of 
the first degree in 4 with bounded coefficients. Such a kernel either has 
a resolvant for no value of 4 or else the resolvant exists as a meromorphic 
function in the whole plane.* In the case of K, (a, §) the second possibility 
is realized. Indeed, K,(z,&) is bounded for almost all (x, §) so that the 


series >> Ki,n(x, §)4"— converges for small values of |4|. Hence the 
n=1 


resolvant exists for small values of |4| and is, consequently, meromorphic 
in 4. The resolvant can then be written as the quotient of two. entire 
functions of 4 of which only the numerator involves x and §, and is 
a bounded function of these variables if K,(x,&) is bounded.t The resol- 
vant &,(x,§&; 4) is consequently bounded for almost all (x, §) when 4 is 
fixed and not a pole. 

Let the poles of &,(x, §; 4) located in the circle |4|<1/e be 4,, Ag, +++, An. 
Suppose that 4, is different from any of these points. Then &,(x, §; A) 
is bounded for almost all (#, §) and Lemma 3.3 applies to equation (J;). 
It follows that this equation has a unique solution C M(K) when 
J (x)C MK) which is consequently also a solution of (J)C M(K). It 
is readily seen that 


(19.5) y(x) = f(a)—hy [° &(w, B; a) FB a8, 


where . 
(19.6) K(x, §; 4) = Ki (wv, §; 4) + Gla, §; a—af K, (x, t; 4) H(t, §; 4) at. 


The resolvant R(x,§; 4) is clearly a meromorphic function of 4 in the 
circle |4|<1/e for almost all (z, &). 

Suppose now that 4, is a pole of R(x, &;4). Then the equation (J,) 
has ordinarily no solution whereas 


(Jin) u(r) = dy f K, (a, &) u(&) dé 


possesses a finite number of linearly independent solutions, bounded for 
almost all x. Any such solution C_ Mt(K), and there can be no other 
solutions of (Ji,) which _ Mt(K). Indeed, such a solution also M(K,) 
by Lemma 3.2, and equation (J;,) shows that it must be bounded for 





* J. D. Tamarkin, these Annals, (2) 28 (1927), pp. 127-152 where this theorem is proved 
for kernels holomorphic in 4 and satisfying certain integrability conditions in (a, &). 

7 Tamarkin, loc. cit., p. 140, formula (41) which holds for the present case though 
derived under different assumptions. The same result could be obtained with the aid of 
the Fredholm theory since the kernel is supposed to be bounded. 
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almost all x. Every solution of (Ji,) which C 9t(K) is also a solution 
of (Jn) and vice versa. Thus (J;) has a finite number of linearly independent 
solutions for 4 = 4, which are bounded for almost all z. We shall con- 
sider the question of when (7) is compatible with (J,) in § 22. 

20. Let us now consider equation (7) in the case in which K(z, &) 
satisfies (Z) and (Z+), and f(x)(_&. We write as in § 19 


K(x, §) = G(a, §)+ H(, §). 


It is, however, not suitable to base the discussion of this case upon the 
equation (J,), since the kernel K, = (E—A)-G@ is no longer bounded. 
On the other hand, K* = G-(H—A$) is certainly bounded, so we shall 
introduce a new auxiliary integral equation with K* as its kernel.t We 
proceed as follows. Suppose that (7) has a solution (_ 2 and put 


(20.1) q(x) = (E—AH)-y(2). 

Then 7(x)C_ 2 by Lemma &. Conversely, if 7(2)C 2%, then 
(20.2) y(x) = (E—AQ)- 9 (2) 

("2 by Theorem 2.1. Hence we can write (J) as follows 
(20.3) q = f+4G.(E—AQG)-4 

or 

7") na) = fe) +AfK*(w,8) (® ab, 

where : 

(204) —- K*(w, 8) = G(x, )—Af Ow, Ht, 8; 2) at. 


This is the required auxiliarly equation. Since G(x, §) is bounded, K* (z, &) 
is bounded (cf. the analogue of formula (9.7) mentioned in § 10). 

The existence of a resolvant is shown as in§ 19. S*(x,&; 4) is a mero- 
morphic function of 4 which is bounded for almost all (x, §) if 4 is not 
a pole. Let the poles of the resolvant in the region |4|< 1/e be denoted 
by 4,, 49,-+++,4n. Suppose that 2 is not a pole of R*. Then (J*) has 
a unique solution (_ &,f viz. 


(20.5) n(x) = f(e)—Io J R* (w, F; bo) $@) a. 





+ Compare Carleman’s discussion of the adjoint equation in C.I, pp. 18-25. 
{See Lebesgue, Bull. Soc. Math. de France, 36 (1908), pp. 3-19, especially p. 17, and 
Hobson, loc. cit. p. 322. 
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y = (E—1,G) -(E—AK*) -f, 





a 


aa mene ane 
se Tae ern. 3 oo ip ha 
: . erste ee 











; or 
1 

; (¥) yx) = fla)—dy {8 (w, &5 In) FE) a8, 
' where 
His Rc, F; 2) = Hw, F D+M*(w, F; 2) 
| E 20.6 1 

he vats —af D(a, t; 4) K*(t, 5 4) at, 
f | which is clearly a meromorphic function of 4 in |4|< 1/e for almost all 
| ee (x, €). Since 9(x) is the only solution of (J*) which C &, it follows that 
Litte y(x) is the only solution of (Z) which C &. 
: If, on the other hand, 4 is a pole of R*, equation (.J*) has ordinarily no 
aie solution whereas 

. | 1 

- Fp) v(a) = do [K*(@, 8) v®) dk 


has a finite number of linearly independent solutions which (_ % (and are even 
bounded). To every such solution v(x) corresponds a solution u(x) of Uh) 
defined by 


(20.7) u(x) = v(e)—do | O(x, t; 4o) (0) at 


Re it Ne 
%. ~{ 
‘ 





which clearly C_%. Conversely, to every solution of (J,) which (2% 
corresponds a solution of (Jn) which C , viz. 


1 
(20.8) v(z) = u(e)—bo J, H(a, t) u(t) dt. 
. 21. The discussion of the adjoint equation can be made very brief. We 
have merely to put 
(21.1) K(§,x) = K’' (a, &) 


and then to apply the results of the previous discussion to the equations 


(Z’) e(x) = gla) +2) K'(w, 8) 2(8) ab, 


FR ARERR OE Rie SR is 2 ER EI LOIRE A SI IO A ig 
FS ee ae * <i ES < 2 oT 
‘ : 


Btn ts EP a a: ap aDE RG Pe DS 


SRT Se Ag A Re ye 
“+ a " a a 





1 
(Ik) v(z) =A) K', Dv) ab, 


SET GPCI 
7. * 





utilizing the remarks in § 14. It is perhaps not quite obvious that 















(21.2) (a, §; 4) = KE, x; A). 
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We shall prove this under the assumption that K(z, &) satisfies conditions (4) 
and (M+). K’'(x, &) then satisfies conditions (Z) and (Z+) and §’ is defined 
by (20.6) as follows 


8 (x, $52) = H'(v, F D+R™ (@, B:2) Af" 9, 5H R(t, Dat. 


But 
§' (x, §; 4) = O€, 2; 4), 
and 
K'* (2, E) —_ q@’—1@q’. 5’ 
(21.3) = 6,2) —1f' att, ) 9G, 0 at 
= Kk, (§, x). 
Hence 
(21.4) R'* (x, &; 4) = HE, x; A), 


and consequently 
R' (x, §; A) — R; (§, x; 4+ 96, Lr; A). 


— [i %.&, 9G, 2; dt = KE, 2; 2). 


It follows from (21.3) and (21.4) that the characteristic values of K(z, &) 
in the region F are the same as those of K(&, x). Further, the number 
of linearly independent fundamental functions corresponding to a given 
characteristic value is the same for the two kernels, since it coincides 
with the corresponding numbers for the bounded kernels K,(x, §) and 
K,(§, x) which numbers are identical. 

A similar argument applies to the case in which the kernel satisfies 
condition (Z) instead. 

22. It remains to discuss the questions of compatibility. It will suffice 
to develop the argument for the case in which K(z, §) satisfies con- 
ditions (M) and (M+), where we restrict ourselves to the equations (7) and 
(Jn). The latter equation has a solution v(x)C & for 4 = 4, if and only if 


it") 02) = dy ['K*(@, oak = by [ KE, 2) o® as 


has a solution w(x)C &. 
A necessary and sufficient condition that equation (J,) of § 19 shall have 
a solution for 4 = 4d, is that 


(22.1) [A@o@as =04 


+ This result is not found explicitly in the classical theory, since fi (x) may even be 
non-integrable. It is easily derived, however, from the classical theory on the basis of 
the fact that if K,(x, §) is a bounded kernel, then I20(K,)C M(D,), where D, (a, §; A), 
is any Fredholm minor of K,, of any order. Compare E. Goursat, Cours d’analyse, vol. 3 
3rd edition, 1923, ch. XXXI, esp. pp. 370, 376-381. 
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We shall show that 


(22.2) [£@o@ar =f p@veas, 
where e 
(22.3) v(a) = 0(e)—by | OUt, 2; hy) (0) at 


is the corresponding solution of (J;). Hence the condition that (Z) and (Jk) 
shall be compatible is that 


(22.4) [s@vr@ak=0, FE M(K). 


In order to prove (22.2) we notice first that 
1 1 
[s@v@) dx = af [re K(&, x) v(§) dé dz, 
1 1 1 
[ A@e@)dz = to [° [A@ KG, «) 0) a8 de. 


The double integrals exist since f(z) (_ M(K), v(F)C &, and fi; (x) M(K) 
C MK), o(F)C L. Hence the integrals on the left exist. Now by (19.4) 


ie (a) w(x) dx = [fe w (x) da — yf o(2) ax {' 9, t; Ao) f(t) dt 
= [rolo@—a foe, t; Ao) w(x) dz dt 
=f 10 vo at 


by (22.3), which proves (22.2). It follows that (22.4) is a necessary and 
sufficient condition for the compatibility of (J) with (J;) when K(z, &) satis- 
fies (M) and (M+) and f(z)C M(K). 

A similar argument gives the required result in the remaining cases. 
This completes the proof of Theorem 3. It is proved in the usual fashion 
that & (x, §; 4) satisfies the reciprocal relations whenever it exists. 


IV. VOLTERRA’S EQUATION. 


23. In the present chapter we shall be concerned with Volterra’s equation 


(V) y(x) = feta J" KC, 8) y® ae. 


The Liouville-Neumann series seems to be eminently suitable for a study of 
this equation. The resulting series for the resolvant R(x, &; 4) is ordinarily 
an entire function of 4. If K(x, &) is a bounded measurable function of 
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is shown by the estimate 
(23.1) |K(w, §;4)| < Mexp[|4|M@—®)] if |K(z,§)| <M 









for almost all (x, &). 
the example 
K(x, §) = 1, 





R(x, §; 4) = — exp [A(w—8)]. 





If f(x) & there is a unique solution of (V)C_ 2% for every finite 4.* 
Similar estimates can be obtained in the case in which 





(23.2) | K(x, &)| < w(§), almost everywhere, (&)C &.t 





Then the resolvant exists for almost all (x, §) and 





(28.3) |R(w, &4)| < w(8) exp[ ia) [0 at]. 


In order to prove this estimate, we observe first that all the iterated kernels 
exist for almost all (x, §) and that 


Ke, )|=|[ Ke, 0 Ke, Hat! < ["\Ke@, 9 KU, Blat 
< 0(8) [ o(o dt. 


Hence by induction , 
| Kn (a, §)| S w (8) fo elt) dtr] w(t) ate --- [ota dts 


or 


= n—1 
(23.4) Kn(e, 9) < 2 [fPowarl, 
which proves the convergence of the Liouville-Neumann series for the 
resolvant as well as the estimate (23.3). 
Since the same estimate obviously applies to the partial sums kp (x, &; 4) 
of this series, it is legitimate to pass to the limit under the integral sign 
in the relations 


Af KC, f) In (t, & A) at = es (x, t; 4) K(t, Sat 


= K(x, §)+knis (a, §; 4) 
which shows that R(x, §; 4) is a resolvant. 





* For the existence of additional non-integrable solutions see, for example, P. Urysohn, 
Bull. Int. Acad. Polonaise Sci. Lettr., Cl. Sci. Math., (A) (1922), pp. 57-62. 
¢ Compare G. C. Evans, loc. cit., third paper, § 11. 





(x, §) for O< §<a2< X, then the order of this entire function is < 1 as 


That this estimate is the best possible is shown by 
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In accordance with the convention adopted in § 16, let us denote by 2(w) 
the class of all functions F(x) such that 


xX 
(23.5) f w (8) |F@|dk<o, 


where X is fixed but arbitrarily large. 
THEOREM 4.1, Jf K(x, &) satisfies the inequality (23.2) and f(x)C 2(@), 
then Volterra’s equation has a unique solution (_ &(), vie. 


(23.6) ya) = f@—Af" Me, HSE) Aak. 


The integral on the right hand side of (23.6) exists and is bounded 
by (23.3) and (23.5). Hence y(x)C &(w). Suppose now that (V) has 
a solution C_&(@), then it is legitimate to operate with & on the left 
in (V); if the result is simplified with the aid of the reciprocity relations, 
formula (23.6) is obtained. That (23.6) is a solution C_ &(@) of (V) is 
shown in an analogous way, by operating with K on the left in (23.6). 
Hence y(x) is a solution of (V), and the only solution C_ (wm). Other 
solutions may exist, however. 

24. It is of some interest to show that if the assumptions on K (z, &) 
are suitably modified, then R(x, §; 4), while remaining an entire function 
of 4 for almost all (2, §), may be of order >1. We shall show this 
under the assumption 
(24.1) K(jz,§)C#V@mndocéezxe<X. 


Another case will be treated in § 25. Putting, 


A(z) = fi@P = J") K(, of at, 


(24.2) 4 
faOr = fo |KG, Olas, 


we shall prove that 
R(x, 5 I) + K(w, 8) 2 : ae 
7 Sh@ke S rore| {ic auf” ay, 


This shows that the resolvant is dominated by an entire function of 4 
of order two, belonging to the normal type of this order. Put further 


(24.4) ot oe (o) [ons ee eo ee 


We have by Schwarz’ inequality 


Kyle, | < [| K(@, 8) Ks, )|ds < ky@) ®) = [@P*@). 
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We shall show that 


(24.5) | Kn (a, &)| < [ns (@)}*? he (8). 





Suppose that this formula is true for a certain n; then 


[Kuss(e, | < fP| KG, ») Kale, 8)| as 
< b4® JP |KG@, 9)| [n1(0}* ae 
1/2 
< h(a) ha ©) | [ On-a(6) ds] = (On (a)? ke), 


which shows that (24.5) is true for every n. Consequently the Liouville- 
Neumann series for &(a, ; 4)-+ K(z, §) is dominated by the series 


(24.6) ba ®) S (Ona) 2/5, 
and it remains only to estimate 6,(7). We have 


On(x) = 0:(2) {-° Ons(s) ds =>: 
= 6,(x) in 6; (s,) ds, f 0, (sp) dsy +> | Na 6; (8n—1) d8n—1 


- ith ‘. 6, (u) auf 


which leads to the desired result. 

It follows that (V) has a unique solution (_ 2? for all values of 4 if 
J (x)C 2, the solution being representable with the aid of the resolvant 
in the usual manner. 

An example at the end of § 25 shows that the order of the resolvant 
cannot be less than two for every Volterra kernel (_ 2*.* 

25. We shall now take up some applications of Theorem 3 to Volterra’s 
equation. 

THEOREM 4.2. "Suppose that K(x, &) is a Volterra kernel satisfying con- 
ditions (M) and (M+), the latter for every «>0. Then K(x, &) has 
a resolvant &(x,&;4) which is an entire function of 4, and (V) has 
a unique solution (_M(K) for every 24 when f(x) M(K), vie 


(25.1) ya) = f@)—1f"R@, 8 DFO abe 


*That the order cannot exceed two is a priori plausible from some estimates due to 
Carleman, Math. Zeitschrift, 9 (1921), 196-217, especially formula (21). 
+ Compare Evans’ first theorem, loc. cit., first paper, p. 131. 
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Proof. Theorem 3 applies under these assumptions and shows the 
existence of the resolvant which is a meromorphic function of 4 in the whole 
plane. (x, €; 4) is defined by formula (19.6) for |4|<1/e. Now G(z, &) 
and H(z, §) both vanish when x<&. It follows that the bounded kernel 
K, (x, §) has the same property. Hence &,(x, §; 4), being the resolvant 
of a bounded Volterra kernel, is an entire function of 4 which shows that 
K(x, &; 4) has the same property. This completes the proof of the theorem. 

As a particular case in which the assumptions of Theorem 4.2 are 
satisfied we may take the following. Suppose that 


(25.2) | K(a, §)| < w(a—&) where w(u)C &. 


It is clear that the resolvant of K(x, §) is dominated by that of #(a—§&), 
The latter kernel satisfies the conditions of Theorem 4.2. Indeed, con- 
dition (M) is obviously satisfied. Let X>0 be fixed and let E(N) denote 
the set of points in the interval (0, X) where w(u)>wN. By a well 
known theorem 


Soon 0) du-0 when N>o, 


which shows that (M-+) is satisfied if we take m(a—§&, ¢) = wy(x—8). 
Hence the resolvant of w(a—é&) is an entire function of 4, and the 
integral equation 


(25.3) y(a) = fa@)+if” o@—H yak 


has a unique solution (_ Mt(w) for all values of 4 if f(x)C M(w).* The 
same is consequently true for K(x, §) if it satisfies (25.2). 

A direct estimate of the resolvant for the case K(x, §) = w(x —&) would 
be of interest. In default of such an estimate we shall give the explicit 
expression for the resolvant in the case 


(25.4) K (az, §) = (@@— §)~,, 0<o<l, 


which is of some importance. A simple calculation? shows that R(x, §; 4) 
= R(a—&; 4) where 


*The literature on kernels of the form K(a—6&) is enormous. See Hellinger and 
Toeplitz, Enc. d. Math. Wiss., 11 311, pp. 1391-1392, 1465-1466, 1490. We have been 
able to consult only a small part of this literature, but we have failed to find any study 
of Volterra’s equation with kernel of this type based exclusively upon the fact that K (u) 
is integrable. The corresponding result for Fredholm’s equation has been given its most 
general form by Carleman, C.I, p. 46, which was not noticed by Hellinger and Toeplitz. 

+ The result can be proved by direct computation of the iterated kernels or with the 
aid of Laplace’s transformation. For the latter method see G. Doetsch, Math. Annalen, 89 
(1923), pp. 192-207. See also V. Fock, Math. Zeitschrift, 21 (1924), pp. 161-173, who 


treats the case o = 3. 
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(25.5) R(u; 4) = 4 er a) v9], 


and 


v" 
Eel) = B Faetiy 


0 


is Mittag-Leffler’s function. It follows that 
(25.6) | K(w34)| < M(o) |A\"°— exp {u[F(1—s) |A/}°-}, 


where M(c) is independent of u and 4, and is bounded for 0 < o < 1—e, 
This shows that the order of the resolvant is (1—o)~, hence arbitrarily 
large if ois near to 1. As an example of a kernel whose resolvant is of infinite 
order, we may take K (a, §) = »(x—&) where @ (u) = u- [log (1 +-u™)]~. 

The kernel (x--&)-°C_ &% if <4. The above estimate shows that 
the order of the corresponding resolvant is always < 2, but it can be 
made as near to 2 as we please by choosing o near to 4. It follows 
that the estimate (24.3) for the resolvant of a Volterra kernel (_ 2? cannot 
be improved upon appreciably. 


APPENDIX. 
26. In this appendix we shall consider a couple of particular integral 
equations which exhibit noteworthy peculiarities. Our first choice is the 
Volterra kernel 





1 
a O0<F<s ’ 
(26.1) K(z,8) ={@ =” 


0 elsewhere, 


with the corresponding integral equations* 


(26.2) yi) = fay++ ["y@ az, 


(26.3) kt + J, “ul®) dé. 


K(x, §)C 2” for every p< 2. It further satisfies condition (M) of § 8 
with gq = 1, but it does not belong to the class of kernels to which 
Theorem 4.2 applies. The class Yt(K) consists of all integrable functions F(z) 
such that 


, (26.4) f "| F()| dt < Mz. 








* Equation (26.2) for 4 = $ is mentioned by G. ©. Evans, loc. cit., 2nd paper, p. 404, 
who remarks that it has a unique bounded solution when f(x) is bounded. 
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Theorem 2.1 implies that (26.2) has a unique solution (_ 2t(K) when 
J (x) MK) provided |4;< 1; the existence of the resolvant being 
ensured for such values of 4. The resolvant exists for all values of 4, 
however. A simple calculation shows that 


— yA-1z-—A 
0 elsewhere. 
Nevertheless, the point 4 — 1 and indeed the whole half-plane R(A) > 1 
ordinarily do not belong to the region of existence of the solution as we 
shall see in a moment. 
The formula 


(26.6) ya) = fa) + def" e -H) ak 


defines a solution of (26.2) in the half-plane R(A)< 1 when f(x)C M(K); 
this solution also (_ Yt(K) and is the only such solution. A simple inte- 
gration by parts shows that y(x)—/f(x#) is bounded when (26.4) holds 
and R(A)<1, hence y(x)C_ M(K). Substituting the expression for y(z) 
in equation (26.2), we easily verify that it is a solution, all necessary 
operations being legitimate. 

In order to show the uniqueness of the solution let us consider the 


homogeneous equation. (26.3) implies that 
d - 
Fi [x u(x)] = Au(z) 


almost everywhere, whence we obtain that 
(26.7) u(x) = C2, 


provided this function satisfies (26.3). This turns out to be the case if 
and only if #(4)>0O. Thus the homogeneous equation has an integrable 
solution for R(A) >0; u(x) is bounded for R(A)> 1, and the same con- 
dition is necessary and sufficient in order that w(x) shall C M(K). 

It is clear that (26.6) has no sense for R(A) > 1 if f(@) is an arbitrary 
function (_ (kK). On the other hand, if there exists a solution of (26.2) 
C M(K) for such values of 4, it is obviously not unique. We can sum- 
marize these results as follows: 

The non-homogeneous integral equation (26.2) has a unique solution 
CM(K) if f(~) MK) and KR(A)<1. For R(A) < O there is no other 
solution, but for 0< R(A)<1 there are infinitely many solutions C &. 
If R(A)>1, it has either no solution (_ Mt(K) or infinitely many such 
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solutions; and this in spite of the fact that the resolvant exists and is 
an entire function of 4. If f(z) is bounded, all existing solutions are 
bounded for R(A) >1. The homogeneous integral equation (26.3) has an 
integrable solution for R(4)>0O which is bounded for R (4) > 1. 


27. Our second example is of a different nature. We take 


(27.1) K(a, 8) = (#8), 0<2,8 <1; 
and consider the integral equations 

(21.2) yl) = fle) + dan [ey ab, 
(27.3) u(x) = dat [S41 (a8. 


This symmetric kernel (_ 2” for every p<2. It does not satisfy any of 
our earlier conditions. 
Any solution of (27.3) must be of the form 


(27.4) “(a) = Ca, 
Substitution in (27.3) gives 
1 
= dé 
— 10 J 1m 


which requires C=0O. Thus the homogeneous equation has only the 
trivial solution u(2) = 0, so there is no point spectrum. 
The continuous spectrum is also missing. We shall show that the 
equation 
w (x, 4)— a(x, A) 


O75) tim f° e277 a8 [wE, DA, 4)— fo, an] 


has only trivial solutions. By a differential solution we shall understand 
a function w(x, 4), continuous in 4 for x +0, which satisfies (27.5) for 
every 4 in some interval (4,, 4,) and such that 


1 
f a? | w(a, d)| dx 


exists and is bounded when 4, <4<A4,. Multiplying both sides of (27.5) 
by z'?, we see that the right hand side becomes independent of x. Hence 
x? w(x, 4) = g(x) +o(A), and 


w (4) —o (A,) = tim f F148 [20@)—20)—f ow ae. 
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| 
It follows that 4w(A4)—A, w(d,) = f w(w)dp, or w(A) = constant. Thus 


there are no differential solutions and hence no continuous spectrum. 

Under these circumstances one would expect that the non-homogeneous 
integral equation has a solution for every 4 and arbitrary functions f(z), 
but this is not so. Any solution of (27.2) must be of the form 


(27.6) y(x) = f@)+ar-™, 
whence 

(27.7) a=1f se sQ+alas. 
This condition implies that 

(27.8) [oss @ ak = 0 


whenever the integral exists. Then a=0O aud y(x)=/(x). If the 
integral exists, but is +0, then the non-homogeneous equation can have 
no solution for4+0. If, on the other hand, the integral does not exist, 
then (27.7) implies that 


f(x) = —aa-¥24+ 22 g(x) where g(x)C&, and 


(27.9) a=Af'g@)ae. 


This condition, however, can be true for one and only one value of 4, 
4, say; for 440, 4, there is no solution. Thus: 

The kernel (x§)—? has no fundamental functions and no differential 
solutions. The non-homogeneous integral equation has a solution for 
arbitrary values of 4 only if (27.8) is satisfied, otherwise the equation 
can have a solution for at most one value of 440. 


Note. 


Mr. R. L. Jeffery, in a paper to appear in these Annals, has proved that in order that 
it be possible to approximate a kernel K (a, §)CLina=<a2,§&=<b, by a bounded function 
K(x, §, e) so that (ZL +) of § 17 be satisfied, it is necessary and sufficient that the integral 


[xe t) dt 
a 


be absolutely continuous in § and this uniformly in 2, except perhaps on a set of measure 
zero. He also proves that the uniform convergence of the integral is not sufficient for 
this purpose which shows that Levi's condition is not sufficient for the validity of (Z +). ) 
[Added in proof, June, 1930]. 














PAIRS OF GENERATORS OF THE KNOWN SIMPLE 
GROUPS WHOSE ORDERS ARE LESS 
THAN ONE MILLION.* 


By H. R, Brawana. 


A group of order k-n which admits of a graphical representation by means 
of k n-sided regions on a two-sided surface may be generated by an operator 
of order two and an operator of order »; and, conversely, any group of order 
k-n which may be generated by an operator of order two and an operator of 
order n may be so represented.t Among the groups so determined appear two 
infinite systems of simple groups, the alternating groups of degree greater 
than 4, and the subgroups modulo p of the modular group. It is perhaps 
to be expected that every simple group of composite order, or at least every 
simple group of even order, can be generated by two operators of which 
one is of order two. In the absence of any proof of the conjectured theorem 
it seemed expedient to examine some special cases with a view to its contra- 
diction or the accumulation of facts bearing on the range of its validity. 
Accordingly we examined the known simple groups whose orders are less 
than one million and herewith present a pair of generators of the type 
described for each such group. 

With five noteworthy exceptions, viz.; the multiply transitive groups of 
Mathieu, every known simple group of composite order belongs to one or 
more of nine infinite classes. Of these nine classes eight are represented 
among the 53 known simple groups of order less than one million,t and, 
moreover, 3 of the 5 Mathieu groups are also present. The class of simple 
groups FO (2 m, p") has no member among these groups, the lowest order 
of such a group being 3, 265, 920. In order to have our investigations 
include at least one member of each of the infinite classes we included 
this group. The Mathieu group on 23 letters was included because many 
of the necessary facts came to light in the search for generators of 
its simple subgroup on 22 letters. 

Thirty-two of the fifty-three known simple groups of order less than 
a million belong to the two infinite classes described above and hence are 
known to be generated by two operators of which one is of order two. 
For each of the remaining groups we select two operators S and 7' in the 





* Received May 20, 1929, 
¢ Regular Maps and their Groups, Amer. Journal of Math., vol. 49 (1927), p. 268. 
} Cf. Dickson, Linear Groups, Leipzig (1901); pp. 309-310. 
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given group and prove that the group generated by them is the whole group. 
In carrying out this proof it is necessary to know and sometimes not easy 
to determine that S and 7' do not belong to some simple group which appears 
as a subgroup of the given group. It was necessary in some cases to find 
all possible sets of relations satisfied by generators of certain specified types 
of some simple groups of low order. For example, all possible sets of 
abstract relations defining pairs of generators, one of order two and the 
other of odd order, of the simple group of order 660 were found. These 
results are given in an appendix. 


1. Two general theorems. 


The two theorems which follow have been extremely useful in the selection 
of the generators of the various groups. 

(A) Two operators S and T which satisfy the relations S" = T* 
= (STP"+! — 1, where n is odd, generate a perfect group. 

This theorem is an immediate and obvious generalization of one recently 
given* for n = 3, as is its proof which will be omitted. 

(B) Two operators, S of prime order p, and T of order 2, such that for 
some_« the order of (S*T’) is odd and for some 8 not a multiple of p the 
order of (S® T) is an even number not a multiple of p, generate a perfect group. 

Let us denote the commutator 7S-‘7S* by o; and then consider 
powers of (S7’). 


(ST) = 87, 

(STP = STST = STS?" T. TS? TS? .S? = oo, _,-S?, 

(STP = 1,6, ,-&T, | 

(ST) = ao, ,-STST = o10,_,-S*TS?*T. TS* TS?-*. 8, 
= Pic G5 o's 4° S4, 

(ST)*-1 — — C.s o-', O, gs et . Se. S%-17) 

(ST)* = or O,9°** Pr O, %° Sr, 


The groups {S, 7} and {S#,7} are obviously the same whenever p is 
prime and hence we may assume that (S7’) is of even order 2k. This 
requires that (S?*), which under the hypotheses of the theorem cannot be 
identity, be in the commutator subgroup of {S, 7'}. And since (S’ 7)*— = 1, 
where S’ = S?7 for some y, it follows from the above relations that 
Ss’. 7, and consequently 7’, is in the commutator subgroup of {9, T} 
which is therefore perfect. 





* Certain Perfect Groups etc., Amer. Journal of Math., vol. 50 (1928), p. 347. 
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2. Generators of the particular groups. 


We take up in order the known simple groups which do not belong to 
the two infinite classes that are known to be generated by two operators 
one of which is of order two. Excepting the cases of the three Mathieu 
groups we shall represent the operators by matrices of determinant unity 
whose elements are marks of a Galois field. We shall omit in each case 
the numerical work of verification of the fact that the operators S and 7 
are in the group in question,—a necessary verification which is easily 
made on the basis of the definitions of the groups as given by Dickson 
(loc. cit.). We shall omit the verification of other facts which would 
require an undue amount of space, pointing out in each case a method 
by which the verification may be made. The three Mathieu groups will 
appear as substitution groups. 

The first group is L F(2, 2*) of order 4080. Let the Galois field G F(2*) 
be defined by the irreducible congruence z*+2+1 = 0, mod 2; and let 
« be a root of the congruence, a primitive root in the field. Then, 


4 
s= (i, ‘) and T = C 
a a a 
and 2 respectively, and their product is of order 17. Therefore {S, 7} 
is perfect and is isomorphic with a simple group whose order contains 
2,3, and 17. The only order of a simple group less than 4080 which 
fulfills the above condition is 2448, but since {S, 7} is in @ it cannot be 


isomorphic with a simple group of that order. Therefore, {S, 7} must be @. 
The simple group LF(3,3) of order 5616 contains the operators 


ie . 2-3 
S= (0 1 o and T = (1 1 y which generate it. For, the orders 
a4 1 2 0 

of S, 7, and ST are, respectively, 3, 2, and 13. The order of {S, T} 
contains the order of some simple group which must be a multiple of 78 
and be contained in 5616. {S, 7} must then be G. 

Let GF(3*) be defined by the congruence x*+1 = 0, mod3, and 
let @ be a primitive root. Then HO(3, 3*) of order 6048 contains 


a’ a@® @ 0 a @ 

8= (« a* “ and T = (« 1 1) whic generate it. For the orders 
0 a @' = 2° 4 

of S, 7, ST, and S*T are 7, 2,7, and 6, respectively. By Theorem (B), 

§ 1, {S, T} is perfect. {S, 7} must be isomorphic with some simple 

group whose order contains the factors 2 and 7 and is contained in 6048. 

The simple group of order 168 is such a group. {S, 7} cannot be iso- 

morphic with G,ss for in the isomorphism S and 7' would correspond to 

operators of orders 7 and 2 of Gigs which would generate it. From the 

discussion of generators of Gigs in the appendix (p. 544) we see that the 

ase 


Ms generate G. For S and 7 are of orders 3 
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orders of (S?7') and (S*7') would have to be multiples of 4 and 3 
respectively, whereas they are actually 6 and 12. Therefore {S, T} is 
not isomorphic with Gigs. The next possibility is that {S, 7’ } is isomorphic 
with the simple group of order 504. In that case G would contain 
a subgroup of order a multiple of 504 and could be written on 12 or 
fewer letters. All the substitution groups of low degree are known and @ 
is not among those of degree a factor of 12.* Therefore {S, 7} is G@. 

Let GF'(5*) be defined by the congruence z*+ 3 = 0, mod 5, one of 


whose roots is 2,, and let the primitive root 1+ 2a, be denoted by ae. 
18 


Then L F(2, 5°) of order 7800 contains S = (s as) and 7’ = (Mx “;) 
which generate it. The orders of S, T and ST are 3, 2, and 13 respectively. 
There is no simple group whose order contains 78 and is contained in 7800. 
Therefore {S, T} is G. 

The simple group of order 7920, which can be written on 11 letters, 
is generated by the Gogo of the appendix (p. 544) and R = (abcd) (efgh).t 
The Gogo contains the operator S’ = (aj fgk)(bichd), for if we take 
O = (ade) (bgc) (ékj) and P = (ae) (cg) (fh) (jk), the two operators which 
with 7 generate the Gi: of Geo permutable with 7, we have(7T'PO-*)S' (0? PT) 
= (ahgek)(cjfdi) which is the square of the operator given to represent 
set (9) of page 546. Therefore, S’ and R generate G929. We wish to 
generate it by two operators of which one is of order 2. 

Let R’ = (TS”) R(S” T) = (ahkd) (beid. Then S= R'S'R 
= (aceik)(dhjfg), and ST = (bdfeikcg) (hj). Let T’ = (ST) 
= (bi) (cf) (dk) (eg), then ST’ = (afebidhjcgk). Therefore, {S, T} 
contains the group {S, 7’} which is perfect and of order at least as great 
as 660. {S, T’} cannot be Geeo, because it contains an operator of 
order 8. {S, 7} is transitive on 11 letters and there is no group on 
11 letters whose order is between 660 and 7920. Hence, the simple group 
of order 7920 is generated by S and T. 

Let GF'(3*) be defined by 2°+2x2+1=0, mod3, of which 2 is 
a root, and let « be the primitive root 1+2,. Then the simple group L F(2, 3°) 


of order 9828 contains the operat s= ae i aT=(% } 

yperators (“x *) an (* al 
which generate it. For, the orders of S, 7, ST, and o are 3, 2, 7, 
and 13 respectively. {S, 7} is therefore perfect and its order is not less 
than 1092. If G contained a subgroup of so large an order it could be 
written as a substitution group on 9 or fewer letters which is impossible 
since it contains operators of order 13. 





*For groups of degree 12, see Miller: Quarterly Journal of Math., vol. 28 (1896), p. 231. 
ft See Cole, Quarterly Journal of Math., vol. 27 (1895), p. 49. 
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Let GF(2*) be defined by the congruence z*+x2+1 = 0, mod2, and 
let @ be a root of the congruence, which is a primitive root. Then, 


Se Be Big 
LF(8, 2*) of order 20, 160 contains S = (i a?* 7 and T= (0 “ i 

a 
which generate it. The orders of S, 7, ST, and S*7' are 7,2, 7, and 4. 
{S, T'} is therefore perfect. G cannot be written on 8 letters since it is 
of the same order as the alternating group of degree 8 and is distinct 
from it. Therefore {S, 7'} is isomorphic with some simple group whose 
order is less than 2520 unless it is G. The order of this simple group 
must then be 168, 504, or 1092. The last is impossible because it con- 
tains operators of order 13, and the second because it contains operators 
of order 9 while G has operators of orders 2,3,4,5, and 7 only.* The 
operator S*7' is of order 5 and {S, 7} cannot be isomorphic with Ges. 
{S, 7} must therefore be of order 20,160. 

It is perhaps of some interest to note that the other simple group of 
order 20,160 can be generated also by two operators of orders 7 and 2, 
viz., by S = (abcdefg) and T = (ab)(gh). In this case the orders 
of S*7' and S*T are 15 and 6, respectively. 

The simple group A(4,3) of order 25,920 contains the operators 


2202 “tee 
s=(0 1 2 g)anaT=(P 4 4 O| which generate it. For, the 
1211 2102 


orders of S, 7, ST, and S*7' are 5, 2,12, and 9, respectively. {S, 7} 
is then a perfect group whose order is a multiple of 180. Since {S, 7} 
contains operators of order 9 G cannot be written on fewer than 9 letters 
and therefore does not contain a subgroup of order greater than 2,880. 
If {S, 7} were isomorphic with the simple group of order 60 the order 
of ST or of S*T would be a multiple of 5; therefore {s, T} is not iso- 
morphic with Gg. The only other simple group whose order could satisfy 
the necessary conditions above is of order 360. If {S, 7} were isomorphic 
with Gseo, the latter would have to contain operators of orders 2 and 5 
with product of order 9; this is impossible because Geo can be written 
on 6 letters. 

Let GF(2°) be defined by the congruence 2°+ 2?+1 = 0, mod 2; let 
« be a root of the congruence. «@ is a primitive root. The simple group 


18 
LF(2, 2) of order 82,136 contains § =(“1 4) and 7 =() 4) which 
generate it. For, 8S, T, ST, and o, are of orders 3, 2, 31, and 11. There- 
fore the order of {S, 7} must be a multiple of 2046, but if G contained 


* Dickson, Linear Groups, p. 260. 
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a subgroup of so large an order it could be written on 16 letters which 
is impossible since it contains operators of order 31. 

Let GF(7*) be defined by x?-+1 = 0, mod7; let a be a root of the 
congruence, and let the primitive root 1+22, be denoted by @. The 


simple group LF(2,7*) of order 58,800 contains S = (Ss a) and 


T= *, 3) which generate it. For, the orders of S, 7, ST’, and o, 


are 3, 2,25, and 24, respectively. G cannot be written on fewer than 
25 letters and hence cannot contain a subgroup of order greater than 
2,352. The order of {S, T} is a multiple of 600 and also of the order of 
some simple group generated by operators of orders 3 and 2 with product 
of order 5 or 25. The latter is impossible if {S, 7} is a subgroup of G 
because there is no simple group of order 1, 2, or 3 times 600. If the 
order were 5 {S, 7} would be isomorphic with Go. Two operators of 
orders 3 and 2 which generate Go have a commutator of order 5. There- 
fore, {S, 7} is not isomorphic with Gg and must be of order 58,800. 
Let GF(2*) be defined by the congruence z*+2-+1=0, mod 2, and 
denote one of its roots by «, which is a primitive root. Then, the simple group 


a a 0 a -« 3 
HO(3, 2°) of order 62,400 contains S = (« at 0 and T = (« 0 a" 

0 0 1 ls 
which generate it. For, the orders of S, 7, and ST are 3, 2, and 13 
respectively. G cannot be written on fewer then 13 letters and since there 
is no group of order 62,400 on 13 letters* at least 15 would be necessary; 
hence, G@ cannot contain a subgroup of order greater than 4,160. If {8, 7} 
is not G its order is not greater than 4,160 and contains the order of 
some simple group which contains the factor 78. The only simple group 
satisfying those conditions is of order 1092. Since this last number is 
not contained in the order of G {S, T} must coincide with G. 

The operators S = (abdihfjcekl) and T = (ac) (bd) (eg) (fh) generate 
the simple group of order 95,040. S is one of the operators and 7’ is the 
square of another given among the generators of G,t and hence they are 
in the group. The orders of S‘7', i = 1, 2,---, 5, are 5, 10, 6, 11, and 10. 
{S, 7} is perfect and if it is not G must be of order not greater than 
7920 since G cannot be written on fewer than 12 letters. The relations 
above satisfied by S and 7 are not satisfied by generators of Gros9 or by 
generators of a group isomorphic with Gggo. (See appendix, pp. 545, 548). 
Therefore if {S, 7} is not @ it is isomorphic with some simple group 





* Miller, Quarterly Journal of Math., vol. 29 (1898), p. 244. 
t Miller, Cf. reference in footnote p. 532. 
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whose order is a multiple of 660 between 6232* and 7920. But neither 
6600 nor 7260, the only two such numbers, is contained in the order of G. 
Therefore {S, 7} must coincide with G. 

Let GF (5*) be determined by the congruence z*+2+1 = 0, mod5, 
of which x, is a root; and let the primitive root 2+ 2, be denoted by ae. 
Then, the simple group HO(3, 5") of order 126,000 contains the operators 


a> a 0 0 a a® a? 
3 = (< a® «@®) and T= ( 1 até "| which generate it. For 8 
ai? a8 a® al? a2? a6 


and 7’ satisfy the relations S‘ = 7? = (ST)' = (S?T7)" = (S*7)® = 1; 
the group {S, T} is perfect; {S, T} is not isomorphic with Gi, because 
the order of S*7' is not a multiple of 3; {S, 7} is not isomorphic with 
the simple group of order 2520 because the orders of S‘7' make it im- 
possible for S and 7’ to correspond in any @, 1 isomorphism with generators 
of that group (See appendix p. 549). There is no other known simple group 
whose order is contained in 126,000 excepting G itself. We have then to 
consider the possibility of {S, 7} being isomorphic with some simple group 
which has not yet been discovered and whose order is sequently greater 
than 6232. The commutators o, and o, are of order 4 and their squares 
have a product of order 3. Therefore the order of {S, 7} is a multiple 
of 840 which is contained in the order of G. The smallest remaining 
number possible for the order of {S, 7'} is then 8,400, in which case {S, T} 
would be simple, and G could be written on 15 letters. A subgroup of 
G of order 8,400 would be maximal, otherwise G could be written on 
3 or 5 letters, hence G written on 15 letters would be primitive.t The 
primitive groups on 15 letters are known and G is not among them. All 
the substitution groups of lower degree are known{ and since @ is not 
among them we conclude that {S, 7'} coincides with G. 

Let GF (2°) be determined by the congruence 2*-+-2+1 = 0, mod 2, 
one of whose roots @ is a primitive root in the field. The simple group 


LF (2, 2°) of order 262,080 contains the operators S = (Me mol and 


T = (5 i} which generate it. For the orders of S, 7, ST, and o% are 


3, 2, 65, and 21, respectively. Since G has no subgroup of index lower 
than 65§ {S, 7} must be of order 4032 or lower, or else it must coincide 
with G. Since {S, 7} is perfect and there is no simple group whose 
order is contained in 2,730 it must coincide with G. 


* All the orders of simple groups of order less than 6232 are known. Cf. Cole, Bull. 


Amer. Math. Soc., vol. 30 (1924), p. 489. 

+ Miller, Proc. London Math. Society, vol. 28 (1896), p. 533. 
+ Cf. references in the French Encyclopedia. 

§ Dickson, Linear Groups, p. 281. 
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Let GF'(3*) be determined by the congruence z*+2-+2 =0, mod 3, 
of which one root is @, a primitive root in the field. The simple group 
2 


LF(2, 3*) of order 265,680 contains the operators 3 = (Mc <u) and 


T= (i 2) which generate it. For S, T, ST, and o, are of orders 3, 
2, 41, and 20, respectively. G can be represented on 82 letters and no 
fewer and hence contains no subgroup of order greater than 3,240. The 
order of {S, 7} must be a multiple of 2,460 and hence must be exactly 
that unless {S, 7} coincides with G. There is no simple group whose 
order is contained in 2,460 and whose generators satisfy the relations 
S3 = T*? = (ST)*! = 1, and therefore {S, 7} coincides with @. 

The simple group LF(3, _ of order 372,000 contains the operators 

4 


0 4 1 4 
Ss = (i 1 ) and T= {1 O i) which generate it. For S, T, and 
14 4 S 3.3 

ST are of orders 3, 2, and 31 and therefore {S, 7} is perfect. The order 
of (ST) T is 10 and the order of (ST) [T(ST)~ T(STY] is 16. The 
order of {S, 7} must therefore be a multiple of 24-3-5-31. G@ contains 
operators of order 31 and so cannot be written as a substitution group on 
fewer than 31 letters and hence can contain no subgroup of order greater 
than 12,000. Therefore, if {S, 7} is not G it must be of order 7,440, 
and it must be simple since there is no simple group whose order is 
smaller than 7,440, is contained in it, and contains the factors 2, 3, 
and 31. A group of order 7,440 cannot be simple for it would have to 
contain more than 1 and fewer than 280 subgroups of order 31. If the 
number of such subgroups were a multiple of 5 it would then have to be 
125 which is not contained in 7,440. The only number of the form 
1+31k which may be written 23? where «a <4, and 8 = 0 orl is 1. 
Therefore every group of order 7,440 contains an invariant subgroup of 
order 31. {S, 7} then coincides with @. 

The simple group of order 443, 520 which is triply transitive on 
22 letters, due to Mathieu, is the subgroup omitting one letter of the 
four-fold transitive group of degree 23 and order 10,200,960. The latter 
group is given on page 541. We shall select operators from the latter 
group and prove that they generate the group G on 22 letters. 

For S we shall take the S of page 541: 


S = (aqimehrtuvw) (bckljdnogfp). 


The operator 7; of page 542 is also in G*°. The square of S°7; is 


Q’ = (611) den) (gtr) (hjw) (kuo) (pvq). 
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The transform of Q by D®* of page 541 is 


Q = (aku) (bth) (cof) (djg) (ing) (prv). 


The square of (7;Q-* 7; Q*) is 
T = (ah) (be) (de) (fl) (in) (jr) (em) (qu). 


Both S and 7 omit the letter s; we shall prove that they generate G. 

Sand 7' are in G, since they are in the same group of order 10,200,960 
on 23 letters and omit the same letter. The orders of S‘7' for i = 1, 2, 
3, 4,5 are 7, 6,8, 7,5. {S, 7} is then of order a multiple of 9,240 and 
is a subgroup of G of index a factor of 48. We shall show that the 
subgroup permutable with 7’ contains a subgroup of order 32 and hence 
that the index of {S, 7} is less than or equal to 12. 

If we denote (S? 7’)? by R, we find that (TR; TR,)? = P, is of order 2; 
P, is permutable with 7 since 7 transforms every operator of the form 
TS! TS into its inverse. Also if we let R, — (S*T) we find that 
(TR TR) =  P, is of order 2 and permutable with 7’. The order of 
P,P; is 4 and therefore the group {P,, P,} is dihedral and of order 8. 
Each of its operators is permutable with 7’ which is not (P, P:)* and 
therefore {7', P,, Pe} is of order 16. If now we take O = SP, and ob- 
tain the operator Ps = (7'0-? T0*)® = (ak) (f1) (hm) (in) (ju) (ov) (qr) 
(tw) we find that P3(P, P2,)? Ps = Ps; = (ai) (bj) (er) (du) (eq) (fm) (hn) 
(kl). Ps is permutable with 7 and P, and transforms P; into (bu) (cq) 
(de) (gw) (ik) (jr) (mn) (pv) which is P,(P, P,)* T. The group {7 P,, Pe, Ps} 
is of order 32.* Hence {S8, 7} must be a subgroup of index a factor of 
12 of G. G@ cannot be written on 12 letterst and obviously not on 6 or 
fewer. Therefore, {S, 7} and @ coincide. 

Let GF(11*) be defined by the congruence x*+1 = 0, mod 11, of 
which x, is a root, and denote the primitive root 1+42, by «. Then, 
the simple group L F(2,11*) of order 885,720 contains the operators 


g — (2% “s) my A hich 
S = | 484 9) and T=|\9 40) which generate it. For the orders of 


S, T and ST are 3, 2, and 61 respectively. The group {S, 7} is perfect 
and therefore its order contains the factor 4.1 Hence, the order of {S, 7} 
* What we have shown is that the order of { TBs P;, Ps} is at most 32. It is 
necessary to see that P; is not contained in {T, P,, P;}, which can be done by writing 
out the latter group. 
+ Cf. reference in the footnote p. 532. 
} Burnside, Theory of Groups, Second edition, p. 330. 
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is a multiple of 732. The smallest known simple group whose order con- 
tains’ 61 is of order 113,460 and therefore if {S, 7} is not @ it is iso- 
morphic with some unknown simple group whose order is greater than 6232. 
G can be written on 122 and no fewer letters and therefore contains no 
subgroup whose order is greater than 7,260. The only multiple of 732 
between 6232 and 7,260 is not contained in the order of G; therefore 
{S, T} and @ coincide. 

Let @F(5*) be defined by the congruence z*+2x2+1=0, mod5, of 
which 2, is a root, and denote the primitive root 1+2, by ae. Then 
the simple group LF (2, 5*) of order 976,500 contains the operators 


a” 2° 1 1 ; : 

S= (‘r in) and T = (ts a) which generate it. For the orders of 
8S, T, ST, and (TS-'7S8S) are 3, 2, 31, and 63 respectively. {8, 7} 
is therefore perfect and its order must contain the factor 4, and so must 
be a multiple of 2,604. G contains no subgroup of order greater than 
7,750; there is no simple group whose order contains the factor 31 and is 
contained in 2,604 or 5,208; hence {S, 7} and @ coincide. 

Let G F(2*) be defined by the congruence x*+ 1 = 0, mod 2, and denote 
a primitive root by «. Then the simple group A(4, 2°) of order 979,200 


l1 ae a’ 0 a@ea a 
2 
contains the operators S = = : : 1 and T = “4 i! 0 : which 
. 2 2s “> a 


generate it. For, the orders of S and 7 are 17 and 2, and the orders of 
S'T for i = 1, 2,4 are 6,17, and 15 respectively. If now it can be 
shown that {8, 7} contains a subgroup of order 256 it will follow that 
{S, 7} and @ coincide since the latter can have no subgroup of index so 
small as 15. Such a subgroup is found in the group which is permutable 
with 7. We shall have to content ourselves with stating the facts and 
pointing out a way to verify them. The group {0, P,Q, R, T} is of 
order 256, where 


‘2 ee sai} 

ee _{0 1 0 0 ~ fe wt 4 
0 = (T8" Tay = 0010) P = (TA" T3 — aw... 

- se "he S: 

2. 3s a aoe 

4 {0 @ 1 O et: tied 

Q = (TS8* TS") — ies ae BR = (T8* Tg" = ee ae 

Sse 69 60 1 


It may be verified that if we put U, =, (QR)* and U, = (OP)*, U,, Us, 
T, (OR), O, and Q are permutable, of order 2, and are independent 
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generators of an abelian group of order 64. This group with R which 
is of order 2 gives a non-abelian group of order 128 which does not 
contain P. P is of order 2, is permutable with 7, U,, U,, R, (OR)', 
transforms Q into [U, U, T(OR)*?Q] and transforms O into OU,. Therefore, 
the order of {S, 7} is too large for the order of a subgroup of G and 
hence {S, 7} and @ must coincide. 

We have completed the proof of the theorem: 

Every known simple group of composite order less than one million is generated 
by two operators one of which is of order 2. 

Let GF(3*) be defined by the congruence x? = 1+ <2, mod 3, and let 
« be a root of the congruence. Then @ is a primitive root in GF(3*). 
The simple group HO(4, 3*), which is simply isomorphic with F'O(6, 3), 


s « ae @ 
, 8 
of order 3,265,920 contains the operators S = bf 0 _ : and 
& @&.8 1 


1 «@ a*® eae 
aoe Ee 
a® at at «@ . : 
T = ee ee which generate it. 
” in ae 


We shall prove the theorem by showing that the order of {S, 7'} contains 
the factors 2", 3‘, 5 and 7 and hence is contained in the order of G 
a number of times which is a divisor of 9. The orders of 8S, ST, S*T, 
and 7' are 7, 9, 7, and 2, respectively. The operator o — TSTS® 

” tt @ , 


a 
8 
a a a . 
=te . < aa of order 5. 


ae «' « a 
The group permutable with 7’ contains a Gis; = {Q:, Qe, Qs, Q, W, T}, 
where 


oe ag ee 
7 : on 
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a® a? a® a? 
5 2 3 

Q= (Nery TSF =To oso: th 

a3 a a a® 
6 - «* 
6 2 

and W = [7(S*7)* T(S* TY’. QQ =(% 6 at ab 
a’ a’ «2 a 


All of these operators are of order 2 and are permutable with 7’. The 
group {Q;, Qe} is the four-group, 7’ is not in it and so {Q,, Q, 7} is 
2 


e © «@ 1 

‘ ery i _— ma 

Abelian, of order 8, and of type1,1,1. Q3;Q, which is Se dt a 
6 4 


a at a 0 
is of order 4, and therefore Q; cannot be in Gs. (QsQ,)? is permutable 


with both Q, and Q, since it is invariant in {Q,, Qs}. Since Qs Qs is also 
of order 4, and since (Qs; Q:)* (Qs; Q,)? = T, (Qs Q,)*? is permutable with Q.. 
Therefore, {Q,, Qe, 7’, (Qs Q;)*} is Abelian, of order 16, and of type 1, 1, 
1,1. The operator QQ, Qs = Q:(Q3@,)*, and Qs Q:Qs = Qs 7'(Qs Q,)’*, 
and hence the order of {Q,, Q:, Qs, T} is 32. Q:Q:Q = Q7(QsQ)* 
and Q,Q:Q; = QT; Q, is permutable with Q; and 7’. These relations 
prove that Q, is not in G@sy and that {@so, Q,} is of order 64. WQ,W= Q,, 
WQ,W = Qs, and WQ,W = Q;Q,; these relations show that W is not 
in Ge, and that {Ges, W} is of order 128. 
The operator 


 « © & 

» ie . . 1 0 

Q@ = (TTY TSE NP = 6 a® at 
= i - . 


and Q, have a product V = Q;Q. which is of order 3. Powers of V 
transform R = (ST')*® successively into 


5 


a «8 a « a at «@& « 

ae’ a at of! at «@®§ a até 
z= es oe at and {= , of os 

a® a’ a® a er a’ | 


Rk, H, and J are permutable and J is not in {R, H}. Therefore, {R, H, I} 
is an Abelian group of order 27 and of type 1,1,1. V is not permutable 
with R but is permutable with G,;, and therefore {R, H, J, V} is of 
order 81. 

The order of {S, 7} then contains the factors 2’, 34,5, 7 and hence is 
contained in 3,265,920 — 2'.3°.5.7 not more than 9 times. Since it 
is impossible to write G on 9 or fewer letters {S, 7} and G must coincide. 
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The fourfold transitive group on 23 letters due to Mathieu contains the 
operator A = (x92 %2%3---%22) and an operator U.* If, in order to 
avoid the subscripts, we change the notation by replacing 2» by a, 2, by b, 
Xe bY Cc, +++, Xe by w, A and U become A = (abc---w) and 














U = (cqjgi) (edmns) (klwhr) (upotv). 









a 


aire 


The operators A and U generate the group which is of order 10,200,960 
and is simple as is the subgroup which omits one letter.t 
Let us denote A-!UA by U’. Then 








(UU". AU) = C = (bgt) (afk) (esr) (ipm) (jqn) (lwo), 


vs ra B a wi 
i ET ae 


and 





Sg: 


UU".cC=D= (arqgedpk) (bgwf}-tm) (cuosini). 





Se 


If we denote the transform of D by (UU”)' by D; we have that Dj’ Dj 
is of order four and its square is 


T, = (bf) (ed) (ez) (gk) (n) (ms) (qw) (tu). 
CT, is of order 8 and its fourth power is 

T = (bq) (dk) (en) (fh) (gp) (ir) (Gm) (st). 
If we denote AZ’ by S we have 
S = (aqimehrtuvw) (bckljdnogfp). 


teh 


















We proceed to prove that S and 7 generate G. 

S and 7 are of orders 11 and 2 with product of order 23 and therefore 
they generate a perfect group. The orders of S‘ 7 for i = 1, 2, 3, 4, 5 are 23, 
11, 8, 11, and 14 respectively. Therefore the order of {S, 7} is a multiple of 
8-7-11-23. The operator (S7'S)* T is (apfhq) (blrwvekntcij gus) (dom) 
and therefore we may add 3 and 5 to the factors of the order of {S, T}. 
This order is then a multiple of 212,520. {S, 7} is then either @ or 
a subgroup of index a factor of 48. G contains operators of order 23 
and hence no subgroup of index less than 23. If {S, 7} is not @ it must | 
then be a subgroup of index 48 or of index 24. ; 

The group {S, 7} contains M = [(S 7)? S]* = (aer) (cdt) (fuk) (hpw) ie 
(iol) (qvs). The group {M, 7} is intransitive. The cycles of the generating i. 
operators belonging to the transitive constituent involving the letters a, e, 
i,2,0, n, and r satisfy the conditions on generators of the simple group 






















* Mathieu, Liouville Journal, vol. 18, pp. 37 and 39. 
Tf Miller, Bull. Soc. Math. de France, vol. 28 (1900), p. 266. 
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of order 168. Hence, {M, 7} is isomorphic with Gigs. We note that 
(MT)' = T, = (bg) (cu) (dk) (f6 (hs) (j m) (pq) (vw) is invariant in {M, T}, 
and that the quotient group with respect to it is generated by M’ and 7” 
which satisfy relations defining generators of Gigs. The order of {M, 7} 
therefore contains the factor 16, and so does the order of {S, T}. 

The subgroup of {S, 7} which is permutable with 7 contains 7 and 
T, =(MT)' above; it also contains 


T, = (TM*TM)* = (bq) (cv) (et) (ft) (gp) (hs) (nr) (uw), 
and 


T; = (TH~' TH)’ = (al) (bq) (cu) (dr) (ej) (fh) 7k) (mn), 


where H = [(S*7') {(8* 7)? T}"]. 7,, T:, and 7, generate a group of 
order 32, for 7, and 7; are permutable, 7; 7; and 7, 7; are of order 4, 
(T, T;)? = T and hence is permutable with everything. (7, 73)? is per- 
mutable with 7, and 7; being the invariant operator of the dihedral 
group of order 8, {7,, 73}. It is also permutable with 7,, since it is 
(cu) (dm) (e%) (fh) (7k) (mr) (st) (vw). Therefore, {7,, Ts, (ZT, Ts)*, (Ts Ts)*} 
is an abelian group of order 16 and type (1,1, 1,1). 7; transforms this 
group into itself for 7; 7, 7; = 7,(7, T)*, Ts; T; T; = T2(T2 T;)*. There- 
fore the order of {S, 7} contains the factor 32 and is too large to be 
the order of a subgroup of G. Hence 

The simple group of order 10,200,960 which is fourfold transitive on 
23 letters is generated by an operator of order 11 and an operator of 
order 2. 

Appendix. 

In the determination of the order of a perfect group generated by two 
operators S and 7’ of orders p and 2 and contained in a simple group G 
of order g it has sometimes been necessary to consider all possible ways 
of generating some other simple group @’, whose order g’ is contained 
in g, by means of operators of orders p and 2. For this reason it was 
necessary to examine in greater detail the simple groups of orders 168, 
660, and to a lesser extent those of orders 2520 and 7920. The results 
of these investigations are incorporated in this appendix because they 
complete the work which has gone before and because they would seem 
to be useful to anybody who has occasion to use these groups. 

In determining all possible ways of generating a given group G by 
operators S and 7' of orders p and 2, it is obviously necessary to consider 
only those pairs no two of which are conjugate under the group of iso- 
morphisms J of G, for if S and 7 are transformed into 8’ and 7” by any 
operator of J then S’ and 7’ generate @ and satisfy the same relations 
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as Sand 7’. If, as happens in the groups which we consider, the operators 
of order 2 are all conjugate, the relations satisfied by generators S’ and 7” 
will be the same as those satisfied by any given 7 and some S” conjugate 
to 8’. Moreover, we shall have obtained all possible ways of generating G 
by operators of orders p and 2 when we have considered 7’ with one 
operator from each of the sets of conjugates of operators of order p under 
the subgroup of J which leaves 7' fixed. Also, since the relations satis- 
fied by generators S and 7' are different from the relations satisfied by 
S* and T where i + —1 modulo p, though the groups {S, 7} and {S‘, 7} 
are the same, we shall not call 8S, T and S‘, 7 distinct sets of generators. 
Hence, we shall have to consider with 7’ but one operator from each set of 
subgroups of order p conjugate under the subgroup of J which leaves 7’ fixed. 

a. The simple group of order 168. The simple group Gi¢s is generated 
by S and 7' of orders 3 and 2 with product of order 7 and commutator 
of order 4.* Obviously G can also be generated by 7 and ST. 

G contains 8 subgroups of order 7. G may be written as a substitution 
group on 7 letters, and the subgroup leaving one letter fixed is the octa- 
hedral group, of order 24, which is simply isomorphic with the symmetric 
group of degree 4. The 9 operators of order 2 of Gs, constitute two sets 
of conjugates under G,,. Every operator of order 2 of Gis is of degree 4. 
Each operator of the invariant G, of Ga, is permutable with a Gs of Gay. 
If it were invariant under a larger group in G it would be permutable 
with operators of order 3 or 7 because Gs is a Sylow subgroup. The 
latter is impossible because the group permutable with a G, is of odd 
order; also the group permutable with a G; must omit the same latter as 
the Gs and hence must be in the G., leaving that letter fixed. So the sub- 
group of G permutable with an operator of order 2 is a G,. Therefore 
such an operator 7’ has 21 conjugates under G, but since each 7' is of 
degree 4 it must appear in the three subgroups which omit the three letters 
separately and would have but 7 or 14 conjugates unless all the operators 
of order 2 of G were conjugate. 

If 8, T and 8’, 7” are any two pairs of operators, the S’s of order 7 
and the 7’s of order 2, each pair of which generates Ges, the relations 
satisfied by 7’ and S are satisfied by 7’ and some power of 8’. For there 
exists an operator of G which transforms 7” into 7 and S’ into some S”’. 
Also there exists an operator of the G, leaving 7 fixed which transforms 
the subgroup generated by 8” into the subgroup generated by S. 

Then there is but one set of relations satisfied by a subgroup of order 7 
and an operator of order 2 which generate Giggs. We determine some of 





* Certain Perfect Groups etc., loc. cit., p. 351. 
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these relations for use in the consideration of generators of various simple 
groups. 

If we take S to be (abgcedef) and T = (ad)(cg), we note that 
ST = (abe) (def) and o, = (acgd) (be). Therefore {S, 7} is G. The 
orders of (S‘7'), i= 1, 2,3, are 3, 7, and 4; the order of (S~*T) is 
obviously the same as the order of S* 7’. 

b. The simple group of order 660. Two operators S and 7’ which satisfy 
the relations 
(1) Max T* = (GT) = (TH* TS = (TS (TSP = 1 


generate the simple group of order 660*. If we denoto ST by R Géeo 
is also generated by R and 7 which satisfy the relations 


(2) RY = T* = (RTP = (R*°TRTY = (THRTRY = 1. 


G contains 12 subgroups of order 11 each of which is invariant under 
a Gs5. It contains 55 operators of order 2 which must constitute a single 
set of conjugates under the G;; which leaves any subgroup of order 11 
invariant because G contains no operators of orders 10 or 227. Therefore 
there is just one set of relations satisfied by two subgroups of orders 11 
and 2 which generate Gego. In other words, if S and 7 of orders 11 
and 2 generate Gggo, 7 and some power of S satisfy (2) above. 

Likewise, a pair of generators S and 7’ of Geo which are of orders 3 
and 2 respectively must satisfy relations (1). For the product of S and 7 
being in G must be of order 2, 3, 5, 6, or 11. None of the first four 
numbers is possible, for the groups corresponding to 2, 3, and 5 are of 
orders 6, 12, and 60 and the groups corresponding to 6 all contain 
invariant subgroups$. The proof will be complete when we have shown 
that just two of the operators of a given subgroup of order 11 of G 
are such that their products with a given 7 are of order 3. Let R be 
(abiegdhfcjk) and T' be (ac) (bd) (eg) (fA)§. The orders of R' 7 and R-*T 
are of course the same; the orders for 7 = 1, 2, ---, 5, are 3, 11, 5, 5, 6. 
Since R'7T = T(R*T)"'T the relations satisfied by R-‘7 and 7 are 
the same as those satisfied by R'7 and 7. Therefore the conditions (1) 
on generators of orders 2 and 3 of Geo are necessary as well as sufficient. 

If both S and # are of order 11, or if S is of order 6 and R is of 
order 11, there is also a single set of conditions which we may state 
as follows: 





* Cf. the last reference, p. 356. 

T Cole, Cf. reference in the footnote p. 532. 

¢ Miller, Quarterly Journal of Math., vol. 33 (1901), p. 76. 
§ Cole, loc. cit. 











GENERATORS OF SIMPLE GROUPS. 545 


Two operators S and T of orders 11 and 2 with product of order 11 
generate Gogo if and only if they satisfy the further conditions (S*T)* = 1, 
(S° TS* T)® = 1, and (S'7TS* T)? = 1. 

Two operators S and T of orders 11 and 2 with product of order 6 gene- 
rate Gego if and only if they satisfy the further conditions (S*T)® = 1, 
(S? TS® T)® = 1, and (TS® TS? = 1. 

The operators R and T above satisfy the relations (R* 7)° = (R*T)°= 1. 
Therefore, 

Two operators S and T of orders 11 and 2 with product of order 5 gene- 
rate Geeo if and only if they satisfy one of the two sets of conditions 
which follow: 

(a) @* TF —1, @TSTY—1, and (TSTS*Y =1; 

(b) (S*7TH —1, (68° T8*T)—1, and (TS8* TS =—1.° 

In each of the last three theorems the order of the product ST’ is not 
independent of the remaining conditions, in fact it is a result of them, 
but the statement in the above form is useful in any application of the 
theorems where the operators S and 7' are chosen from a group which 
contains Geeo. 

In view of the theorems (§ 1) about operators which generate perfect 
groups we are interested in our applications in operators S of prime order. 
The parts (a) and (b) of the last theorem establish the existence of two 
distinct operators of order 5 which may be used with 7' to generate Gego. 
It is obvious that an S and 7' which satisfy conditions (a) cannot satisfy 
conditions (b), since if (S‘ 7)’ = 1 and (S/ 7)* = 1, both S and T' in Gogo, 
j must be +7. It is made more concrete when we note that in the 
one case [(S7')* T]® —1 and in the other [((S7)*?7]’=—1. We have 
then the theorems, 

Two operators S and T of orders 5 and 2 with product of order 6 generate 
Geco tf they satisfy the further conditions (S*T)"' =1, [(S*7)*T]} = 1, 
[(S? 7)’ T(S? TTP =1, and [T(S?T) T(S*T)*]}? = 1. This theorem 
states sufficient conditions on S and 7’; we shall see presently that they 
are also necessary if S and 7 are generators of orders 5 and 2 with 
product of order 6. 

Two operators S and T of orders 5 and 2 with product of order 5 generate 
Geeo if they satisfy the further conditions (S*T)" = 1, [(S*7)* TT] = 1, 
[(S?7)* T(S? TT] = 1, and [T(S?T)* T(S*T)*]}? = 1. This also states 
sufficient conditions on two generators. To show that the conditions of 
the last two theorems are necessary for generators of the types considered 
we consider all possible pairs of generators of orders 5 and 2. 

In the Geeo generated by R and TJ above the subgroup permutable 
with 7 is generated by 7 and a dihedral G, whose generators are (ae) 
89 
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(cg) (fh) Gk) = R°TR®* and (ade) (bgc) (kj) = BTR TR. This G,, 
transforms the subgroups of order 5 in sets of 12 and sets of 6, for an 
operator of order 3 cannot be permutable with a subgroup of order 5 
without transforming each operator into itself in which case G would 
contain operators of order 15, and if each of two operators of order 2 
of G transformed an operator of order 5 into its inverse their product, 
which must be of order 3 or 2, would be permutable with it and Gg 
would have to contain an operator of order 10 or one of order 15. The 


- 


66 subgroups of order 5 of G@ fall into 9 sets of conjugates under Gg: 


(1) 6 conjugates which contain (achif) (bjdeg), 
(2) 6 : (ajdke) (bchfq), 
(3) 6 ‘ (ahbji) (cefgd), 
(4) 6 , ; (acdbk) (efgiy), 
(5) 6 , : (agice) (djhfk), 
(6) ' (abgke) (cdjfi), 
(7) »  (ahdef)(bkjig), 
(8) (aghj ad) (befka), 


1 
(9) 1 , (aehkg) (cdjif). 


We are interested in the operators above that may be taken with 7’ 
to generate G. TJ with any operator in (1) gives a dihedral group, with 
one from (2) or (3) would give a group on 10 letters, with one from (4) 
or (5) would give an intransitive group; hence no operator from the first 
5 sets could serve with 7’ to generate G. Any operator from (8) or (9) 
satisfies with 7’ the respective conditions of the last two theorems. If S 
is taken from (6) or (7) the following conditions hold: 8° — T? = (ST)*® 
= (S*T)’ = 1. Therefore, the conditions of the last two theorems are 
necessary as well as sufficient. To complete the investigation of generators 
of orders 5 and 2 we need only to consider 7 with operators from (6) 
and (7) above. 

The operator S = (agebk) (cjidf) is in the set (6). S and 7’ satisfy 
the relations 
(a) x 7 = OTP = ETP — 1. 


The group {S, 7} contains Q = TST = (ajibh) (cegdk), R= (S*T) 
= (bh) (cf) (ek) (tj), and U = S-QR-T = (abhejfkiged). The product 
QR is (ath) (ckf) (deg) which being of order 3 shows that the group {Q, R} 
is the simple group of order 60. This condition in terms of S and T' is 


(b) [(S? T)§ S T]° — 1. 
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The condition that U be of order 11 is 
(c) (ST)? (S*?T)*S*]"" = 1. 


We note further that UR = RQ* RQ*-U which is 






(d) (ST)*®(S? T)?S?. (8S? 7)® = (S* 7) TS° T(S? T)§ TS T. (ST)? (S? T)? 8?, 
and finally Q-' UQ = U?® which is 
(e) (TS*) (ST) (S?*T)(ST) = [T(S*? TP (ST). 


Two operators satisfying the above conditions generate a group {S, 7} 
containing an icosahedral group {Q, R} and U, an operator of order 11; 
and every operator of {S, T} may be written in the form h- U* where h 
is in {Q, R}. Therefore the order of the group {S, 7} is 660 and since 
generators of Geo satisfy those relations {S, T} must be Geo itself. 

If now we take S = (adfhe) (bjgki) which is an operator from set (7) 
we find that the set of relations above is satisfied by it and 7. Hence 
we have the theorem 

Necessary and sufficient conditions that two operators satisfying con- 
ditions (a) above generate Gego are (b), (c), (d), and (e). 

We have thus obtained necessary and sufficient conditions defining every 
possible pair of generators of Geego one of which is of order 2 and the 
other of prime order. 

Since both S; and S, from sets (6) and (7) respectively satisfy with 7’ 
relations (a),---, (e) which are sufficient to determine generators of Geo, 
an automorphism of Geo is determined by making 7' correspond to itself 
and S, correspond to S,. This automorphism is in the subgroup of J 
which leaves 7’ fixed and hence is an outer isomorphism for the inner 
isomorphisms of this subgroup permuted the subgroups of set (6) among 
themselves. Thus we have proved incidentally that Gee admits outer 
isomorphisms. It is well known that the group of isomorphisms of Geo 
is of order 1320.* 

c. The simple group of order 7920. The simple group G of order 7920 
contains the simple group of order 660 as a subgroup and consequently 
can be written on 12 letters. If so written each subgroup of order 11 
appears in one and only one Gg. Therefore G contains 144 subgroups 
of order 11 each of which is left invariant by a subgroup of order 55. 
The 55 operators of order 2 of Geego are all conjugate and are of degree 8 
if G is written in 12 letters. Each operator of degree 8 appears in 4 
of the subgroups omitting one letter and therefore G contains 165 operators 





* Miller, Archiv der Math. und Physik (3), 12 (1908), p. 249. 
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of order 2 and degree 8 which are all conjugate. Each of these operators 
is transformed into itself by a group of order 48. Since the G;, and 
the Gys have only identity in common the Gy, which leaves a given 7’ 
of order 2 invariant must transform the 144 G,’s in three sets of 48 each. 

G may be written as a quadruply transitive group on 11 letters* in 
which case every operator of order 2 will be of degree not greater than 8. 
Hence every operator of order 2 will be in some subgroup which leaves 
3 letters fixed; these subgroups are of order and degree 8. The G, 
leaving 3 letters fixed is the quaternion groupt and hence contains but 
one operator of order two. Therefore the operators of order 2 of Gis 
on 9 letters constitute a single conjugate set as do those of G72o and those 
of G. Therefore, there are just two distinct sets of relations satisfied by 
a subgroup of order 11 and an operator of order 2 which generate G. 

G written on 11 letters contains the operators R = (abiegdhfcjk), 
T = (ac) (bd) (eg) (fh), and U = (abcd) (efgh)i. We have already 
seen that R and 7 generate Gg. on 11 letters. If now we denote R- U— 
by Q and take 7; = Q"T7Q we find that R and 7; satisfy the relations 


(a) (RT,)* = (B°T,)* = (2°T,)" = (RTS = (2°T,)° = 1. 


The group {R, T,} cannot be Geeo; it is transitive on 11 letters; and the 
subgroup generated by FR is not invariant. Hence, {R, 7,} must be G. 
If we take 7, = Q-°TQ we find that R and 7, satisfy relations 


(b) (RT,)* = (R* T,)* = (RT,)° = (R*T.)° = (R#T,)® = 1. 


By the same argument as before it follows that {R, 7,} is G@. Therefore 
any two subgreups of orders 11 and 2 which generate the simple group 
of order 7920 will contain operators S and 7' respectively which satisfy 
conditions (a) or (b). Since the information we have already secured is 
adequate to our needs in the investigation of the simple group of order 
95,040 we shall leave the present group without going into the question 
of the determination of conditions sufficient to define generators of orders 11 
and 2. 

d. The simple group of order 2520. This group G is the alternating group 
on 7 letters. Its operators of order 2 are all of degree 4 and are con- 
jugate. There are 105 operators of order 2 each invariant under a sub- 





* Cole, loc. cit. 

T Gs is generated by (abcd) (efgh) and (ahcf) (bgde), see Cole, loc. cit. It may also 
be proved from general considerations that the only Gz. on 9 letters which contains only 
even substitutions has the quaternion group for a Sylow subgroup of order 8. 

{ Cole, loc. cit. 
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group of order 24 whose operators of order 3 are of degree 3. G contains 
120 subgroups of order 7 each invariant under a subgroup of order 21 
whose operators of order 3 are of degree 6. The G, and the G,; have 
only identity in common and therefore the G,, which leaves a given 7' 
fixed transforms the 120 G,’s in 5 conjugate sets of 24 each. 

If we take 7'to be (af) (bg) then the Gz, is generated by 7', 7, = (ab) (f9), 
Q = (abfg) (cd), and R = (cde). Operators from the five sets of con- 
jugate subgroups of order 7 under G2, are: 


(1) S, = (abcdfeg), (4) S,; = (adefbcg), 
(2) S: = (abcdgef), (5) S; = (abcdfge). 
(3) S; = (abedefy), 


The first two satisfy conditions on generators of Gigs (see p. 543), (S? 7’) 
being of order 3 and the commutator of it and 7’ being of order 4, and 
S; 7 being of order 3 and the commutator of it and 7’ being of order 4. 
The other operators satisfy the following relations: 


(a) (SsT)' = (SST)! = (SGT) = 1; 
(b) (47) = (iT) = (SITY = 1; 
(c) (TY = (STF = CTY = 1. 


Since G contains no subgroup of order greater than 360, since the groups 
{S;, T} i = 3, 5, are perfect, and since none of the three groups can be 
isomorphic with Gis it follows that {Ss, T} and {S;, T} are G@. We note 
that R = (S8,7)* is of order 3, that RT = (aedf) (bg) is of order 4, 
and that {R, 7'} is therefore the octahedral group, of order 24. Moreover, 
6, = (TS, * TSi) = (agbfe) which is of order 5. Therefore, the order 
of {S,, 7} is a multiple of 8-3-5-7. Since @ contains no subgroup of 
order greater than 360, {S,, 7} and G@ must coincide. Therefore, two sub- 
groups of orders 7 and 2 which generate G must contain operators satis- 


Sying (a), (b), or (c). 


UrsBana, ILLINOoIs. 
May, 1929. 
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A DETERMINATION OF THE INTEGERS 
OF ALL CUBIC FIELDS.* 


By A. ADRIAN ALBERT. 


1. Introduction. Elementary explicit formulae for integral bases of 
fields R(6), where @ is a root of an equation f(x) = 0 of degree n with 
coefficients in the field R of all rational numbers and irreducible in R, 
have been given for only the case » = 2 and various special types of 
fields. In the present paper the author considers the case n = 3 and 
completely determines integral bases of all cubic fields in terms of elementary 
number-theoretic functions of the coefficients of the general cubic in its 


reduced form. 
2. The reduced cubic. Consider the cubic 


(1) fa(z) = +h a*+hgxths = 0, (hy, he, hy in RB), 


irreducible in R. If 63 is aroot of (1) then 4, defined by 36, = 30,+k, 
is a root of 
(2) S2(x) = e+ yx + 92 = 0 (M15 9s in R), 


which is irreducible in R since R(@,) = R(As). Let g: = gs/gs, gs = 95/96 
where 93, 94; 95, 96 are rational integers. Then if 6, = 949,64, we have 


OF = F595 (— 91 92 — Ia) = — I4939691— Is 4 Ie 
so that 6, is a root of 


(3) A(x) = #@+er+e = 0 


where e,; and e¢ are rational integers and /,(~) is irreducible. Finally 
write e, = ea, e, = eb where e,, a, b are integers of R such that a con- 
tains no factor p? with p* a factor of b. Then, defining 6 by 6e = @, 
we have 

THEOREM 1. Every cubic field over R contains a quantity 6 generating 
it and such that @ satisfies 


(4) (x) = #+axr+b = 0 


with a and b rational integers such that a contains no factor p* with p® 
dividing b. 


* Received December 27, 1929. 
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The discriminant of (4) is —A where 





(5) A = 4a'+ 270’. 









Let P be the largest integer divisor of a which is prime to 6 but is such t 
that P*® divides b. Then obviously P? divides — A, the discriminant of (4). : 
: 
4 





Since P divides a and P? divides }, P must be a product of distinct primes 
under the conditions of Theorem 1 on a and b. 

Write 4 = 2% 3% P*Q? A, where 4, + 0 (mod 4), 4, = 0 (mod 9) and A, 
contains no square factor prime to 6a. Suppose first that b were odd. 
Then, from the form of 4 we would have 4 — 0. Next let b = 2b, where 
b, is an integer and hence 4 = 4(a*+ 2762), a®+ 276? = O (mod 2”), ‘ 
We shall interest ourselves principally in the case a=1(mod4). Then i 3 
a* = 1 (mod 4) and a*+ 276? = 1+ 30? (mod 4) so that in this case 2 > 2 ae 
if and only if b, is odd. BY 
THEOREM 2. We shall write 


A = 2% 3% p?g?A, = 4a°+27b* 
























where P is the largest integer dividing a such that P* divides b and P is 
prime to 6, A, is divisible by neither 4 nor 9, and A, contains no square 
Factor which is prime to 6a so that Q is an integer giving the product of 
all such square factors. When a= 1 (mod 4) the integer 4 is greater than 
unity if and only if 














b= 23,, b, = 1 (mod2). 









3. The integers of R(é@). We shall use the following known* theorem: 
LEMMA 1. A basis of the integers of R(0@) defined by a root 6 of 
zt+arx+b = 0 is: 













—c+0 fé+a+co+e? 
RE SS Re 1 
where 
(7) A = 4a°+270? = 0 (mod D* Di) 






and c, D, D, are rational integers such that 





3c = 0 (mod D), 3c?+a = 0 (mod D* D,), 
(8) +actb=0 (mod D® Di). 






* Cf. J. Sommer, ‘“ Vorlesungen iiber Zahlentheorie”, pp. 257-261, for a proof of the above 
lemma and Lemma 2. We have taken for his letters A, ay, a; the letters c, a and b and 
have taken a, to be zero. 
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The quantities D, D, and ¢ are unknowns in the above lemma and we 
propose to determine them explicitly. We shall utilize a corollary of the 


proof of Lemma 1. 

Lemma 2. Let s and s, be any two integers of R such that A = 0 (mod s° s?), 
The quantities ae : ; cpetcet 8 are integers of R(0) if and 
only if c is a rational integer pe a0 
3c=0 (mods), 3c?+a=0 (mod s* s,), + ac+b=0 (mod s* s*), 


Write 
(9) D=- FD, 








where «¢ is a positive or zero integer of R and D’ is prime to 3. Then, 


by (8) we have 
(10) c=0(modD), a=O(mod dD”), b= 0 (mod D”), 


whence by our choice of a and bin Theorem 1 we have D'’=—1. Ife>1 
then (8) gives 3c =0 (mod 9), whence c= 0 (mod 3), a = O (mod 9), 
b = O (mod 27), a contradiction. Hence 


(11) c= 0 @ 1, Dp = 1. 


Suppose that a and b were such that ¢— 1. As a consequence of (8) we 


have 
(12) 3c?+a=O0 (mod 9), ef+ac+b = 0 (mod 27). 


Hence a = 3a. Suppose first that a, is divisible by 3. Then, since 
é = 1 by hypothesis, we have 


(13) 4A = 27 (443+ b) =0 (mod 3°), a, =0 (mod 3), b =O (mod 3), 


so that from (12)., c= 0 (mod 3), and from this same congruence b = 0 
(mod 27), a—3a, = 0 (mod 9), a contradiction. A necessary condition 
that « = 1 is thus a not divisible by 9. From (13), 6? = —4 a® (mod 27) 
and from (12); c = 0 (mod 3). Our congruences (12) give 








(14) c’+a,= 0 (mod 3), f+3a,ct+b = 0 (mod 27). 
But then 
c(?+3a,)+b =O (mod 3), 
so that, by (14),, 
2a,c+b =O (mod 83). 


From (14), and c? = 1 (mod 3) whenever c = 0 (mod 3) we have 





a, = —1 = 2 (mod 3) 














INTEGERS OF CUBIC FIELDS. 


so that 
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(15) 2a,ctb =0 (mod 3), 6£0(mod3) a—3a, = 6 (mod 9). 


Conversely let c be an integer satisfying (15), and let (15), and (13), 


be true, Then from (13), 


(16) * = — 44° (mod 27) 
while from (15) 
(17) (2aictby =0 (mod 9), b° = —4aj (mod 9). 


Expanding (17), we have 


4a%c?+4a,be—4ai =0 (mod 9), 4a?c?—4at-+ 4a?bc = 0 (mod 9), 


so that 
— 4a (c? —a?)— 4a? bc = 0 (mod 9) 


and, using (17), and the fact that b is prime to 3, we have 


(18) 3b (ce? —a,)— 12a? c = 0 (mod 27). 
Also from (15) we have 
(2a, c+ b)® = 8a8 + 12a? cb + 6a,cb?+ b® = 0 (mod 27), 
whence from (17),, 
8 ai c® + 12a? c?b — 4a? (6a,c+b) = 0 (mod 27). 


Since 4a, is prime to 27 this reduces to 

(19) 2a,°+3¢b—6a?c—a,b =0 (mod 27). 

But (19) is equivalent to 

(20) 2a, (?+3a,c+ b)—12a?c—3a,b+3bce =0 (mod 27). 
Using (18) we see that 

(21) 2a, (c’+ac+ 6b) = 0 (mod 27), 

so that (14), is true. Also from (15) we have 


b+0 (mod 3), a, =2 (mod 3), 
so that 
c#0 (mod 3), c?+a,=1+2=0 (mod 3) 


and (14), is satisfied. We have therefore shown that (14) is true if and 
only if (15) is true. Suppose now that the conditions (15) on a and db 
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were satisfied and yet « were zero, Then a basis of the integers of 
R(6) would be 1, 6, », where these quantities are linearly independent 
with respect to R. But, by Lemma 2 the quantity 
—c+6 
= 3 

is an integer of #(@) when c is chosen so as to satisfy (15),. Hence 
X =e+/f0+gw, where e, f, and g are rational integers. By the linear 
independence of 1, 6, 6® we have g=0O. Hence by the same linear 
independence # —4 which is contrary to the hypothesis that f is an 
integer of R. Hence «—1. 

Since 2a, = 1 (mod 3), 2a,c+b =c+b (mod 3) we have proved 

LemMA 3. The integer D has the value unity unless 


a =6 (mod 9), b+=0 (mod 3), A=O0 (mod 3°), 


in which case D=3 and c must be chosen so as to satisfy the congruence 
c+b=0 (mod 3). 
This completes our determination of the values of D, and the value 
of c modulo D. We shall now pass to a consideration of the integer D,. 
Write 
D, = 3° 2% Dj 


where the rational integer D; is prime to 6. We shall first consider the 
case D = 3 so that A = 0 (mod 3"), 


(22) b> = —4a3 (mod 3™'*%), 
From (8) we have 
(23) ®@+a, =O0 (mod3*’), c+3actb=0 (mod 2"), 
But 
c(c?+3a,) +b = 0 (mod 3°*”) 
so that from (23), we have 
(24) 2ac+b =0 (mod 3*'*), 
Conversely let (22) be true, 
b+0 (mod 83), a =6 (mod9), 
and let ¢ satisfy (24). Using 


(25) 0 = (2a,c+b)? = 403+? (mod gts) 


we obtain as for congruence (17) 


(26) 3b(c?—a,) —12a2¢ = 0 (mod3™'*’), 
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Also, by the use of 
(27) (2a,c+b)* = 0 (mod 3), 


as before we have (20) but modulo 3°11 and have (23),. To obtain (23), 
we have 
6a,(b+2a,c) = 0 (mod 3"), 
and from (26) get 
3b(c?+ a,) —6a,(b+2a,c) = 0 (mod 3**’), 


whence c?+ a, = 0 (mod 3°”). 

We have therefore shown that (23) is true if and only if (22), (24) are 
true. Let w be defined as in Theorem 2. Then if c, is a root of the 
solvable linear congruence 2a,c-+b = 0 (mod 34~") we have 


4 =0 (mod 3*), b?+ 4a = 0 (mod 3*-*) 
and by Lemma 2 the quantity 


e+a+c,0+ 6 

9.3% 
is an integer of R(@) whence X = e+ fo,+ go, with e, f, and g rational 
integers. By the linear independence of 1, 6, 6* with respect to R we 
have 


x= 





9.34 %.g = 9.2%. Di.3° 
whence 
9.2%. Di.3° = 0 (mod3“’) 


and, since 2°? Di is prime to 3 we have ¢« > w—3. But ¢ < w—3 
since 4 = 0 (mod D® Dj) and 3™ is the largest even power of 3 contained 
in 4. Hence «, = w—3. 

Lemma 4. When D = 3 we have &, = »—3 and the desired c must 
satisfy the sole condition 


(28) 2act+b = 0 (mod 3°’) 


with respect to factors 3 of D, and D. 

There remains the case D = 1. We wish 
(29) 32+a=0 (mod3"), c+actb =O (mod3”), 
(30) A = 4a'+27b7 = 0 (mod 3”), 


If a0 (mod 3) then « is obviously zero. Hence when ¢, +0 we have 
a= 3a,. If b=0(mod3) when «, > 2 then (29), gives c= 0 (mod 3), 
(29), gives a = 0 (mod 9), and (29); gives b = 0 (mod 27), a contradiction. 
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Hence when ¢, > 2 we have b+0 (mod 3), a, +0 (mod 3). From (29) we 
obtain a, = 2 (mod 3), c+b=0(mod3). Then 
(c+b) = (PF +ac+b)+3bc(b+c)+b' —b—a(c+b)+ab 
= 3(bc—a,) (b+c)+)(0?+a—1) = 0 (mod 27). 
But bc— a, = 0 (mod 3) so that 
b?-+a—1=O0 (mod 27), 
40+? = 4a?+1—3a, = (2a,—1)?(a,+1) =0 (mod 27). 





Hence 4 = 27(4a?-+ 6?) = 0 (mod 3°), a contradiction since we are exa- 
mining the case D= 1. It follows that « < 1. Let then « = 1. 
Congruence (29), is satisfied for a = 3a,. We need only to satisfy 


(31) ef+3actb=O0 (mod), 
since 
A = (4a3+ b°)27 = 0 (mod 9). 


Then if b is divisible by three we have c = 0 (mod 3) and b = 0 (mod 9). 
Hence when b)+0 (mod 9) but 6 =0(mod3), we have «, = 0, while if 
b = 0 (mod 9) the conditions are 


(32) b =O (mod9), a=c=0 (mod3) 


in order that (31) be satisfied and «, be possibly 1. When c is taken as 
in (32) we have an integer 
e+tat+co+e 
3 , 
It is obvious then that in this case «, >1 and «, = 1. 
Next let b+0 (mod3). Then from (31) we have c+0 (mod 8) and, 
since then 


ya 





c? = 1 (mod3), c+b =O (mod3). 


Then 
f+3c?b+3cbh?+b3 = 0 (mod9), 
and 
e+3act+b+(38ceb+3ch?+ b>—3ac—b) = 0 (mod). 
But c = —pb (mod 3) so that 
3c?b = —3cb*® (mod9), —3ac = 3a,b = ab (mod9) 
and 


(?+3a,c+b)+(6?+a—1)b =O (mod9). 
ef+3actb =O (mod9) 


Hence 
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when - 
c+b =O (mod 3), b+0 (mod 3) . 










if and only if b?-+-a—1=0(mod9). Conversely when b?-+a—1=0 aa 

(mod 9) we have an integer if 
*+ c9+ 6° ai 
CHOOT = et fot ger 










and must take «, 1. In all other cases we have shown ¢, = 0. 

Lemma 5. Let the conditions a = 6 (mod 9), b=0 (mod 3) be not simul- 
taneously satisfied so that the integer D has the value unity. If a0 
(mod 3), we have « =0. If a=0 (mod3), b=0 (mod 3) but b = 0 
(mod 9) we have «, = 0. If a=0(mod 3), b =0 (mod 9) we have solely 











(33) a=c=0 (mod3), b = 0 (mod 9), 










to satisfy with respect to factors 3 of D,, and «,=1. Finally if no one 
of the above conditions hold so that b = 0 (mod 3) then we have ¢ = 0 unless 









c+b=O0 (mod3), 





(34) b?+a—1=0 (mod9), 
in which case e = 1. 

We have completely considered the factors 3 of D,. It is evident that 
when we treat the relatively prime factors of D, separately we shall have 
treated D,, and shall merely need to use the Chinese remainder theorem to 
combine our linear congruences for c modulo these relatively prime moduli. 
We shall now consider the factors 2 of D,. We have 














(35) 4a°+27b? = 0 (mod 2”*), 








whence ¢, < 4 with 4 defined as in Theorem 2. When b= 1 (mod 2) we 
have shown that «, 0. Henceforth let b = 2b, 









(36) 4(a°+27b;) = 0 (mod 2%), 
(37) 3c?+a=O (mod 2*), ef+ac+2b, = 0 (mod 2”), 











Consider first that case where a is even. If ¢, >2 then (37), gives 








c = 0 (mod 2), 3c? = 0 (mod4), a =O (mod 4), 






while (37), gives b = 0 (mod 8), a contradiction of our restrictions on 
a and b of Theorem 1. Hence ¢«,< 1. If &, were unity then 
















a=c=0 (mod 2), b, =O (mod 2), b =O (mod 4). 




















Sy 
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Conversely when 
b =0 (mod4), a=c=O0 (mod2), 


congruences (37) are true for ¢, = 1 and we have an integer 


ftcoa+ ee? 
= ‘ 





2 on 


Hence X => e+ fo,+ 9, with e, f, and g integers of R and, equating 
the coefficients of 6” we have 


2g = 293° Di, ee >1, and & =1. 


Finally when b = 0 (mod 4), we have ¢, = 0, so that the case a even 
is complete. We next let a be odd. From (37) if «,>0O we have ¢ odd 
and c? = 1 (mod8). Suppose that ¢, were greater than unity. Then 
necessarily 

3cC?+a=0 (mod 4), a = —3 =1 (mod4). 


Hence when a = 3 (mod 4) we have «<1. If ¢, 1 then 
G+tact2b, =ct+3c4+2b, = 2b, =0 (mod4), 
so that we must have ) = 0 (mod4). Conversely let 
b = 0 (mod 4), a = 3 (mod 4). 
Then, by taking c= 1 (mod 2) we have 
3ec+a=0 (mod2), eétacth =O (mod 4) 


whence, by Lemma 2 





a+c?+c6+ 06 
, | 


is an integer of R(6). As above it follows that «,—1. When )=2 
(mod 4) we have shown that « —0O. We have 

Lemma 6. [fb = 1 (mod2) then e, = 0. Ifb = 0 (mod 2) but a = 1 (mod 4) 
then €, = 1 or 0 according as b = 0 (mod 4) or b = 2 (mod 4), and when 
b= 0 (mod 4) the sole condition on c with respect to factors 2 of D, is c= a(mod 2). 

Assume now that a = 1 (mod 4), a case where, as we shall show, the 
integer ¢, can have a value greater than unity. Take 4 > 2. By Theorem 2 
we must have an odd b,. Suppose first that «, > 2. Then 


+ on 


(38) a’ +27b; = 0 (mod 27**"”), 
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From (37) we have c = 1 (mod 2). Since 







&+ac+2b; = 0 (mod 2") 






we have q 

3c +3ac+6b, = 0 (mod 2%), 2ac+6b, = 0 (mod 2%), ‘| 
and iy 
(39) ac+3b, = 0 (mod 2°"), af 





Also 3c’ +a = 0 (mod 2%). Squaring we have 






(40) 9¢+6ac+a’ = 0 (mod 2”), : a 
and ie 





9ce(? +ac+b)—9c(act+2bh)+6ac+a° = 0 (mod 2"), 
whence s4 
9c(? +ac+b)—3a°—18bic+a° = 0 (mod 2%), - 

Hence since 






c+actb = 0 (mod 2°), 





(41) a’ —3ac —18hc = 0 (mod 2”*). 









But a is odd and thus (41) is true if and only if 






(42) —3(a’?+6ahc+9b3)+a°+27b; = 0 (mod 2”), 
whence 
(43) a’ +27b, = 3(ac+3b,) (mod 2”). 





However a’ +276; = 2” *g where q is a rational integer. By (39) we 






may write 

(44) ac+3h = Q*:1 
and have 

(45) q = 37° (mod 4), 
so that 





(46) gq = 0,3 (mod 4), ac+3b, = 0, 2°” (mod 2%). 
We have written 





a’ +270; = 2 * 3% PP QA, 





so that g = gs) A, (mod 4). It follows that if 4; = 1, 2 (mod 4) 
we must have 4—1 > ¢,, while if 4; = 3 (mod 4) we merely restrict 
é, by 4 => és. 

Conversely suppose that c is a number chosen so that 







ac+3b, = 0 (mod 2°’), 
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where then 
26. => +2, 2e—2 => és. 


Squaring the congruence we have taken c to satisfy we have 
ac +6abic+9bi = O (mod 2"). 


Also assume that (38) is true whence 


21b; = —a’° (mod 2%), 
so that 
3a°c? + 18acb, —a® = 0 (mod 2°) 
and 
3ac+18b,c—a® = 0 (mod 2%), 
whence 
a(3c?+a)+2(9b, c—a*) = 0 (mod 2°). 
But 
ac+3b, =0 (mod 2*7’) 
so that 
3b,a° = —a*c = 27bic (mod 2°") 
and 


a®— 9b, c = 0 (mod 2°*"’). 
It follows that 
2 (9b, c—a*) = 0 (mod 2°) 
and 
a(3c+a) = 32+a= 0 (mod 2%). 


Hence when 
ac+3b, = 0 (mod 2°*”’) 


we have (37), satisfied, (37). if (43) is true. 
Let first 4; = 3 (mod 4) and 4=>2. We have shown that 4 > é, since 


A = 0 (mod Dj) and 2” is the largest even power of 2 which is contained 
in 4. Now b= 2b, and 
a’+27bi = 3.2" (mod 2”), 
When we take c to satisfy 
ac+3b, = 24-1 (mod 24) 


we have 
3(ac+3b,)? = 3-2%-2 (mod 2”) 


and (43) is satisfied for «= 4. Our work then shows that (37), (40), 
and (41) are true with ¢, replaced by 4 and that 
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_ &+a+co+e6? ‘i 

1 

is an integer of R(@). The process we have used repeatedly then shows a} 
that ¢, >A and finally «, =A. i 1 
aa 





Next let 4, = 3 (mod 4) and 4>3. We have shown that 4>«+1. 
As above we show that it 


ee fétatco+ 6 












gil 
is an integer of R(@) so that «, >A—1 and «—A—1. We have 
obtained the values a n 
(47) A, =3 (mod 4), & =A, ac+3b, = 24-1 (mod 24), 







(48) A, = 3(mod 4), & =A—1, ac+3b, =O (mod 24-), 






Finally we need to consider the cases 4 < 2 and when 4 = 2, A, + 3 (mod 4) 
Then we have shown that « <4 so that «<2. When 42 the 
hypothesis 4, = 3 (mod 4) implies that ¢, <1 so that here e,< 1. Also 
for 4 = 2 we have a°+27b; = 0 (mod 4) and since a® = 1 (mod 4) when 
a = 1 (mod 4) we have 1+3b;] = 0 (mod 4) and b, = 1 (mod 2). Again 
we may show that «. —4—1=1. For by taking c odd we have 





















eG+actb=c(P+a)+2b, =2(c+b,)=0 (mod 4) 


e+a+co+e 
2 


3c?+ a= 0 (mod 2), 
and 





x= 















is an integer of R(@). This gives « > 1. Hence & = 1. 
Next let 4 = 1 the only remaining case. Then 










a4o7b: = A, (mod 4) 
so that 





A, = 14+3b;+3 (mod 4). 










If b, were odd then 4, = 0 (mod 4) a contradiction of the definition of 4,. 
If ¢, were unity we would have 


c = 1 (modQ2), e+tactb = 2c =2 (mod4) 
















which is false when ¢, = 1. Hence again 







4,+=3 (mod4), « =A—1 





and in all cases (47) and (48) are true. 
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Lemma 7. Let a = 1 (mod4), b = 0 (mod2), b = 2b,. Then, for 
all values of 4, when A, = 3 (mod 4) we have (47) and when A, $3 
(mod 4) we have (48). 

At the present stage we have treated completely D and the factors 2 
and 3 of D,. The remaining factors may be determined quite simply. 
Write Dj = EF where every prime factor of E divides a and every prime 
factor of F is prime to a. We then need to satisfy separately 


(49) 3c?+a=O0 (mod £), efétactb =O (mod £”), 
(50) 3cC+a=0 (mod F), ef+actb =0 (mod F’). 


Suppose that # had a factor p*. Then (49), gives c = 0 (mod p), 
3c* = 0 (mod p*), a = O (mod p*), while (49). gives b = 0 (mod p’), 
a contradiction of the fact that a and Db are chosen as in Theorem 1. 
Hence £E is a product of distinct primes and a is divisible by HE. Then 
(49) gives c = 0 (mod £), b = O (mod E*), and E divides P as defined 


in Theorem 2. Conversely when we take c, = 0 (mod P) we have 
32+a=0 (mod P), d+ac,+b =0 (mod P’) 
so that 
: &+a+¢,0+ 6 
X= P 





is an integer of R(0). Then X = e+ fm,+ 9, where , and @, are 
given by D, = 3°'.2%.H.F, D = 1,3 and (6), and e, f, and g are 
rational integers. Equating the coefficients of 6* we have 


gP = D*3°2" EF 


and since D*3*' 2°: F' is prime to P we have the fact that Z is divisible 
by P. Hence EF = P and 
(51) c =0 (mod P). 


In order to complete our determination of D, and c we need only con- 
sider (50). From (50). and (50), we have 


c(3c?+ 3a)+3b = 2ac+3b =O (mod F). 


From the definition of Q in Theorem 2 we have Q = 0 (mod F). We 
shall show that Q = F. For by taking ¢, to satisfy 


(52) “4 =, 2ac+3b =O (mod Q) 


congruences (50) are satisfied modulo Q. To show this we square (52) 
and obtain 
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4a*°c®+12abc+9b? = 0 (mod Q*) 







and a 
12a*c*+ 36abc+27b* = 0 (mod Q). os 
But ia 
27b°+4a* = 0 (mod Q’) a 
so that, since a is prime to Q, so is b and i 
27b? = —4a® (mod Q*), 12a?c?+ 36abe—4a* = 0 (mod Q). 






It follows that 
3ac?+9bc—a®? =0 (modQ), 3ab(3c?+a)+27b*c—6a*b) =0 (mod Q). 
Then 
3ab(3c?+ a)—(4a'c+6a7b) = 3ab(8c+ a)—2a*®(2ac+3b) 
= 8ab(3c?+a) = 0 (mod Q) 
so that since Q is prime to 3ab we have 
3c +a =0 (mod Q) 
and (50), is satisfied. Also 
(3c? + a) (2ac+3b) = 6ack+2a’c+9bc?+3ab = 0 (mod Q’) 
whence 











6a(c?+ac+ b)—4a*?c—3ab+9bc? = 0 (mod Q’). 





Then 
18ab(P+ac+b)—12a*bc—9ab?+27b*?c? = 0 (mod Q’). 








But 
27b? = —a*® (mod Q*) 
so that 
—12a*bc—9ab?+ 27b?c? = —12a®bc—9abl?—4a'c?* 
= —a(2ac+3b)? =0 (mod Q’*) 
and 





e+tactb=O0 (mod Q’). 










Hence we have shown the required congruences true for c, a root of (52) 
when we use the modulus Q and have shown, by Lemma 2, that 


r= G+a+c,6+ 6 
Q 
is an integer of R(@). As for the proof that P= L£, it follows that F 
is divisible by Q and hence Q=F. This gives 
Lemma 8. The integer Di has the value Di = PQ where P and Q are 
defined in Theorem 2. We satisfy all conditions on c with respect to factors 
of D; by taking c= 0 (mod P), 2ac+3b=0 (mod Q). 
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This completes our determination of the numbers D and D, and also 
the congruential conditions on c modulo the relatively prime moduli 2*', 3* 
P and Q. We shall combine them by a use of the Chinese remainder 
theorem. As we seek merely a set of bases for all cubic fields it is in 
the interest of simplicity that we combine as many results as possible 
into as few formulae as possible. Hence we shall not seek least residues 
modulo the denominators of the fractions (6) but merely correct solutions 
of the congruences (7). 

We first have 2ac+3b, =0 (modQ). If Q is equal to unity then 
this is satisfied no matter what the c is. If Q is different from unity 
then ¢(Q), the Euler g-function for Q has a value greater than unity and 


c = —3b,(2a)?@" (mod Q). 
Let w(Q) = ¢(Q)—1 when Q +1 and let w(1) = 0. Then for all values 
of Q, 
(53) c = —3b(2a)%@ (mod Q). 
First let 


a=6 (mod9),- b+=0 (mod83), A=0 (mod 34), 


so that D= 3, 5 = w—320. Thena= 3a, 2a,c+b = 0 (mod34—, 


and 
(54) c = —d(2a)”"" (mod 3#-). 


It remains to consider the factors 2. When a = 1 (mod4), b = 2 (mod4), 
we have ) = 2), and 


(55) 4, = 3 (mod4), & =4>2, c = (21*—3),) a¥@ (mod 2), 
(56) 4,43 (mod4), e& =A4—1, ¢ = (—3d,) av" (mod 2*—). 
The only other case imposing any condition on c is 


(57) a1 (mod4), b=O (mod4), «& —1, c =a (mod2). 


Using the Chinese remainder theorem we have 
THEOREM 3. Let A, P, Q, 4,,4, u be defined as in Theorem 2 and let 


(0) be given as in Theorems 1 and 2. When 


a=6 (mod9), b+=0 (mod 3), p> 2, a = 8a, 


integral bases of R(@) are given by 
—ct+6 ftatcat+ 





(58) 1, 


? 


» 2% 34"! PQ 
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where: in case b = 2b,, bj =1 (mod 2), a=1 (mod4), 4, =3 (mod 4) 

we have &g = 4 and c is the number 

c = — 2b, [(24+1 34 a,)¥@ 34+ (24+1 Qa,)¥e"™ Q] 24 
+ (2-1 — 3b,) [(a, Q3")¥] Q. 34-1; 









(59) 
if 





b, = 1 (mod 2), A, = 3 (mod 4), a = 1 (mod 4) 
we have &, = 4—1 and 
c = — 2 by [34 (2? 3H a,)¥\ + Q(24 Qa)Yv] 
— 3#b, Q(3" Qa)ve: 







(60) 






if a1 (mod 4), b =0 (mod 4) we have & = 1 and 






(61) c = — b[(2a,34)¥. 34+ Q(2a, QY™] + 34 a Q; 





and in all other cases & = 0 and 









(62) c = — b[(2a, 34)¥. 344 Q(2a,Q)Y”)]. 






For in (59) we have chosen c so as to obviously satisfy (53), (54), and 
(55), in (60) to satisfy (53), (54), and (56), in (61) to satisfy (53), (54), 
and (57) and in (62) to satisfy (53) and (54). But b, = 0 (mod P) and, 
in (59), 2>1 and a, = 0 (mod P) so that when c has any of the values 
in Theorem 3 the condition c= 0 (mod P) is satisfied. As in all of the 
cases we have chosen c to satisfy all of the conditions imposed by the 
relatively prime factors of the moduli the numbers ¢ satisfy (7) and our 
theorem is true. 

We next let the conditions a = 6 (mod 9), 4 = 0 (mod 3°), b = 0 (mod 3) 
be not satisfied so that D=1. If b = 0 (mod 9), a = O (mod 3) we 
have ¢, = 1 and take c = O (mod 3). If b = 0 (mod 3) then we have 
€, = 0 unless b?+ a—1 = 0 (mod 9) in which case ¢«, = 1, ce+b =O 
(mod 3). But then in any case when ¢, = 1 we have c = — b (mod3™) while 
if «, = O then certainly c = —bd (mod 3"). 

THEOREM 4, Let A, P, Q, 4,, 4 be defined as in Theorem 2 and let R(@) 
be given as in Theorems 1 and 2. Suppose that the conditions A = 0 (mod 3°), 
a = 6 (mod 9), b = 0 (mod 3) are not simultaneously satisfied. Then integral 
bases of the fields R(0) are given by 


ctatco+or 
3% 2% PQ 
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where & =1 if b = 0 (mod 9), a = 0 (mod 3) or if b = O (mod 3), 
b°-+ a—1 = 0 (mod 9) and otherwise is zero, and where: if b = 2h, bh 
is odd, a=1 (mod 4), A, = 3 (mod 4), & —=1>1 we have 


(64) c= —3b24 (24+ q+ 3 Q(2*4— 3b,) (3a QYe — b2%Q?; 


if b = 2h, b, = 1 (mod 2), a=1 (mod 4), A, = 3 (mod 4) we have 
& == 4—1 and 
(65) c= —3d, [24 (a 24¥ 4. Q (a Qe] — b 2% Q?; 


if a1 (mod 4), b =O (mod 4) we have & = 1 


(66) c = —b[3 (2 a)¥+Q7]+3 Qa 
while finally in all other cases & = 0 and 
(67) c= —b[8(2a)”+ Q’ 


where always when a = 0 then Q=1 and we define a?’ = 0. 

For we have chosen c to satisfy (53), (55), in (64), to satisfy (53) and 
(56) in (65), to satisfy (53) and (57) in (66), and to satisfy (53) in (68). 
When ¢, = 1 obviously ¢c = —b (mod 3) in (64)-(67) while when «¢, — 0 
then c = —b (mod 3) for any c. As before the c we have chosen satis- 
fies c = 0(mod P) in all of our cases and (7) are true. 


CotumBIA UNIVERSITY, 
December 19, 1929. 








A CONSTRUCTION OF ALL NON-COMMUTATIVE 
RATIONAL DIVISION ALGEBRAS 
OF ORDER EIGHT.* 












By A. ADRIAN ALBERT. 





1. Introduction. By rational algebras is meant ealgebras over the 
field R of all rational numbers. All rational generalized quaternion division 
algebrast and all rational cyclic division algebras of order sixteent have 
been constructed. Also a type of cyclic division algebra of order nine§ 
has been given. In the present paper the problem of the construction of 
all non-commutative rational division algebras of order eight is considered 
and solved, necessary and sufficient conditions beitig given that the algebras 
constructed be division algebras. These conditions are explicit diophantine 
conditions on the constants of the general algebra in one of two cano- 
nical forms. 

2. Reduction of the problem. A normal division algebra over an 
infinite field F is a division algebra A over F such that the only quantities 
of A which are commutative with every quantity of A are multiples of 
the modulus of A by quantities of F. Without loss of generality we may 
identify the modulus of A with the unit element for multiplication for F 
and designate this common quantity by the integer symbol 1. J.H. M.Wedder- 
burn has shown,|| by a simple argument, that every non-commutative division 
algebra of order eight over R is a generalized quaternion algebra,{[ or 
normal division algebra of order four, over a quadratic field R(u). We 
are then to consider the class of all rational algebras which are generalized 
quaternion division algebras over a quadratic field R(u). 

Consider a generalized quaternion algebra 


























(1) A= (1, ty Js aj), jt — — tf, 









* Received December 29, 1930. 

+ An algebra (1,1, j,k), ? = «, 7? = 8, ji = —ij with « and # each taken to be 
products of distinct primes is a division algebra if and only if the form 4; — «A; — Bds 
is not a null form. Necessary and sufficient diophantine conditions that this be so have 
been found by Legendre and are given in P. Bachmann, Arithmetic der Quadratischen 
Formen, Chapter 8. 

{In a paper by the author entitled New Results in the Theory of Normal Division 
Algebras, Trans. Amer. Math. Soc., vol. 32 (1930), pp. 171-195. 

§ By J. H. M. Wedderburn; cf. L. E. Dickson, Algebras and their Arithmetics, pp. 68-71. 

|| Trans. Amer. Math. Soc., vol. 22 (1921), pp. 129-35. 

q| For a definition and the properties of generalized quaternion algebras see L. E. Dickson’s 
Algebren und ihre Zahlentheorie, pp. 43-49. 
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over a quadratic field R(u), where u? = e, @ may be taken to be a product 
of distinct rational prime integers without loss of generality, and 


(2) a= 14,+4,u, P=ntreu, (41, 42, 71, 72 in R). 
We shall suppose first that 724. + 0. Consider the quantity 
(3) v = (a4, + a,uit bj, 


(4) b= bh +hyi, bh, = A t+Agu, b, = Bs t+ Ayu, 
with A, “oo, Ay, &,, ay in } # Then 


v® = (a? + «20+ 2a, au) (A, +4,u) + (0? — B30) (¥, +7, u). 

Now 
(ai + a et 2a, a, u) (4, +4, w) 

= [2, (a? + a2 9) + 2a, a, 4, @] + [(a@? + a3 0) 4, +24, a, A,] u 

and 
bi — boa — (1+ £e+22, By u) — (Bs+ Bie +22s By u) (Ay +A, u) 
<a [(4i + 82 e) —(Bs + Bi @) 4; —2 By By Ag e] 
+ [2 A: 8: — (Bs + Bi @) As — 2 Bs By Aa] wu. 


Also bi} —b3 7” = 9, +g: wu where 
Fo = Fi [(4i + 8s e) — (83 + Bie) 4, —2Bs By Ay e] 


(5) . , 
+72 0[2 8; Bs — (Bs + Bie) 4s —2 8s By A), 
(6) G2 = ¥2[(Bi + 420) — (Bs + Bi 0) A: — 2 Bs By Az 0] 


+7 [2 8; Bs — (83 + Bie) 4, — 2 Bs By Ay]. 

Hence v? = «, -+¢,u where «, is in R and 

(7) é, = (a2-+ a2¢)d, +20, 0,2, +9. 

We see that 

4 eed 72(Bi + B20) + 271 72 Br Bs — (71 be + 72 As) 72 (Bs + Bi) 
—2 Bs Bsxo(71 41 +7242 0) 

= (728; + Bn) +r0—r) &—rel(r1 ds + 7241) (Bs + Bie) 

—2 (7141 + 72420) Bs Bs). 


Suppose first that 7,4, + 7.4, —0. Then 


%.(7,4, +724,0) = 7,(—7,4,.) + 724.0 = 4,(y2e—7?) + 0 
so that 


(8) 


@) 27.9. = 2(7,8,+4,7,)—2 (720 —7) B—y,4, (v2e—7?) 
>< [(Bs + B,)?— (Bs — A,)"], 
(10) 2y,4,€, = 2y_(@, 4, + a,4,)? + 27, (A2@ — 22) a2 + 27,459, 
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an indefinite quadratic form in six independent variables with non-zero 
coefficients when a, a, 8,,---, &, are independent. But every indefinite 
quadratic form in five or more variables is known* to be a null form. 
Hence we may choose rational numbers @,, a, &,,---, &, such that the 
quantity v defined by these numbers and (3) is a quantity which is not 
in R(u) but whose square is in R. For it is sufficient to make « = 0 
for a, @, B,,-+-, Ay not all zero. 

Next let 7,42 +724, +0. Then 


(714s +rAyl hs + 7241) (Bs + Bie) +283 Bs (7141 + 7¥242¢@)] 
ass (71 Ag t+7241) Bst+(71 Ai +72 42 0) B,)?+8: [(71 As +724)? e—(11 Ar t+7242 ¢)*]. 


Also 
(71 A, +r24)?e—(n Ay + 72430)” 
(11) = 72e+ 722204 27,7,4,4,e—7274— eo? —27,4, 7,40 
= —(re—7) Ae—4). 
Then, if 
NiAstreAs = 4, a4, + a,4, = ao, rAi thre = Bor; 
AB, + (¥141 + 72420) Bs = Poe, 


V2 A, A és = Ay [Abe — Aj) oS + ai] + 14, [(x3e—ri) Be + Bor] 
+ 7242 [—(v2e—7i) (20 —Ai) Bi + Bo]. 


The form Q is a form in six independent variables @, @:, 8o,, Be, Bos, As 
when «; @:, 8;,---, 8, are independent. If both A3g—A? and y3e—7? 
are positive then — (42 ¢—A%) (y}e—y?) is negative and has a sign different 
from unity so that Q is indefinite. Hence Q may be made to vanish for 
values not all zero of the above variables and for values not all zero of 
@,, @,, B,, ---, By. The quantity v defined by these parameter values 
and (3) is not in R(u) and has its square in R. 

Finally let y,4, = 0 so that y, —0O or 440. Then one of the quan- 
tities 7 and 7 has its square in R. Neither is in R(u) by the fact that A 
has order eight. We then choose this quantity as a v. Without loss of 
generality, by replacing v by a rational multiple of itself we may take o 
to be a product of distinct rational prime integers at least one of which 
is not unity. 

LemMA 1. Every division algebra A of (1) contains a quantity v not in 
R(u) but such that v? =o, o a product of distinct natural primes such 
that 6 + 0,1. 

A generalized quaternion algebra over R(u) has rank 2 with respect to 
R(u) and every quantity of A which is not in R(u) has grade two with 


we have 


a2) % = 





* A theorem of A. Meyer, cf. P. Bachmann, “Zahlentheorie”, vol. IV;, p. 266. 
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respect to R(u) and the property that the only quantities of A commutative 
with it are polynomials in it with coefficients in R(w). 

Since —v is a root of the minimum equation of v with respect to R(w) 
it is a transform yvy~' of v by a quantity y of A. Now yu = —vy 
so that y?v = vy’ and y’ is a polynomial in v with coefficients in R(u). 
Since the order of R(u, y) with respect to R(u) is two when y is not in 
R(u), and since y cannot be in R(w) when it is not commutative with v, 
we have y® not a quantity generating R(u, y) so that y? is in R(u). 
Thus y? = »,+v,u where », and vg, are rational. 

THEOREM 1. Every non-commutative division algebra A of order eight over 
the field R of all rational numbers can be expressed as a generalized quaternion 


algebra 

(13) A= (1, USYs vy) 

over a quadratic field R(u) where 

(14) w= e; v= o, y° kd wy» ret, yv = —vy 





with @ and o distinct products of distinct primes oe + 1, ¢ + 1, o0 + 0 and», 
and v, rational numbers not both zero. 

3. A classification into two distinct sets of algebras. We shall 
classify our algebras A into two structurally distinct sets of algebras. 
The first set S of algebras will consist of those non-commutative division 
algebras A which are expressible as direct products of a generalized 
quaternion algebra B over R and the field R(u), and the second set 7’ 
of all remaining algebras A of (1). 

Suppose now that A is an algebra of the set S. We take S in the 
form of Theorem 1 into which all of the algebras we are considering may 
be put, and suppose that A is the direct product of 


(15) B = (1, i,j, 4); P= 6, fF = +, jt =. —ij, 
with 6 and t in R, and the field R(u). Then 

(16) v =rt+su 

where ry and s are in B. Squaring 

(17) o = (r?7+s8’0)+(rst+sr)u. 


By the definition of direct product the quantities 1, 7, 7, 77, u, du, ju, iju 
are linearly independent with respect to R and a quantity b, +b, with 
b, and by in B is zero if and only if b; — b, = 0. Hence 


res-+sr = 0. 


(18) r?+s*0 = a, 
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Suppose first that rs = sr. Then (18), implies that 2rs = rs = 0 so 
that either r = 0 ors = O. If s = O then v = r, r*? = o in R and 
—r is a root of the minimum equation of r with respect to R. It follows 
that —r is a transform zrz~ by a quantity z of B and that z* = « in R, 
zv = —ve. If r = 0 then v = su, v? = #80 = o in R. Hence s* 
is in R and —-s is a root of the minimum equation of s with respect to R 
and is a transform zsz~! of s by a quantity z of B. It follows that 
2? = « and zv = —vz since z is commutative with wu. 

Finally let rs be not equal to sr. Then neither r nor s is in R. If 
yr? were not in R then the fields R(r) and R(r*) would both have order 
two and would be equal so that r would be a polynomial in r? and by (18), 
in s whence rs = sr. This contradicts our hypothesis and hence r* is in R. 
From (18) s*? is in R and rs = —sr. The quantity z = rs has the property 
that 2? = rsrs = —r*s* in R and the property that 















zv = rs(r+su) = r(—rs+sus) = —rrs—surs = —(r+suz = —vz. 





We have therefore shown that whenever A is an algebra of the set 8 
there exists a quantity z in A such that zv = —vz and 2 =e in R. 
Conversely it is evident that when A contains a quantity z such that 
zv=—vz, z2®?=« + 0 in R then A is the direct product of B= (1, v, z, vz) 
and R(u). 

LEMMA 2. A division algebra A of Theorem 1 is in the set S of direct 
products if and only if there exists a quantity z in A such that 













(19) zev=—vz, 22 = e+0 in R. 









We know that yw = —vy. If », were zero then by taking z = y 
we would have A in the set S. We seek a necessary and sufficient 
condition on ge, 6, 1, vg when »,+0 that A belong to S. Suppose 
that A were in 8S. Then zvz—' = yvy and yz is commutative with v 
and is a polynomial in v with coefficients in R(u). 

We may write as a consequence 









g=ay, A@=—aAtav, a —atagu, a = atau, 











where a, ---,,@, are in R. Then 2? = y,+%.u where 






YW, eek [a? — a} 9 — o(a} — a% e)] +2”, e(a, a, — a, «,), 
yw, = v, (a? — a2 ep — o(a2 — a? Q)]+ 2v,(a, a, — oa, @,). 










Hence if z* is in R we have w, = 0 for a, ---, @ not all zero. Con- 
versely if w. may be made zero for a@,,---, a, not all zero and in R 





SASS 


Fn a et ae a rere cea tpamate tenet te Sila « Raaitine Sh 


sine ana lancet 


oem 
Paes, 


Win tia ree 
- 








~ 


—- ” 
Seta ee 


ite ee 


Reena e: 
By eitindie ok Anthl, gewnite ahs 
. 


Rae 








572 A. A. ALBERT. 


then z defined by z = [(a,+a,u)+(as;+,u)] y has the property that 
zv = —ve and 2? = «+0 in R, since z is not zero and, in fact, has 
grade two with respect to R(u). Then A is in S. | 
The author has shown (loc. cit. on New Results in the Theory of Normal 
Division Algebras) that, when v,+0, w, is a null form if and only if 
the form 
mw Aj — 0,43 — Gy Aj 


in the variables 4,, 2,, 4, is a null form, where we have taken, without 
loss of generality », and v, to be integers, G = G,a, 6 = oO, 2, aw to 
be the greatest common integer divisor of G and o, and v?—v3e = GI? 
where J and G are integers and G is a product of distinct primes. It is 
also known that the above form is a null form if and only if —o,G, is 
a quadratic residue of 7, G is a quadratic residue of o,, and o is a 
quadratic residue of G,. , 

THEOREM 2. Let A be a division algebra given by Theorem 1 with », 
and vz taken to be integers. Write v2—v29 = I'*G with T and G integers 
and G a product of distinct rational prime integers, and suppose that the 
greatest common divisor of 6 and G@ is a so that G=G\n, o-=— G72, 
Then A is a member of the set S of all division algebras of order eight 
over R which are each a direct product of a generalized quaternion algebra 
over R and a field R(u) if and only if vz = 0 or when vz, + 0, 


(20) —06,G, is a quadratic residue of 7, 
(21) G is a quadratic residue of o,, 
(22) o is a quadratic residue of G. 


4, The set of algebras T. We shall consider the set of algebras 
each not expressible as a direct product of R(u) and an algebra of order 
four over R. It is thus necessary that », +0 and one of (20), (21), and 
(22) does not hold if A belong to 7. Also when A is a division algebra 
neither g, o nor og is a rational square. For otherwise the minimum 
equations of one of u,v, or wv would be reducible, while these quantities 
are not in R. 

Conversely let D be any algebra over R(u) with a basis (13) and a 
multiplication table (14), with (20), (21), (22) not all true, »+0,0,¢ 
products of distinct primes, and e,o,¢@ not rational squares. Then D 
is a division algebra. For it is known (Dickson, loc. cit.) that D is a 
division algebra under our conditions on e, o if and only if 


(23) y* + aa(—v) 
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for any a of R(u, v). Hence if D were not a division algebra there would 
exist an a in R(u, v) such that y? = aa(—v). Since », +0 a is not zero 
and has an inverse in the division algebra R(u,v). Then a = ¢, 
ec(—v) = aa(—v) and if z= cy thenz?=—1. But we have chosen our 
parameters so that no z= cy has its square, ¥,-+ Yu, in R and hence 
z* cannot be unity. 

THEOREM 3. Let @, 6, and vz be integer parameters, v?—vi9 = I*G 
where I and G are integers and G is a product of distinct primes, m be 
the greatest common divisor of G and o, and G = Gin, ¢ = 6,0, We 
obtain the set of all non-commutative division algebras of order eight over 
R each of which is not expressible as a direct product of a generalized 
quaternion algebra over R and a quadratic field when we let @, 6, 4, v2 
range over all rational integers such that 

(a) @ and o are products of distinct primes, 

(b) cer, $0, e+ 1, oF 1, oFQ, 

(c) Hither —o,G, is a quadratic non-residue of m, or G is a quadratic 
non-residue of 6,, or o is a quadratic non-residue of Gi. 

5. The set of algebras 8. We consider now algebras A which are 
the direct products of 


(24) 


























B= (l,v,y, vy), ple Mae sy y 


= 7, 









and a field R(u). We of course restrict attention to the case where 
0, 9,¥”, 00, ev, oy are each not a rational square and where e, ¢, and 
are products of distinct primes. As in the preceding section A is a division 
algebra if and only if (23) is satisfied for all a’s of R(u, v). Write 
















a= a+ a0, a, = a+ anu, ag = G3 + au, 











where @,,---, a, are rational parameters. Then 








aa(— 





v) = @— ao = 4+ eu 





with 
(25) é, = @& + a2 9 —(a2+ a2) a, 


(26) &, = 2 (a, a, — Ot, 04). 













It follows that A is a division algebra if and only if the simultaneous 
equations 


(27) 





[attate—sedtete =» $0, 


&, &y— Os, a, = O, 








cannot be satisfied for any rational @,,---, a. 
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Suppose that (27) were satisfied for rational @,, ---, @,. They would 
not all be zero since» +0. Suppose that first a, +0. Then since from 


$8= Pata. w 

(27), a? a? = o a? at, we have 
i nscas 2\ a2 = o a2 a2? — 2a? —- — 2 (oe? — 2 
(a? — oa?) a2 = 0° a? a? — oa? aS = — oa} (aj — oar 


and if we write «, = «;/e, which is possible when e, + 0 we have 


0%) eon = — ead — oe 
so that, from (27),, 
(29) (a3 — oat) (9 — oat) = v, 


Now a, +0. Write a, = 8,83, a, = 88; where A; +0 since ae, +0. 
Then (29) becomes 
(30) (Bi — 083) (93 —o Bi) = »v. 
Let 
é, => B, (e 8s — 083), é, = Bs (e 8s — 083), Jd; = bs, d,= A. 


Then, by multiplying (30) by (@43 — of), we have 
(31) 0; — od; — v (od; — od;) — 0 
and, since 6; = £; + 0, the form (31) is a null form. 


Next let a, = 0. Then a,a,=— 0 so that ag = 0 or ag= 0. If 
a; = 0 then a?— cea? = », so that 
v [oa?— @ (oa,)*] = or’, —ov*?—y [@ (oa,)*— oa?] = 0 
and (31) is satisfied for 6, — 0, dO: —v+0, Os = ca,, Of = wy. 
If «gs +0 then ag=—0, v = a@?—ca? go that 





ov = «6 — (aa;)”, (oas)*— oa? — y(— o) = 0 


and (31) is satisfied for 6, = cas, 6, a, ds = 0, 6b — 140. 

Conversely let the form in (31) be a null form, so that (31) is satisfied 
for rational 6,,---, d, not all zero. Now @d3;— od; + 0 unless 6; = 6, = 0 
by our restriction on eo. Also 6;— od; + 0 unless 6, — 6, = 0. We have 


(6; — 03) (eds — 063) = v (9d; — 004). 


But ¢ 0; — o6;+0 since otherwise 6;—= 6,— 0, 6; —od;— 0, 6,—= 6,=0, 
a contradiction of our hypothesis that 0,, ---, d, are not all zero. It 
follows that 


(6; — o 63) (9d; — adi) = ve? + 0. 
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Suppose first that 6; 0. Then 


vs® — — od; (6; — 063), y= —opstpj 


with wu, = 06,6,/e, jy = 6, 6,/e. Then (27) are simultaneously true 
when we take a, = a, = 0, a = ™, & = @ With a and a, not both 
zero since mw, and mw, are not both zero. Next let d;+0. Then 


vy = (e— 08) (& — o&) 
with 
0, a ee 


ds’ & é 





§ = 


If § = 0 then » = (o&, &,)”— o@&{ and (27) are simultaneously satisfied 
for a, = o& §, ag=—ag—0, ag = & +0. Finally let &+0. Then 
by taking 


Ol; &, 
Ly = &40, a= &,, Lz == E, @s, os Nae am 
2 


2 2 » | 3 . 
we have a, @—¢Gaz,a,=— 0, @ a, = oO azay and, as in the converse 


case, (27) are simultaneously satisfied. 
Lemma 3. The pair of equations (27) can be simultaneously satisfied for 
rational a, ---, @, if and only if the quaternary quadratic form 


(32) J; — od; — ved3 +00; 
is a null form. 

But A is a division algebra if and only if (27) cannot be satisfied for 
rational a, ---, @,. It follows that A is a division algebra if and only 
if (32) is not a null form. Using a known result of the theory of numbers 
we have 

THEOREM 4, It is possible to write any three integers e, 0, v each of which 
is a product of distinct primes, and such that neither @, 6, v, @¢, ev, Tv is a 
rational square, in the form 


(33) eo=—oatyn, o=0,§Cx, y=",4yln 


where the rational integers @,, , §, 4, $, m are each products of distinct 


primes and are relatively prime in pairs. Also when e is even take @, even 
and the remaining numbers of (33) odd; while when e is odd take either 
v, v, even and the remaining numbers of (33) odd or all of the numbers of 
(33) odd. Then we obtain all division algebras of the sets S when we permit 
e, ov to range over all integers satisfying the above conditions and such that 


(34) Ew? — 6, Cmw? — 0, ¥,0w2+ 0,7, 407 
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in the integer variables w,,---, @, is not a null form. This final condition 
is equivalent to stating that one of the following diophantine conditions is 


not satisfied: 
I. The signs of the coefficients in (34) are not all the same; 


Il. — 6,7, 0,§y is a quadratic residue of ¢; 
. §fo,, is a quadratic residue of 4,; 

IV. §f0,2 is a quadratic residue of ,; 

V. Either 


(i) e,Faqgrt = 2,3,5,6,7 (mod 8); or 
(ii) @, §ayv? = 1 (mod 8), and § —oln —e,v,0-+ 6,»,y = 0 (mod 8); or 
(iii) v, is even and 4e,§ayv? = 3,5, 7 (mod 8); or 


(iv) v, 7s even, $e,§ayr? = 1 (mod 8), 





<0 OT teat = Lietma)*—1} (mod 8). 

For we evidently have the decomposition (33). When both @ and @ are 
even then }go is odd and by replacing v in (24) by wv/Sa we have a new 
v with o replaced by an odd number. Similarly we may take y odd, in 
case @ is even. When this is done and the numbers of (33) redefined as 
in (33) we see immediately that §, 7,0, 7,0o,,”, are all odd and that 9, 
is even. If @ is odd and both ¢ and » are even then, by replacing v in (24) 
by vy/naf we have a new odd o. We may then restrict our attention to 
parameters @,6,¥ satisfying the conditions of our theorem in order to 
consider the set of all algebras of S. It therefore merely remains to show 
that (32) and (34) are equivalent. Replace e, o, and v by their values (33) 
in (32) and it becomes 


(35) di + &[— (6,02) 8: — 0, f(y 003) + 6, ,4(E04,)], 


which is zero for integers 0,,---, 6, not all zero if and only if when we 
write 6, = o,§, 6, = w,, 6;74 = 3, 6,7f = o,, the form (34) is 
zero for integer values of w,,---, @,. Using Meyer’s theorem* on quater- 
nary quadratic null forms and the fact that, under the restrictions of our 
theorem, two of the coefficients of (34) are even only when », is even, 
we have the desired result. 





* Conveniently stated by R. G. Archibald, Trans. Amer. Math. Soc., vol. 30 (1928), 
pp. 826-27, with a reference there as to Meyer’s original paper. 


CoLtumBIA UNIVERSITY, 
December 19, 1929. 














A SURVEY OF THE THEORY OF SMALL SAMPLES.* 


By Pau R. Riper. 


INTRODUCTION. 

1. The importance of small samples.t For some two decades the 
fact has been gaining recognition that the theory of sampling which assumes 
that the sample contains a large number of individuals is inadequate for 
many practical purposes. Physical, chemical, biological, and agricultural 
experiments frequently deal with comparatively few observations; engineering, 
particularly industrial engineering—analysis of raw materials and inspection 
of finished products,—often bases conclusions upon somewhat meager data. 
Sometimes the cost of obtaining additional observations is prohibitive, 
sometimes, indeed, it is impossible to obtain more data, as would be true 
in the case of meteorological records. 

The theory of error relating to statistical parameters, as developed by 
Pearson,t Filon,§ Sheppard,|| and others, has proved inadequate for small 
samples. In particular, if in testing the significance of a parameter, as 
computed from a sample, we assume that the parameter is normally dis- 
tributed with a certain standard deviation (as computed also from the 
sample), we are apt to be led to erroneous results. The distributions of 
some parameters, notably the coefficient of correlation in samples from 





* Received August 20, 1929. — This study was made while the writer was the holder 
of a Sterling Research Fellowship in Mathematics at Yale University, during the academic 
year 1928-29. 

+R. A. Fisher, Statistical Methods for Research Workers, passim. 

“Student”, The probable error of a mean, Biometrika, vol.6 (1908-09), pp. 1-25. 

W. A. Shewhart, Correction of data for errors of averages obtained from small samples, 
Bell System Technical Journal, vol. 5 (1926), pp. 308-19; Note on the probability associated 
with the error of a single observation, Journal of Forestry, vol. 26 (1928), pp. 601-7. 

W. A. Shewhart and F. W. Winters, Small samples—new experimental results, Journal 
of the American Statistical Association, vol. 23 (1928), pp. 144-53. 

Editorial, Statistics in administration, Nature, vol. 117 (1926), pp. 37-8. 

t See for example Karl Pearson, On the probable errors of frequency constants, Bio- 
metrika, vol. 2 (1902-03), pp. 273-81; vol.9 (1913), pp. 1-10; vol. 13 (1920), pp. 113-32. 

§ Karl Pearson and L.N.G.Filon, On the probable errors of frequency constants and 
on the influence of random selection on variation and correlation, Philosophical Trans- 
actions of the Royal Society of London, series A, vol. 191 (1898), pp. 229-311. 

|| W. F. Sheppard, On the application of the theory of error to cases of normal dis- 
tribution and normal correlation, Philosophical Transactions of the Royal Society of London, 
series A, vol. 192 (1899), pp. 101-67. 
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highly correlated material, do not tend to normality as the size of sample 
is increased; the distributions of many other parameters are far from normal 
in the case of small samples. Moreover, as the size of the sample is 
decreased, the standard deviation of the parameter under consideration 
becomes Jess reliable, and the older error theory does not take account 
of this random sampling variation of the standard deviation. 

Undoubtedly the leading writer in the theory of small samples is R. A. 
Fisher, whose work in this field has revolutionized modern sampling theory. 
Much of it is to be found in his book, Statistical Methods for Research 
Workers, but this book is extremely unsatisfying to a mathematician, as 
it merely states results without proofs and usually without even indicating 
how a given result may be derived. It discusses such things as the dis- 
tribution of ¢ without telling what the distribution is. His original papers 
are much more enlightening, but from the references as given in the book 
it is sometimes difficult to tell which paper treats of a given topic. Even 
these papers suffer in places from the same defects as those of the book, 
and they are often troublesome to follow. 

2. Scope of this paper. It has consequently been thought desirable 
to summarize certain important phases of the theory of small samples as 
given by Fisher and others, to collect the principal results which are to 
be found in various sources, and thus to show just how the whole subject 
at present stands. When the study was begun it was not realized how 
extensive the literature had become; indeed it has been increased considerably 
during the preparation of this paper by the publication of a number of 
articles, several of which are important contributions. On account of this 
extensiveness the matter of selection has been difficult, and doubtless 
certain topics or certain papers have been unduly emphasized at the ex- 
pense of others more important, in an effort to secure a continuity of 
treatment, which, together with the question of arrangement, has been 
a considerable problem. For example, the theory of goodness of fit, which 
is intimately connected with the theory of small samples, has merely been 
touched incidentally. 

The first subject taken up is “Student’s” distribution, or the distribution 
of the ratio of the deviation of the mean of a sample (from the mean of 
the sampled population) to the standard deviation of the mean as estimated 
from the sample. This distribution has very wide application in tests of 
significance of means, regression coefficients, etc. Part II discusses the 
distributions of correlation coefficients, the treatment of which is deferred 
to Part IV. Part III deals with the analysis of variance, a term intro- 
duced by Fisher to describe the resolution, into two or more groups, of 
the factors causing variation, Fisher’s z-distribution, one of very broad 
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generality arising in the study of the analysis of variance, is taken up here. 
Most of the distributions discussed in the first four parts depend upon the 
samples being drawn from a normal population. In the concluding part (V) 


- various results that have been obtained for small samples from non-normal 


universes are discussed. 


I. “SrupEnt’s” DiIsTRIBUTION AND ITS APPLICATIONS. 

3. “Student’s” distribution. It is well known and can readily be 
proved* that the means of samples of N from a normal universe whose 
variance (squared standard deviation) is o* are themselves normally distri- 
buted, with variance o*/N. If o is known, we can test a certain hypo- 
thesis concerning the mean of the universe or sampled population by using 
the normal probability integral. Thus the probability that the mean z of 
a sample (x, 2%2,--+,2w) of a normal variate x does not exceed (in al- 
gebraic sense) the mean of the universe by an amount x—™m is given by 


o—M. 1 Tt 
ria in e-&- —m)/(267/N) d (x— m) = To, 2q t, 
(o/N (27) (22) 


in which 





xr—m 


* 5. gees 


If the value of o is unknown, as is usually the case, we must replace 
the standard deviation of the mean, viz. ¢/N*?, by some estimate of it 
from the sample, such as 


(1) @—p = = lane wopra -ay’ 


s being of course the standard deviation of the»sample. This estimate is 
the square root of the expected or mean value of the variance of the mean.7 


The statistical parameter 


xr—m 


[> @—a)"/N(N—1)] 





1/2 ? 


(2) t= 


which is the ratio of the deviation of the meam of a sample to the 
standard deviation of the mean as estimated from the sample, is not 
normally distributed — although it is practically so distributed for large 





* See below. 
T See H.L. Rietz, Mathematical Statistics, p.128; also Biometrika, vol. 11, p.353, 2d footnote. 
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values of N — and we can not test the significance of a mean of a small 
sample by using the normal probability integral. Consequently it is desirable 
to know the distribution of ¢ and also to obtain some idea of where to 
draw the line between “large” and “smal!” samples. 

The distribution of ¢ (for the case of a normal universe) was first given 
by “Student” in 1908 in a basic paper*, which together with a paper 
on the probable error of the correlation coefficient? apparently stimulated 
an interest in the whole subject of small samples. “Student” actually 
found the distribution of a slightly different variable, viz. 


(3) e = t/(N—1)™. 

To find the distribution of z let 
us regard the members of a sample 
(a1, %g, +++, xy) as the rectangular co- 
érdinates of a point in N-dimensional 
Euclidean space. Since the variate x 
is assumed to be distributed normally, 
that is, according to the law 


(4) (27 0*)—1? ¢—@—mi'20* dz, 





the probability that the sample will 
lie in the element of volume 





dv = dx, dix, -+- dxy 
is 
NX 
— 5 (@—m)'/20° 


(5) (220")-%2e = dv. 


Making use of the relation 


N 
2 i—m)* = 2 [ei—2) + @—m)P 





| 
Mz Me 


N 
(aj;—2)?+(Z—m) > (43—%) + N(E—m)* 
t=] 
= Ns*+ N(x—m)’, 
we see that (5) reduces to 
(6) (2 1 o*)—N2 e—Ns*/20* e~N@—m)*/26* dv. 


i 


We now express the volume element dv in terms of z, s, dz, ds 
as follows: Let P (see figure) be the point representing the sample 





*“Student”, The probable error of mean, Biometrika, vol. 6 (1908-09), pp. 1-25. 
+ “Student”, Probable error of a correlation coefficient, Biometrika, vol. 6 (1908-09), 
pp. 302-10. 
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(a, %, +++, ww). Let PM be the perpendicular from P upon the line 
“Y = Lye = +++ = IN. Then 


oM = Sin = Ni, OP = Se, 





N 
MP’ = OP’ —0OM’ = 2, ti — (Nay = Ns". 


Consequently, for a given pair of values of z and s* the point P will lie 
on an (N—1)-dimensional hypersphere orthogonal to the line OM, and 
the volume element dv is proportional to 


s\—2 ds dz. 
Therefore the probability (6) that the sample will lie in dv is pro- 
portional to 
(7) e~NG—my20 dz >< (8%) N—B2 e—Ns/20° q (5%), 


From this factored form it follows immediately that 
1. The deviation, x—m, of the mean of a sample from the mean of 
the universe is distributed in the normal probability distribution 


(8) (22 0*/N)—2 e—N@—mi20" Gz; 


2. The variance, s*, of a sample is distributed according to 





(9) (N/2 0?) XY? (g2)N—8/2 g—Neti20* g (52) 
>) : 
r 
2 
the proper constant having been supplied to make the area of the distri- 
bution curve unity. (The distribution of standard deviations can be obtained 
at once, since d(s*) == 2sds. See expression (67) below); 

3. The deviation z— m and the variance s* are distributed quite in- 
dependently. 

Since z = (x — m)/s, we have x —m = zs, and, for a fixed value of s, 
dx =—=sdz. Therefore, for a given s, we find by multiplying (8) and (9) 
together, 

( N/2 o?)A—ve2 
(2 wo*/N)—¥? e—NP#20 gd z>< (3%) —8)/2 ¢—Ns*/20* q (5%) 
r( N—1 
(10) : 
2 
_ (20°)? e-Ns*(1+29)/20 (52)(N—2/2 q(s%) dg 


a mar (X—1) 
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the simultaneous distribution of s* and z. Integrating with respect to s* 
from 0 to o, we get for the probability distribution* of z, 


T (N/2) dz 
11 — 
( ) mar (X=) (1+ 2*)%? 





Since t = (N—1)"?z, the distribution of ¢ is given by 
I'(N/2) dt 
ete 2 N/2 
(N—1)!2 mar (*—") (1 $35] 





(12) 
2 N-—1 


Fisher employs the number n = N—1, which is equal to the number 
of “degrees of freedom”. In the estimate (1) of the standard deviation 
of the mean occurs the statistic z = >’a;/N, which uses up one degree 
of freedom. Consequently the number of degrees of freedom is one less 
than the number in the sample. It will be seen later that, under certain 
conditions, regression coefficients follow this same distribution. In deter- 
mining the number of degrees of freedom in this case, unity must be deducted 
for each constaut that appears in the regression equation. In terms of n, 
we have for the distribution of ¢, 


n+1 
c——_—_ 


(nm)? (n/2) (1+ B/n)ornr * 








(13) 


The method of derivation which we have used is that given by Fisher.t 
The result is in precise agreement with that of “Student’’, and the distri- 





*The distribution of z approaches that of a normal curve with standard deviation 
1/(N — 3)'” as N increases, and it is usually satisfactory for N>30 to employ 


[(N —3)/2a]'? e-@—9 92 dz 


as an approximation. (See Romanovsky, Metron, vol. 7, no. 3, p.15; also “Student” 
Biometrika, vol. 11, pp. 414, 417.) 

+R. A. Fisher, Frequency distribution of the values of the correlation coefficient in 
samples from an indefinitely large population, Biometrika, vol. 10 (1914-15), pp. 507-21; 
Note on Dr. Burnside’s recent paper on errors of observation, Proceedings of the Cam- 
bridge Philosophical Society, vol. 21 (1923), pp. 655-8; Applications of “Student's” 
distribution, Metron, vol. 5, no. 3 (Dec. 1, 1925), pp. 90-104; Mathematical examination of 
the methods of determining the accuracy of an observation by the mean error, and by 
the mean square error, Monthly Notices of the Royal Astronomical Society, vol. 80 
(1919-20), pp. 758-70. This last paper, in addition to deriving the distribution of the 
standard deviation, gives the mean value of the mean deviation, and the mean value of 
the square of the mean deviation. It also discusses, for the special case of four variates, 
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bution of ¢ or of z is often called “‘Student’s” distribution. “Student”’, 
however, obtained the distribution of s* by finding algebraic expressions 
for the first four moments and fitting a Pearson curve of type III. He 
did not show that this curve agreed with the true distribution in the higher 
moments. And while he proved that neither z nor x? is correlated with s’, 
he did not show that the distribution of z and that of s* are completely 
independent. 

4, Sampling errors of means. The theory will be illustrated by 
some examples from the accompanying table quoted by both “Student” 
and Fisher from an article by Cushny and Peebles in the Journal of 
Physiology. This table shows the soporific effect of dextro- and laevo- 
hyoscyamine hydrobromide. The sleep of the patients was measured with- 
out soporific and with each of these drugs. 

EXAMPLE 1. What is the probability that drug 1 will induce increase 
of sleep? In other words, what is the probability that the mean of the 
sampled population is positive? 


ADDITIONAL Hours oF SLEEP GAINED BY THE USE oF 
HyoscyAMINE HyDROBROMIDE. 



































Patient 1 (Dextro-) | 2 (Laevo-) | Difference (2-1) 
1 + 0.7 +1.9 + 1.2 
2 — 1.6 + 0.8 + 2.4 
3 — 02 +11 +13 
4 —12 + 0.1 +1. 
5 — 0.1 — 0.1 0.0 
6 +34 +44 + 1.0 
7 + 3.7 + 5.5 +18 
8 + 0.8 + 1.6 + 0.8 
9 0.0 + 4.6 + 4.6 
10 + 2.0 + 3.4 +14 
Mean (@) + 0.75 + 2.33 + 1.58 
8. D. (s) 1.70 1.90 1.17 
We have 
x—m 0.75 —0 
et eee ee 
or 


t = (N—1)!72 = ni2@¢ = 32 = 1.82. 





the simultaneous distribution of the standard deviation and the mean deviation. It com- 
pares the methods of determining the accuracy of an observation by the mean deviation 
and by the standard deviation. 
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From tables* we find that the corresponding probability is 0.888. 
EXAMPLE 2. What is the probability that drug 1 will, on the average, 
induce at least 1 hour of sleep? 
Here we take m = 1, and find 
z—m 0.75 —1 


8 oe Se a eae 





The corresponding probability is 1— 0.666 = 0.334. 

EXxaMPLe 3. What is the probability that drug 2 is a better soporific 
than drug 1? 

The mean of the differences is 1.58 and their standard deviation is 1.17. 


Hence a 
= 1.35, 
and the probability is 0.999. 

Fisher? has pointed out the fact that since the simultaneous distribution 
of x and s* is in reality composed of two independent distributions, 1. that 
of N? (xz — m)/o distributed normally about zero with unit standard de- 
viation, and 2. that of Ns*/o® (= i distributed according to the law 


1 


(14) (47/2)\A—2 e-H2 d(x7/2), 


rf 


in such a way that 


(15) t 





te oe aly x 





* Biometrika, vol. 6, p. 19; vol. 11, pp. 414-7. 

Tables for Statisticians and Biometricians (1924), p. 36. 

Metron, vol. 5, no. 3, pp. 105-8. 

R. A. Fisher, Statistical Methods for Research Workers, Table IV. 

G. F. McEwen, Methods of estimating the significance of differences in or probabilities 
of fluctuations due to random sampling, Table 13. 

There is a lack of uniformity in the symbol employed for the number in the sample. 
Sometimes n is used, sometimes n’. Care must be taken to understand the notation. 

7 R. A. Fisher, Applications of “Student’s” distribution, Metron, vol. 5, no. 3 (Dee. 1, 
1925), pp. 90-104. 

t This quantity, although not the same as the y? used in tests of goodness of fit, 
has essentially the same distribution. See, for example, R. A. Fisher, On the interpretation 
of y? from contingency tables, and the calculation of P, Journal of the Royal Statistical 
Society, vol. 85 (1922), pp. 87-94; The goodness of fit of regression formulae, and the 
distribution of regression coefficients, Journal of the Royal Statistical Society, vol. 85 (1922), 
pp. 597-612; On a distribution yielding the error functions of several well known statistics, 
Proceedings of the International Mathematical Congress, Toronto (1924), vol. 2, pp. 805-13 
(In this last paper see in particular section 2, Pearson’s y? Distribution.) 
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shows that formula (13) for the distribution of ¢ is applicable whenever 
we are dealing with a normally distributed variate whose standard deviation 
is not known exactly but is independently estimated from deviations 
amounting to n degrees of freedom. The ¢-distribution has thus been found 
useful in such problems as testing the significance of the difference between 
two mean values and determining the sampling errors of regression co- 
efficients. The parameter ¢ involves no hypothetical quantities, being 
calculable from the observations only. 

The revolutionary importance of the work begun by “Student” and so 
widely extended by Fisher is that it takes into consideration the variation 
in random sampling of the standard deviation of a statistical parameter. 
Thus, in the case of ¢ we are provided with the exact distribution, in 
samples of size N, of the ratio of the mean (measured’from the mean of 
the population) to its standard deviation. 

5. Significance of the difference between two means. Let %,, Z; 
be the means and s, s, the standard deviations of two samples of JN, 
and N, quantities, respectively, from a normal universe. Then the variance 
of the difference between the two means (assuming that they are uncorre- 
lated) is o*/N, + 07/N, = o*(N,+ N,N, Ne, and the statistic 
%:— 2% [| N,N, \'” 

o Gy i+ x) 
is normally distributed with unit standard deviation. If in place of o we 
use the estimate 


N, N, 1/2 
(17) +2" | Sq —ay4+ Saw , 





(16) 


which is equal to (N, s}+N, s3)"?/(NitNo—1)**, s? and s} being the 
variances of the two samples, then the statistic 
a N,N, ns 1 (a 
o \N,+N,/ ~*~ ¢ \N,4N,—2 





= 





(18) MM (M+M—2) Pf? 


= 6 aaa e ERD 





will be distributed in the ¢-distribution for n — N,+N,—2, and we can 
find from tables of ¢ the probability of a greater difference between the 
means than that observed. 
When N, = N, = N, (18) reduces to 
oye’ 2N—1 }? 
(19) t = (a — Xe) tare 


32-5 
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If in this case (that is, the case in which the two samples are equal in 
number) each member of the first sample corresponds in some way to 
a certain member of the second sample, the significance of the difference 
between the means can also be tested as in Example 3 above. (In that 
example the members of the two samples could be paired because the two 
different drugs were administered to the same patients.) “When both 
methods are available, sometimes the one and sometimes the other is the 
more sensitive; if either shows a significant deviation its testimony cannot 
be ignored. If, as frequently happens in experimental work the corre- 
sponding values of the two samples are positively correlated [the values 
in Example 3 are probably correlated by reason of personal variations in 
response to drugs], the standard deviation of the differences will be reduced 
by this circumstance; against this advantage we must set off the fact 
that in treating the results as a single sample, the value of m is only half 
as great as if the two samples had been treated separately.’’* 

6. Regression coefficients.t The ¢-distribution may also be applied 
to testing the significance of regression coefficients and of differences 
between them. 

If we have a sample of N pairs of values (2, y:), (%2, Ye), «++, (aw, yn); 
the regression line of y on x is given by the equation 





(20) Y = a+d(a—2z), 
in which 
N 
1 & = yi (ai — 2) 
(21) a=y=—lun b= 
N Hi 
> (xi—x)? 
foi 


The true regression formula may be represented by 


(22) Yo = «+8(@—Zz). 


Let us suppose that, for a given value of 2, y is normally distributed 
with variance o*. Then, if the set of values (z,, 22,---,2w) does not 
change from sample to sample, the variance of a, which is the mean of 
N observed values of y, will be o7/N. 

To obtain the variance of the coefficient b, we note that b is a weighted 
mean of these observed values of y, the weight corresponding to y; being 
wi = (%—2x)/> (x%i—Zz)*. Thus the variance of b is 





*R. A. Fisher, Metron, vol. 5, no. 3, p. 96. 
7 R.A. Fisher, Applications of “Student’s” distribution, Metron, vol.5, no.3 (Dee. 1, 
1925), pp. 90-104; Statistical Methods for Research Workers (1928), p. 115ff. 
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a a si uj — 2% 

icin i au ‘Zsa 
G8) 2 > (%— Zz)? o 
"Wea La@—a 


As an estimate of o? we use 


1 2 
ae eT) . 





ot 





The reason that the divisor is N—2 is that Y contains two statistical 
parameters, viz. a and b, which have already been calculated from the 
N values of y, and therefore the set of differences y— Y actually represents 
only N-—2 degrees of freedom. It can be shown* that (o-*) S(y— Y)? 
is distributed in random samples as is the sum of squares of N— 2 quan- 
tities which are normally and independently distributed with unit standard 
deviation; moreover this distribution is quite independent of a and b. 
It follows that the quantity 





t= ick CORR men ttT 
(24) o/[S(ia@—zy? ol N—-2 
Seay 
= (b—f) (N—2)4| =" 
(> — A) ( bx 


will be distributed in the ¢-distribution for nm = N—2, and we are thus 
afforded a method of testing the significance of the difference between the 
value b of a regression coefficient obtained from a set of sample and any 
hypothetical value 8. 

To test the difference between a value a obtained from a set of ob- 
servations, and any hypothetical value a, we use 


(a — «) N¥2(N—2)2 
25 § = 
” [>Sw—yY 


7. Regression lines. Working and Hotellingt have given a method 
of measuring the combined effect on the regression line of the sampling 
errors affecting the two parameters. 





with n = N—2. 





*See R. A. Fisher, Metron, vol. 5, no. 3, p. 97 ff. 

+ Holbrook Working and Harold Hotelling, Applications of the theory of error to the 
interpretation of trends, Journal of the American Statistical Association, vol. 24, new 
series no. 165A (March 1929 Supplement, Papers 111 Proceedings of the Ninetieth Annual 
Meeting), pp. 73-85. 
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For a fixed value of x, the variance of b(2—z) is (c—z)*o?, while 
that of a is o?. Consequently the variance of Y = a+b(xa—~Z) is 
02+ (w—x)* 6? and the equation 


(26) y = at+b(e—z) +k[o? + (@ — Zz) of}? 


determines for a fixed value of x an ordinate differing from that of the 
calculated trend line by & times the standard deviation. The probability 
that this difference will be exceeded by chance may be obtained from 
tables of ¢ by setting k equal to ¢ and taking n — N—2, the number of 
observations, N, diminished by the number of constants, 2(viz. a and b). 
Inversely, ¢ may be obtained determined for a given value of the probability P. 
Suppose, for example, that we take P = 0.05, find the corresponding 
value of ¢ and substitute it for k in the equation of the hyperbola (25). 
Then for a fixed value of x, the probability is 0.95 (i. e. 1— P = 1— 0.05) 
that the point (in the ab-plane) representing the value of the true regression 
line will lie between the two branches of the hyperbola. 

Instead of considering the sampling error connected with an estimate of 
the regression line corresponding to a particular value of x we may wish 
to consider the error connected with the line as a whole. 

Let (20) be the regression formula as estimated from N pairs of values 
of x and y, and let (22) be the regression equation of the general population. 
For separate samples of size N, the values of a and b are normally and 
independently distributed, and if we represent their standard deviations 
by 4 and o respectively, their joint probability distribution will be given 
by 
(27) (1/2 0q05) 62/22 O-BY 2% ag Qh, 


The probability will be constant along a given ellipse 
(28) (a— «)*/o2 + (b— £)?/o? = 7’. 


To test whether Y,, = «+ 8(x—72) is actually the regression line of 
the general population, or in other words, whether certain values e@ and 8 
are actually the constants of the regression line of the population, we 
calculate the value of x* by putting the observed values of a and b into 
equation (28) and integrating the probability (27) over the entire portion 
of the ab-plane exterior to the ellipse (28). The result is the probability, 
on the hypothesis that Y, = a+8(x—zZ) is the true regression line, 
that a random sample would give us greater deviations than the values 
a and b of the line Y = a+bd(x—z). If this probability is small, we 
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feel safe in concluding that our sample did not come from the population 
assumed. The probability can be evaluated as follows: 
Make the substitutions 
















(29) (a—a)/o, = x cosy, (b—A)/% = x sin 
in (27). Then 
(30) ivet et ii de ee waakede 
and 
1 (* 
(31) P= —— f ety dydg = eP, 
27 Jo y 





Values of P can be obtained from a table of the exponential function or 
from tables of goodness of fit* (Pearson’s y* method), the table being 
entered with n’ = 3. 

Working and Hotelling next considered the line y = a+b(a—z) to 
be represented by the point (a, 6) on the ellipse (29). They eliminated a, 
obtaining a one-parameter family of lines whose envelope is the hyperbola 












(32) y = «+A(e—z) + 4[02 + @—z) Gf}. 


This hyperbola has its center at the center of gravity (x, y(= «@)) of the 
distribution, its asymptotes are 


y = a+(@+%) (@—z). 













(33) 









Pi ov ‘ = = 
a i Mae ; A 7 a ge Se ee Se Seales ee A Sages ok a ats 2 
= aa a 
ee eee Se ae ae ieee eee na ve eee SO ee Tae ote si 


the line y = a+ 8(x—7Z) is a diameter. 

Now a line y = a+0(x—z2z) which cuts the hyperbola (32) corresponds 
to a point (a, b) outside the ellipse (28), while a line which does not cut 
it corresponds to a point inside the ellipse. Since the equation of the 
ellipse is symmetric in a and a, and also in b and 8, we see that for a 
given value of y*, if (a,b) lies inside the ellipse with (a, 8) as center, 
then (a2, 8) will lie inside the ellipse with (a, b) as center. We therefore 
draw the hyperbola 










(34) y = a+b(a@—Zz)+y[02 + (@—Zz)? of}? 






having the observed regression line as a diameter, and the probability 
that the true line will cut this hyperbola is P = e*’*, More strictly 
speaking, to quote the authors, “if a certain line cutting the z* hyperbola 
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* Karl Pearson, Tables for Statisticians and Biometricians (Table XII). 
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is the true line, then the probability that the calculated trend line would 
be obtained by chance is less than P.” 

It should be noted that the estimates of o, and o are not accurate if 
we are dealing with a small number of observations, consequently it would 
be desirable to replace x in the equation of the hyperbola (34) by the 
appropriate value of a function of x determined in a manner similar to 
that in which the value of ¢, used to replace k in equation (26), was ob- 
tained. No table of the requisite function of x is available, however, so 
this refinement has to be omitted. 

8. Testing a hypothesis concerning a sample. Neyman and 
E. S. Pearson* have used a somewhat similar method to test the hypothesis 
that a sample, which we have good reason to believe was drawn from 
some normal universe, was drawn from a normal universe with specified 
mean m but unspecified standard deviation. Employing what Fisher terms 
the “principle of maximum likelihood”’,t they have found that the sub- 
universe (of all those with mean m) for which the likelihood is maximum 
is that with variance (zy — m)*-+s*, where and s are the mean and 
standard deviation respectively of the sample. The ratio of the maximum 
likelihood for this sub-universe to the maximum likelihood for any normal 
universe turns out to be (1-++2*)-%, where, as usual, z = (2 — m)/s. 
This is constant along a given z-contour in the plane of x—m and s, 
and we may measure our confidence in the decision to accept or reject 
the hypothesis that the sample came from a normal universe with mean m 


by the integral 


(35) I'(N/2) dz 


wa r(Xa) J Oe 





taken outside a z-contour. This however is “Student’s” integral, and we 
have a method of using it to test a hypothesis concerning the sample as 
a whole. 

An alternative method for testing this same hypothesis has also been 
given by these writers. Make the transformation M = (2— m)/o, S = s/o, 
which changes the function 


(36) gN—2 g—N ¢—N(@—m"+ 8/20" dz ds, 
into 
(37) SN—2 e—-NM*+S/2 dM 8. 





* J. Neyman and E. §. Pearson, On the use and interpretation of certain test criteria 
for purposes of statistical inference, Biometrika, vol. 20A (1928), pp. 175-240. 

+ R.A. Fisher, On the mathematical foundations of theoretical statistics, Philosophical 
Transactions of the Royal Society of London, series A, vol. 222 (1921), pp. 309-68. 
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Let 


N/2 QN—2 ,—N(M*+S/2 
(38) Pi a — dMas 


nil2 9-2/2 (7) 





where the integral is to be taken outside the curve 
(39) A = SN e-Nat+s*-v/2 — const. 


Then Pj gives the probability, on the assumption of a normal universe 
with mean m and standard deviation o, of a greater discrepancy than the 
pair (z,s). We may write 


 : 
(40) logigd = 2 flogioS*— (A? + 8*—-1) logioe] = (log ioe—h) 
and obtain for the equations of contours 
(41) (M* + 8?) logi9e—logioS? = k. 


The authors have provided a chart or nomogram and tables of Py, the 
use of which may be illustrated by the following example taken from 
their paper. 

EXAMPLE. Records of weight in a large population of mice for males 
between 120 and 140 days of age show a mean of 23.823 grammes, 
o = 3.137 grammes, and for the frequency distribution 4, — 0.086, 
8, = 2.687. Can a group of 6 mice with the weights 22.5, 26.0, 20.5, 
24.0, 18.0, 24.5 be considered a random sample from this population? 

We have 

N=6, x = 22.583, s = 2.668, 
= (x—m)/o = (22.583 — 23.823)/3.137 = —0.395++, 
S = s/o = 2.668/3.137 = 0.851. 


From the contour chart it can be found that k = 0.52. Entering the 
table of P, with this value of k and with N (nm in the notation of Neyman 
and Pearson) = 6, we find P, = 0.607, so that there is no reason to 
doubt the origin of the sample. 

9, Non-linear regression coefficients.* The ¢-distribution may be 
used for the coefficients of a non-linear regression formula, again under 
the assumption that y is normally and equally variable in each array. 
Let the regression equation be 





*R. A. Fisher, Applications of “Student’s” distribution, Metron, vol. 5, no. 3 (Dec. 1, 
1925), pp. 90-104; Statistical Methods for Research Workers. 
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592 P. R. RIDER. 
(42) Y = ao +a, X (x) + dy Xe (x) +--+ + ap Xp (x), 

where X, (= 1), X1, Xz,---, Xp are orthogonal functions of x; that is 
(43) 2 X; (xi) Xx (xi) = O for 7 $k. 

Then 


(a; — a;) (N— p—1)? (> x?)"? 
44 o on ( 
(44) [ > (y—Y)? 1/2 


will be distributed in the ¢-distribution for » — N—p—1 and can be 
used to test the significance of the deviation a;—«; of any of the regression 


coefficients from a hypothetical value a;. 
10. Multiple regression coefficients.* ‘The ¢-distribution is further 


applicable to the coefficients of a multiple regression surface, either plane 
or curved. The surface may be represented by the equation 





(45) Y—y = bh ay t+byay+---+dp ap 


where 2,,--+-, Zp are variates or functions of variates measured from their 


means. Let 
>a > XX Fes > X Xp 
(46) salam Deh + Dank 


DX Xp Ds Xp ~—_ ma 
the summation extending over N observed values, and let A, be the co- 
factor of Dx}. Then if o” is the variance of y, the variance of b, ist 


of = 07 A,/A, 
and if 4; is the population value corresponding to the observed 6;, then 


each of the quantities 
__ (%—) (N—p — 1)? 4 


= 1/2 4! 
oy (So—NT" a 


will be distributed in the ¢-distribution for n = N—p—1. 

11. Coefficients of likeness. The anthropologist frequently has to 
compare races of which it is possible to obtain only limited samples. To 
compensate for the small number of individuals he measures a large number 








*R. A. Fisher, Applications of “Student’s” distribution, Metron, vol. 5, no. 3 (Dee. 1, 
1925), pp. 90-104; Statistical Methods for Research Workers. 
+ Cf. H. L. Rietz, Mathematical Statistics, p. 95, equation (32). 
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of characteristics. Some of the characteristics may not show significant 
differences with respect to their standard deviations, and a single numerical 
measure of the whole series of differences is desirable. Such a measure 
or coefficient is termed by Karl Pearson* a coefficient of racial likeness. 
He states: “It should be a measure, not of how far the two races or 
tribes are alike or divergent, but of how far on the given data we can 
assert significant resemblance or divergence.” The concept need not be 
restricted to the particular field of anthropology; a coefficient of the type 
described should show whether two samples belong to the same universe. 
For this reason Romanovsky+ has used the term belonging coefficient. 
Perhaps coefficient of likeness is appropriate. 

By using generating functions of moments, Romanovsky has shown that 
the distributions of certain of these coefficients seem to be closely 
connected with “Student’s” distribution, often being expressible in terms 
of this distribution and finite or infinite series. 

It should be noted that the results of PartI are based upon the 
hypothesis of a normal sampled population. 


II. DISTRIBUTIONS OF CORRELATION COEFFICIENTS. 

12. Distributions of the simple correlation coefficient. By a 

method somewhat similar to that employed in obtaining the distributions 

of variance and deviation of mean (see section 3), Fisher{ has obtained 

the distribution of the coefficient of correlation, r, for samples of N pairs 
(x, y) drawn from the universe specified by 

1 [@—m,)* __ 29a—m,)(y—m,) r ie 


(48) (22 or dy)! (1— 9”) "7 e 21—9") o; 6,6, oe 





dx dy. 


The meanings of the various parameters employed are apparent; in particular, 
e is the coefficient of correlation between x and y obtaining in the universe. 
If s, and sy, are the sample standard deviations, the simultaneous 


distribution of sz, sy, and r is proportional to§ 





*Karl Pearson, On the coefficient of racial likeness, Biometrika, vol. 18 (1926), 
pp. 105-17. 

+ V. Romanovsky, On the criteria that two given samples belong to the same normal 
population, Metron, vol. 7, no. 3 (June 30, 1928), pp. 3-46. 

+R. A. Fisher, Frequency distribution of the values of the correlation coefficient in 
samples from an indefinitely large population, Biometrika, vol. 10 (1914-15), pp. 507-21. 

§ The simultaneous distribution of Z, 7, 8, 8, andr is proportional to (49) multiplied 
by the factor 





N @m,)* 2&—m)G-m,) a @—m,* ] 
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(49) e 201-9") 





N (8, rss, 8) 
Nd as, o 28) 
we Se Oy ee, a, ee. 


The distribution of r may be written in the form 


(1—o*)4—-ve2 (1 — rx qN-2 pa (— er) Pe 
na (N— 3)! d(er)*-? (1 — o'r 212 . 








(50) ynwdr = 


This form may be applied to all small even values of N, it being in such 
cases particularly suitable for the calculation of moments. The distribution 
of r may be written in the alternative form 


30 


dr. 








N—2 ; . dt 
A — n2\(N—1)/2 —— 4:2)\(N—4)/2 
(51) ~ (1— @°) i ad i f, (cosh t— er) 
For N= 2, r can have only the values +1; the probability that it 
will have the value —1 is (1/7) cos~'g, and that it will have the value +1 
is (1/m)cos-1(—o). The mean value of r in this case is (2/7) sine. 
For N = 4 the distribution is 


(52) (1/m)(1— 0*)*?(1 — 9? r*) 9? [3 or (1— 0? r?)"?2-+ (1+20°r?) cos (— er] dr. 


When there is no correlation in the original population, i. e., when 
e = 0, the distribution reduces to 


({N—1 
re) 
r(=>*) 

2 





(1— r*)8—*? dr 
B ( 1 N— *) 








(53) yndr = in (i— r*2)\4-0?2 dr = 


: 








In this paper Fisher emphasized the undesirability of using r as the 
independent variable of these distribution curves. 

The distribution of r for N= 2, and the distribution of x for general V 
but @ = 0 had already been given by “Student”,* who seems to have 
been the first to discuss the distribution of correlation coefficients obtained 
from samples. 

Another writer on the subject previous to Fisher was Soper,t whose 
chief results were the derivation of the following approximate formulas 
for the mean, standard deviation, and mode of r: 





* “Student”, Biometrika, vol. 6, p. 302. 
7 H. E. Soper, On the probable error of the correlation coefficient to a second approxim- 


ation, Biometrika, vol. 9 (1913), pp. 91-115. 
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fie, G—-9e)0—e) 

(54) is e[1 2(VN—1) + 8(W—1)* |; 
1— 9’ 119? 

= «aie t+ Garay 

. “a 3(1— @*) | (41+ 23¢*)(1—e’) 

(56) dines [1+ 2(N—1)t° 8(W—1) |. 


This formula for the mode was shown later not to be valid. (See Bio- 
metrika, vol. 11, p.350. See also section 13.) 

Fisher’s formula (50) is not serviceable except for small values of N, 
and in order to fill in the gap between such small values and values 
sufficiently large for Soper’s approximate formulas satisfactorily to apply, 
Soper and others* made an extensive cooperative study of the whole 
question of the distribution of the correlation coefficient. 

They developed a recursion formula for the ordinate yw+2 (see equation (50) 
above) in terms of yy4: and yy, and since equations for ys and y, are easily 
obtained by differentiation in (50), they were enabled to calculate an 
elaborate set of tablest of these ordinates, for values of N = 3{ to 25, 
50, 100, 400, and for values of @ proceeding by tenths from 0 to 1 and 
values of r proceeding by intervals of 0.05 from —1 to +1. 

They also devised two other methods of calculating these ordinates, one 
of which employed a series in negative powers of (N—1). This series 
was actually used in obtaining values for N> 25 and for checking results 
obtained by the recursion formula for VN < 25. 

13. Moments. The moment coefficients of these correlation frequency 
curves, about r = 0, are given by the following formulas: 








F : k(k—1) , k(k—1)(kK—2) , 
Mon == kpox--2 — xO eat ( pe —_ 
+(—1U— otf SHE F (i, k, >> +k, e’), 
Yn—2 2 
, ; k(k—1) , k(k—1)(k—2) _ , 
Mek+1 = Kk Mae—1— 9 Mox—s + 3! Mek—5 — 








ay el — eo (N— 2) Iie ( gp oe: ee F 
+(—p EE See rh Sa ag +k,¢), 





*H.E. Soper, A. W. Young, B. M. Cave, A. Lee, and K. Pearson, On the distribution 
of the correlation coefficient in small samples. Appendix II to the papers of “Student” 
and R. A. Fisher, Biometrika, vol. 11 (1915-17), pp. 328-413. 

+ The tables were published in an appendix to the paper. Tables were also given to 
assist in the calculation of the ordinates of the correlation curves from expansion formulas. 

tThe case N = 2 has been treated above. 
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in which qy= [sin y dg and Fis the hypergeometric function. From 
these formulas one can find the values of the first four moments, and con- 
sequently of 4, and 4:, provided N => 25. 

When N = 25, Pearson curves (of type ID) fitted bo moments describe 
the frequencies in a satisfactory manner. There is no real approach to 
normality for N = 25. 

The foregoing expansions are of little utility in determining the moments 
when N< 25, and other formulas were devised. Thus values of 4, and A, 
were computed for N = 3 to 25, 50, 100, 400, and for oe = 0 to 0.9 (by 
tenths) and are recorded in the tables mentioned above (as are also the 
mean, mode, standard deviation, and the function (1 — e*)/(N — 1)”). 

These values are fairly well distributed over the A, 4,-plane, at least 
over that portion in which values are customarily found in practice, and 
if we are willing to subscribe to the view that these two 4’s give an 
adequate description of most of the usual frequency distributions, then we 
have here tables from which we can by interpolation rapidly determine 
ordinates which will graduate to a reasonable degree of accuracy any 
frequency distribution quite apart from all connection with the idea of the 
coefficient of correlation in samples from a normal universe. 

Soper and his colleagues have given several methods of approximating 
the mode, including a method outlined by Fisher, and an expansion, viz. 


shi 5(L—e*) , (61 —101 9) (1 —¢’) 
a [1+ 2(N—1) + 8(N—1) 


? (367 — 1480 0?+ 1273 e*) (1 — e”) 
(57) + 16 (N — 1) 
4 (17 606 — 125 727 o?+- 246 783 o* — 143 782 e*) (1 — 0?) * 
256 (N —1)* ne 











It will be noted that Soper’s formula (56) fails to agree with this in the 
term in 1(N—1). The explanation of this discrepancy lies in the fact that 
Soper’s approximation depends upon fitting a curve to the range r = —1 
to r = +1 (which uses only two moments), while the more accurate result 
is based upon fitting a Pearson curve by the first four moments. 

14. The most probable value of the correlation in the sampled 
population. The question of the most probable value of @ involves 
a number of philosophical points and difficulties, and we shall not go into 
it here other than to say that it may profitably be divided into three 
cases: 1. When our knowledge of @ is very slight, or on the other hand 
we have a large sample; 2. When we have a close a priori knowledge 
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of @; 3. When past experience is a factor, but not the dominating factor, 
of judgment. The methods of determinating the most likely values of @ 
are rather intricate and for further information concerning them the reader 
must consult the original memoir of Soper et al. 

15. Small values of N. We have already seen that for N = 2, the pro- 
bability distribution consists of (1/7) cose at r = —1 and (1/7) cos~!(—e) 
at r= +1, and that the mean value of r is 













YT = (2/n) sin e. 





To this we may add that 
My = 6 = 1-7, py = —27(1—7*), wm = (14379)(1—7%), 
A= 47r%1—7), Bb = (1+37%x1—7), B—A—l = 0. 
















The distributions are accurately given by Pearson’s distributions for 
4, — 8; —1 = 0 (two-category distributions). 
For N = 3, 







= (1/e) [E, (e) — (1— e*) F. (0), 
= 1 — r*?+(1/2¢@%) (1— @*) log (1— @”), 





Fo. 3 





b's = 






ete lp i eis any ~ sy > 






FE, and F, denoting complete elliptic integrals. The third and fourth 
moments about the origin are 
Hs = (1/0) [((2 — 0°) E, (@:) —201— eo) F.@)], 
Hy = 1+ (1/4Q*) (1— 9”) [3e?+ (3 + @”) log (1 — @*)]. 

















The distributions are U-shaped. 
For N = 4, 
Y = (2/n) [cot a+ a(1— cot®a)], « = sing, 
fn = 6 = 1—2cot?a+2a cot a — F?, 
us = (2/n) [cot e+ 6 cot? a + a(1 — 3 cot? « — 6 cot*a)], 
“i = 1—4 cot? a — 6 cot* a+ «(6 cot* a+ 6 cot’ a), 












provided @ + 0; for g = 0 we have the rectangular distribution y = 1/2 
(obtainable from equation (53)). 

Formulas have been derived expressing the moment coefficients of 
a sample of N+ 2 in terms of those of a sample of N. These formulas 
and the foregoing expressions for the moments in the cases of N = 3 
and V = 4 show that all even samples can have their moment coefficients 
expressed in terms of a@ (= sin-'g) and cota, and all odd samples can 
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have their odd moments expressed in terms of complete elliptic integrals 
and their even moments in terms of logarithmic functions. 

16. Intraclass correlation.* In calculating so-called fraternal corre- 
lations, in the case of two variables, both variables are assumed to have 
the same mean and the same variance. This gives more accurate results 
than the use of separate means and separate variances, since the estimates 
of mean and variance are based upon 2/N instead of N values. 

Let 21, 21; 22, %2;--+; xy, xy be N pairs of observations of the variables x 
and x’. Then the mean and the variance are given by 


(68) Z=(2NDet+e2’), #& = (/2N) D[(@—z)'+@—7), 
respectively, and the zntraclass correlation coefficient is 


(59) r = (1/Ns*) > (x—Z) (x' —2Z). 


The intraclass correlation coefficient may be generalized to the cases of 
classes or sets of 3,4,---,k. (See section 24.) 

Fisher has shown that the distribution of the intraclass correlation 
coefficient is proportional to 


(60) (1 —er)- 28-2 (1 — p)\N-22 (1 + pA? dy, 


where @, as usual, is the correlation in the universe. 
For classes of 3 the corresponding expression is 


(61) (1+ @—2er)-@X-D2 (1 — p)@N-22 (1/2 + r)-H?2 dr, 


and it is seen that 7 can not be less than —1/2. In general, for classes 
of k, the value of r can not fall below —1/(k—1), although it-may have 
any positive value not greater then 1. The distribution of r within groups 
of k is 

(62) [1+(k—2)e—(k—1) er]- 9-9? (1—r 1&9 912 [1 /(kK—1) +r] 9-? dr, 


Applying to (60) the transformation 


r = tanhz, o = tanh, or 


sag fh Se RL oS, oe lh ee aa 
e= tank r = Slog, t= take == 


1+e 


’ 


ae ET 





*R. A. Fisher, On the “probable error” of a coefficient of correlation deduced from 
a small sample, Metron, vol. 1, no. 4 (Sept. 1, 1921), pp. 3-32; Statistical Methods for 
Research Workers. 

T It is not, however, so accurate as a simple coefficient of correlation, computed from 
2.N independent pairs of obserations. 
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we get 


(64) 3 Orie i) e-—-O2 sechN-12 (g —f) dz, 





the proper numerical factor having been supplied. The effect of a change 
in the correlation in the universe is merely to translate the curve. The 
curve, as Fisher has shown, becomes symmetric in an extremely rapid 
manner with increasing N, is slightly leptokurtic,* “but is sensibly normal 
for all but the smallest possible samples.” 

The standard deviation of z, which is independent of g, is approximately 
1/(N—3/2)"?. The probable error may therefore be read off as y, in 
Table V of Pearson’s Tables for Statisticians and Biometricians, inter- 
polating for the half-integers. é 

The transformation (63) applied to the distribution (51) of the simple 
correlation coefficient,t r, between x and y which are not assumed to 
have the same mean or variance, is attended by like practical advantages, 
although the resulting curve is not nearly so simple as (64). 

17. Romanovsky’s method. Romanovskyj has attacked the problem 
of finding the distributions of standard deviations and correlation coefficient 
by means of the definite integral 


(65) f- e—pwt—2qZuu' au, 
— 00 
in which 
N N-—1 WN 
> u? = > 4; D> uw — bs Uji Uj, dU = dudu -+- dun, 
i=1 i=1 j=i+1 


p>, q arbitrary. This integral he has succeeded in evaluating. 
Suppose that the variate x has the distribution 


(2 a o*)—V2 e7 em) 26" dz. 


Let 


ly i< . 
B= Ms = Fy 2 i 2) 


t=1 


and designate by yx(s*) the kth moment of s*. Then 


wy (s*) = (20%)? f. (st) e~ 20 aX, 





ici seat 2 1 
Bs = 3+ V1 + (W—1)*’ 
+ Sometimes called an interclass coefficient in contradistinction to the intraclass variety. 
t V. Romanovsky, On the moments of standard deviation and of correlation coefficient 
in samples from normal. Metron, vol. 5, no. 4 (Dec. 31, 1925), pp. 3-46. 
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in which 
N 
6(x) = (x—m)?/20%, > 0(x) = > (ai), dX = dx, dxz---dzxy. 
#=1 


It is found that . 
g(a) = (20*)-N? f E e- 2 O(@+as 9 ¥ 


is the generating function of the moments m;(s*). This integral is of the 
same type as (65), and it is found that 


g(a) = (l—2e s*/ N)-A-»?2, 
It follows that 


px(s*) = N-*(N—1) (N+ 2) (N+3) --- (N+ 2k — 3) (8). 


If y= f(s*) is the equation of distribution of s*, the function f may be 
found by solving the integral equation* 


f- I (s*) e** d(s*?) = (1 — 2as?/N)-A-v2 


subject to the conditions i” J (s*) d(s?) = 1, f continuous. Such a solution is 
(N/2 o*)N—D2 


N— 1 
r 
Pe 
(Cf. equation (9).) 
Romanovsky deduced the standard deviation of the standard deviation s 


to be 
tas Ss :(¥) / (mel 
u—e| N W's i 
3 


= «(3 oe —..) 
ei 2N 8 N? 16N° . 





(s2)(N—8)/2 eN8*/20° | 








He also used generating functions to find the distributions of standard 
deviations in the case of two normally distributed variates, the moments 
of the correlation coefficient, the standard deviations of correlation and 
regression coefficients, and the distribution of the correlation coefficient 
in the case of zero correlation in the sampled population. 

18. Distributions of regression coefficients, standard deviations 
of arrays, etc.t Let us denote by byz the coefficient of regression of 





*See Romanovsky, Metron, vol. 5, no. 4, p. 9. 
7 Karl Pearson, Researches on the mode of distribution of the constants of samples taken 
at random from a bivariate normal population, Proceedings of the Royal Society of Lon- 
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y on x for samples of N from the universe (51). Then the distribution 
of bye is 


(1— 9?)%—F T(N/2) oy 


(66) pry ( N—1 Oy 





o2 . \—¥2 
(120 $2 bye + 3 Ui d bys. 
y 





The moments of byx (about zero) are given by 








(2B)! (1—@)* /oy\™ 
Hx (bya) —. 9k (=) 
z > 2J gi /(1— 9*)4 
f% (27)! (&—j)! (N— 3) (N—5) --- (W— 2k 4+27—1)’ 





, \! (1 — 9?)%*1 2k+1 
pints (bye) = CREE —e (22) 
2 Ox 


k 2J pt1/(1 — 92)@i+ Dr 
fo (2741)! (k—s)! (N—3) (N—5) --- (N—2k+27—1) * 





x 


From these we find the mean and the standard deviation of byz to be, 


respectively, Bd 
— 6. ——_ 
be, es) 
from which we see that the mean value of the regression coefficient is 
the same as that of the regression coefficient of the general population. 
This is also true of the mode. The value of %, is usually taken to be 
(1— r®)"? o,/N? og. 
The distribution of byz is nearly normal for large N. 
It is well known that for the normal population (48) the standard 
deviation of a y-array is 
Ay = (1—@’)"? oy. 


The distribution of 4, is proportional to 


732 2 
eM! a—¢ 6; i diy. 


Comparing this with the distribution of standard deviations (see equation (67) 
below), we see that the distribution of 4, is not the same as that of 


don, series A, vol. 112 (1926), pp. 1-14; Further contributions to the theory of small 
samples, Biometrika, vol. 17 (1925), pp. 176-99, vol. 19 (1927), pp. 441-42. 

V. Romanoysky, On the distribution of the regression coefficient in samples from normal 
population, Bulletin de l'Académie des Sciences de l'Union des Républiques Soviétiques 
Socialistes, series 6, vol. 10 (1926), pp. 643-48. 
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samples taken from a universe of standard deviation (1—*)"? o,; the 
exponent is N—3, not N—2. 
The mean, mode, and variance of Ay are given respectively by the 


following equations: 








N—1 
he ae de : ee _ 1/2 
hy ia N12 r(* >| (l—e ) Oy, 
2 
= N—3 1/2 " 
hy — in? (1 rat @*)'? Oy, 
N—2 s 
_* ee id ~—Heg—. 


19. Miscellaneous. Karl Pearson has discussed, in the papers referred 
to at the beginning of the preceding section, the correlations existing 
among such quantities as standard deviation, correlation coefficient, and 
regression coefficient. His results are in general rather complicated and 
tend to show that “regression lines far from straight, and correlation 
surfaces far from normal, may arise in the case of compound characters 
even if we are sampling from a normal population’’.* 

Hall7 has obtained formulas, for samples of WN, for the means and the 
standard deviations of the multiple and partial coefficients of variates 
with respect to one another. He neglected, however, terms of higher 
order than 1/N. 

Wisharti has generalized (52), finding the simultaneous distribution, in 
samples, of the m variances and n(m—1)/2 product moment coefficients 
of an n-variate normal distribution. He calculated the moments of this 
distribution, giving every independent result up to and including the fourth 
order and as far as eight variates. The case of three variates was 
considered in detail. 

20. Distribution of partial correlation coefficients. Fisher§ has 
shown that the distribution of a partial coefficient of correlation is 
precisely the same as that of the total coefficient, except that unity must 





* Proceedings of the Royal Society, series A, vol. 112, p. 14. 

} Philip Hall, Multiple and partial correlation coefficients in the case of an n-fold 
variate system, Biometrika, vol. 19 (1927), pp. 100-9. 

tJohn Wishart, The generalised product moment distribution in samples from a normal 
multivariate population, Biometrika, vol. 20A (1928), pp. 32-52. 

§R. A. Fisher, The distribution of the partial correlation coefficient, Metron, vol. 3, 


nos 3-4 (Feb. 1, 1924), pp. 329-33. 
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be deducted from the sample number for each variate eliminated. Bispham* 
had earlier investigated the distribution experimentally. 

Attention is called to the fact that results for coefficients of correlation 
depend upon the assumption of a normal universe. 


Il]. Tue ANALYSIS OF VARIANCE.T 


21. Distribution of standard deviations.{ Before we proceed to 
a discussion of the analysis of variance it may not be inappropriate to 
insert a few remarks concerning the distribution of standard deviations. 
We readily find from (9) that the distribution of the standard deviations 
of samples of N from a normal universe is given by- 


NY- 1)/2 g¥-2 e Ns? 20° ds 
N—-1 
2 





(67) 








9(N—8)/2 oN-1 r ( 


The mean value of s is§ 








_ __ o(N—2)(N—4)-..2 /2\4@, 

(68) g¢ = Nt? (N—3) (N—5) ee] 1 (=) for N even, 
__ _o(N—2)(N—4)---1_ [m2 

(69) ‘ = yih(W—3)(_W—5) 2 (=) for N odd. 


The modal value of s, easily found by differentiation, is'| 
(70) s = (N—2)!? o/N", 


If we make the substitution § — s—s, then the distribution of & is 


to a first approximation the normal curve 





* J. W. Bispham, An experimental determination of the distribution of the partial 
correlation coefficient in samples of thirty, Proceedings of the Royal Society of London, 
series A, vol. 97 (1920), pp. 218-24; An experimental determination of the distribution of 
the partial correlation coefficient in samples of thirty, Metron, vol. 2, no. 4 (June 1, 1923), 
pp. 684-96. 

7 This is an expression used by R. A. Fisher to characterize the resolution of the 
variance into the portions contributed by two or more different causes. 

{See Editorial, On the distribution of the standard deviations of small samples; 
Appendix I to papers by “Student” and R.A. Fisher, Biometrika, vol. 10 (1914-15), pp. 522-29. 

§ See “Student”, Biometrika, vol. 6, p. 8. 

|| If we make (67) a maximum for variation in o we find that 


o = N%8/(N—1)'* or 8s = (N—1)'*o6/N", 


This assumes, however, that all values of the standard deviation are equally likely to occur. 
(See Biometrika, vol. 11, p. 353, 2d footnote.) 
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const. < e426" 


with standard deviation o/(2.N)?. 

In the paper referred to at the beginning of this section it was shown 
that to use this value o/(2.V)'* for the standard deviation is satisfactory 
when N = 50 and that to use it when VN = 25 would not lead to an 
error of any importance in the majority of statistical problems. For NV = 20, 
however, the standard deviation of the sample will usually be less than 
the standard deviation of the universe. The paper concludes with a table 
for making correction for this. 

22. Fisher’s z-distribution. A parameter whose distribution is of 


extreme importance is 
U Ul 1 U / 
(71) z = log (si/s.) = @ (log si — log st’) 


(not to be confused with “Student’s” z), in which sj’ and s; are two 
independent estimates of the variance of a variate x which is normally 
distributed with variance o*. If the estimates sj” and s} are based upon 
samples of N, and N; respectively, or upon mn, and mz degrees of freedom, 
then 





m+1 

a) ft = a4 Sem = 1 Seay, 
Ne+1 

a) = Tt Saat = 1 FS w—ar, 


in which x, and x, are the means of the two samples. 

To derive the distribution of z we make use of the distribution (9) of 
the variance, which must be slightly modified if instead of s*, the variance 
of the sample, we use s’”, the best estimate of the variance of the sampled 
population, related to s* by the equation 


(74) fs Mog. thy 


After this modification (9) assumes the form 


(n/2 o*)™? 
~'T(n/2) 


(s /?\n—2)/ 2 ons’ */26? d(s = 


(75) 


Thus the simultaneous distribution of si? and s” is 


n;/2 (2 2\(m,—2)/2 2, (mg—2)/2 
ni n ~ (s{°) (n—2), (s4”) (N2—2)/ 


es si + nas; )/20° 72 ‘ 2 
Sina gmt I'(n;/2) T'(n,/2) é d (si ) d (sy * 





(76) 
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From (71) we find 


(77) s = ste, 
and for a fixed value of s, 
(78) (st?) = 285 & dz. 
Using (77) and (78) in (76) we get 
mmi2 4/2 
(79) = ene e— (me +0998 [207 (552)m+ me 2)!2 d (3\”) dz 





Dini + Ne—2)/2 Grit ne I'(n,/2) I'(n,/2) 


for the simultaneous distribution of s;° and z. Integrating with respect 
to s between the limits 0 and o we obtain the distribution of z, viz. 


B(m /2, Nz/2) (m e?? aa Ng) ™TN2/2 ° 





(80) 


This depends solely upon », and mz, not at all upon the variance of the 
sampled population. 

If sj; and s, are estimates of two different parameters, o, and o, we 
have merely to write ¢ = log(o,/o,), and the distribution of z—¢ will 
be exactly the same as that of z in (80). 

23. Generality of the z-distribution.* The z-distribution is extremely 
general, including several important distributions as special cases. 

For example, when nz = ©, n, =m we have the x*-distribution (see 
section 4) if we set 


1 
(81) e* = yx*/n or ¢ = > log (x?/n). 


If n, = © we again have the x*-distribution, but with 


a 


(82) Zp = 9 log (z?_ p/n), 


the probability curves now being reversed so that the P of one corre- 
sponds to 1— FP of the other. 

When », =—1, m =n we have the ¢-distribution of “Student” and 
Fisher if we make the substitution 


1 
(83) e= 9 log#’. 





*R. A. Fisher, On a distribution yielding the error functions of several well known 
statistics, Proceedings of the International Mathematical Congress, Toronto (1924), vol. 2, 
pp. 805-13; The general sampling distribution of the multiple correlation coefficient, 
Proceedings of the Royal Society of London, series A, vol. 121 (1928), pp. 654-73. These 
two papers summarize some of Fisher’s work. 
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As a third special case we have n, 1, m= @. This gives the 
normal distribution subject to the transformation 


(84) ‘= 9 log x”. 
If » is an intraclass correlation coefficient and we let 


(85) g = tanh r = = log pitt, NM = m+1 = N, 


where WN is the number in the sample, then we obtain the random sampling 


distribution of r. 
24. Application to intraclass correlation coefficients. The ana- 


lysis of variance may be applied to distributions of intraclass correlation 
coefficients. Let us first define the coefficient for k classes. Suppose we 
have a variable divided into k& classes, 2, 2®,.-.-., 2, and consider 
a sample consisting of N values from each class, say 


1 1 1). 
x, oD, ..., od; 


(2) (2) 2). 
Uy» Lyi oy a. 


(86) 


k) k) k 
wh Warr he 


Let the mean and the variance of the sample be 





1 i=N, jk 
on eee Lj) 
(87) = eat * 
1 i=N,j=k 
3 — (j) 7 )? 


respectively. Then the intraclass correlation coefficient may be defined as 


= Ne Ylap-DeaPH+op-Dep—w+.. Hal?) (a2) 
(89) + (2 —Z) (al —Z) +(e? -Z)(al?—Z) + «- - +(a—Z)(a®—zx) 


6 ee Ss soe ee ee ep -D-Z) (eZ). 


If the class means are 


lM 
8 
~ 
| 
Re 
to 
= 


(90) Li = + (a+ 24... + a) = + 
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then it can be shown* that 
N 

(91) k 2, @i — 2) = Ns*[1+(k—1)7]. 

It can also be shown that 


ix=N,j=k N N k 
o2) SP =k SSD D Sep—zy. 
f== ¢==] 1 


{=1, j= = 






In words, the sum of the squares of the Nk deviations from the general 
mean is equal to & times the sum of the squares of the deviations of the 
N class means from the general mean plus the sum of the squares of the 
deviations of the individuals from the means of the classes to which they 
belong. 

Making use of (88) we substitute Nis* for the left side of (92), and sub- 
stituting also from (91) in the right side of (92), we find that 











> @—z)* = N&—1)s*(1—7). 


J 


N k 
(93) 
=1 jy=1 


i 





Now the generalized transformation analogous to (63) is 


ty 1+h—1)r 
(04) se ee 

























and it is evident from (90), (91) and (93) that this is, except for a constant, 
half the difference of the logarithms of the two parts into which the 
sum of squares has been analyzed. The first part (91) corresponds to the 
variance between classes, the second part (93) corresponds to the variance 
within classes. The z-distribution may therefore be used in testing the 
significance of an intraclass correlation coefficient. As Fisher? puts it: 
“The data provide us with independent estimates of two variances; if these 
variances are equal the correlation is zero; if our estimates do not differ 
significantly the correlation is insignificant. If, however, they are signi- 
ficantly different, we may if we choose express the fact in terms of a cor- 
relation.” 

The method just explained introduces a bias into the 2-distribution. 
Fishert has shown how this may be obviated by using the proper degrees 
of freedom in connection with the variances. 
























*See J. A. Harris, On the calculation of intraclass and interclass coefficients of cor- 
relation from class moments when the number of possible combinations is large, Biometrika, 
vol. 9 (1913), pp. 446-72. 

+ R. A. Fisher, Statistical Methods for Research Workers, 2d edition (1928), p. 191. 
¢R. A. Fisher, Statistical Methods for Research Workers, 2d edition (1928), p. 191 ff. 
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IV. DIsTRIBUTION OF THE MULTIPLE CORRELATION COEFFICIENT. 

25. The multiple correlation coefficient and the correlation 
ratio from uncorrelated material.* By means of the analysis of 
variance Fisher has shown that the distribution of R, the multiple coefficient 
of correlation between a dependent variate and p independent normal 
variates is, for samples of N from uncorrelated material, 


1 


‘bee rms. J 4 
B{ 2  ° 9 





(95) (R*)(p—2?2 (1 — R%)A-p—-92 q(R?), 


The distribution of the correlation ratio 4 from uncorrelated material is 
similar. 

26. Distributions related to “Student's” distribution. If we let 
p=mnm, N=n,+n,+1, (95) becomes 


1 
Bin /2, Nz/2) 





(96) (R2)%-D2 (1 — R%y™-DW? q(R2), 


The probability that R shall exceed a specified value is 











_— pryue| 4 M2 poy elm +2) poy 
(1— R®) [1+ we ees 
Mz (Mz + 2) +++ (ma-+ m — 4) | 
a 2-4... (m,— 2) i 
for m, even, 
r(™s*) a 

2 2 {? \—(mz+1)/2 

=o J (1+—} dt 

1 I'(me/2) [neR*/(1—R)]"” Ng 

wert 
2 r( 2 





4. 





2\ns Me+1 15 , (me +1) (m2+3) 5 
ae P'(n;/2) sibel >[R+ os 3.5 Bit-- 
(mg +1) --+ (me +n, — 4) 


3-5.--(m,— 2) 





«he Rv] 


for n, odd. 





*R. A. Fisher, On a distribution yielding the error functions of several well known 
statistics, Proceedings of the International Mathematical Congress, Toronto (1924), vol. 2, 
pp- 805-13; The influence of rainfall on the yield of wheat at Rothamsted, Philosophical 
Transactions of the Royal Society of London, series B, vol. 213 (1925), pp. 89-142 (see 
section 2, Effects of paucity of crop data); Applications of “Student's” distribution, Metron, 
vol, 5. no. 3 (Dec. 1, 1925), pp. 90-104 (especially section 2). 

Harold Hotelling, The distribution of correlation ratios calculated from random data, 
Proceedings of the National Academy of Sciences, vol. 11 (1925), pp. 657-62. 











SMALL SAMPLES. 609 


The analogy of these expressions with those given by Pearson* for the 
x*-distribution is apparent. They are identical for my = ©, ny = n’—1. 
(Cf. section 23.) In the second form the normal probability integral has 


been replaced by “Student’s” integral. 

27. The distribution of the multiple correlation coefficient for 
samples from correlated material Fisher has proved, by using 
a linear transformation of the independent variates, that the distribution 
of R, the multiple correlation coefficient, does not depend on the whole 
matrix of correlations between the independent variates, but upon e, the 
multiple correlation in the sampled population. The distribution is 


(1 — 9%)mtna/2 


m—1 
nxB (a ; ms 


7 300 : —2 
= f ay J sin™—? wdz 

0 —o (cosh z—eoR cos w)™t™ 
in which n,;-+m,.+1 is the number in the sample and , is the number 
of independent variates. This is termed distribution (A) by Fisher. It 
may be thrown into the form 

iA— eg? )mtn)/2 ( M+ m+, mm Js ) 
yw, ee, el ae eer ee as 
< ( R?)\™—?2 (1 pore R*)™-%2 d( ». 





( R22 (1 shi Rim? d( R*) 


(97) 








(98) 


The hypergeometric function involved is a rational function of @* R 
when », and v, are both even, an algebraic function when mz only is even, 
and is reducible to circular functions when m, and nm, are both odd. 

The case of large samples (n,— ©) yields the distribution 


(99) (B/ipy™” BP? J, _9y9 (BB) d(B?/2) 


in which §* = n,0*, B? =n, R*, and J is a Bessel’s function. When 
m is odd this distribution, called distribution (B) by Fisher, can be 





* Karl Pearson, On the criterion that a given system of deviations from the probable 
in the case of a correlated system of variables is such that it can be reasonably supposed 
to have arisen from random sampling, Philosophical Magazine, series 5, vol. 50 (1900), 
pp. 157-75; Tables for Statisticians and Biometricians, pp. xxxi, xxxiii. 

} R. A. Fisher, The general sampling distribution of the multiple correlation coefficient, 
Proceedings of the Royal Society of London, series A, vol. 121 (1928), pp. 654-73. 

H. E. Soper, The general sampling distribution of the multiple correlation coefficient, 
Journal of the Royal Statistical Society, vol. 92 (1929), pp. 445-47. This paper is a brief 
summary of the preceding. 
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expressed in terms of elementary functions. When nz, is even the probability 
integral of (99) is expressible in terms of a double Poisson series. 

The (B) distribution is the limiting form appropriate to large samples 
in which exact account is taken of the positive bias of small observed 
multiple correlations. It will provide at least an approximate treatment 
of those cases of great practical importance in which n, < 100 and in 
which, therefore, the positive bias is prominent for observed values of R 
which are not small. Fisher suggests the transformation 


B= ni? tanh*R, 8 = ni? tanh ¢@ 


as likely to replace skew by normal error in making tests of significance 
of precision of observed values of R. 

A table is given which shows, for a given value of g, the value of R 
that may be expected to be exceeded in 5 per cent. of random samples 
(for up to seven independent variates). 

The probability integral of the general distribution (A) is expressible in 
finite terms whenever mz is even. 

27. Extension of the analysis of variance. In this paper on the 
distribution of the multiple correlation coefficient Fisher has extended the 
analysis of variance. In fact, the (B) distribution may be interpreted as 
the distribution of sums of squares of m, variates normally distributed 
with equal variance, but not with zero means as in all cases previously 
discussed. That is, (B) replaces the x*-distribution in the analysis of 
variance if the squares summed are non-central. An analysis of variance 
so extended leads to distribution (C), viz. 





1 2\(m,—2/2 (4 ___ ay(n—2)/2 -—8"/2 
(100) Ball, aly 
m+n RB | (m+) (m1 +72+2) (RB B?\* 
[1+ m, 1! 2 N (Ny + 2) 2! 2 re | a(R’). 


This is closely related to (A) and tends like it to the common limit (B). 
The distinction between (A) and (C) arises because in cases proper to 
multiple correlation the central displacements will vary from sample to 
sample owing to variations in the second order moment coefficients of 
the independent variates. For such cases (A) is the correct distribution. 
Distribution (C), however, is of frequent occurrence owing to the absence 
or the irrelevance of such variation. 





V. SAMPLING FROM NON-NORMAL UNIVERSES. 
28. Regression of variance on mean. It has been seen that the 
means and variances of samples from a normal universe are independently 
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distributed. Neyman* has determined, from certain formulas of Karl Pearson, 
the regression of variance on mean for samples from a universe characterized 
by the parameters 4, and f,. In the notation which we are employing, 
the second order polynomial of regression is 





(101) #* = 5 woe — g, (20° + 20h" @—m)+ (bs —Ai—3) (@—m)']. 


Neyman showed that it is reasonable to assume that this parabola is 
a sufficiently good approximation; that is, it is not worth while to use 
curves of higher order. 

It should be mentioned that Neyman also devised a method of judging 
whether a sample is likely to have been drawn from a universe with 
given f,, A, and o*, 

In equation (101) the sign of (g—m)* depends upon £,—4,—3. If 
the 4’s of the universe from which we are sampling satisfy the relation 
4, —8,—3 =0, that is, geometrically speaking, if they lie on the line 
having this equation, the regression of variance on mean is linear. For 
points in the 4,4,-plane lying abovet this line the regression parabola in 
the plane of x—m and s* is concave upward (that is, its branches are 
directed in the positive sense of the s*-axis), while for points lying below 
this line the parabola is concave downward. 

“Sophister”{ has tabulated a few values of the correlation coefficients 
and correlation ratios between means and variances, means and standard 
deviations, for some actual samples from a skew universe. 

29. Effect of regression on the distribution of the ratio of 
mean to standard deviation. The effect of the regression described 
in the preceding section upon the distribution of the ratio of mean to 
standard deviation, viz. z= (x —~m)/s, is, upon reflection, somewhat obvious. 
For the sake of definiteness let us consider the case in which the regression 
parabola is concave downward. For large numerical values of x—m 
the value of s* tends to be smaller than its mean value, which means 
that s is smaller on the average, and that |z| = |z—m|/s tends to be 
larger. As a consequence, a greater number of z’s would be expected to 
lie outside a certain value of |z| than in the case of a normal universe. 





* J. Neyman, On the correlation of the mean and the variance in samples from an 
“infinite” population, Biometrika, vol. 18 (1926), pp. 401-13. 

tIt is assumed that the positive direction is to be right on the f,-axis and upward 
on the f3-axis. 

{“Sophister”, Discussion of small samples drawn from an infinite skew population, 
Biometrika, vol. 20A (1928), pp. 389-423. (See p. 422.) 
48* 
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On the other hand, for values of 2—m near zero the value of s*, and 
consequently also that of s, have a tendency to be larger, causing the 
values of |z| to be smaller. The effect of this would be to make a greater 
number of 2’s lie inside a certain value than when the sampling is from 
a normal universe. The actual existence of these effects has been verified 
experimentally by Shewhart and Winters* and theoretically by the writer.t 
(Opposite effects would of course occur for samples from a universe in 
which the regression parabola is concave upward.) 

According to Neyman and Pearson{ these effects seem not to be serious 
enough to vitiate the use of “Student’s” distribution in the case of a 
rectangular universe (8, — 0, £, = 1.8)—one of the types studied by 
Shewhart and Winters and by Rider. They (Neyman and Pearson) have 
compared the distribution of z= (x—m)/s for 500 samples of 4 from 
a rectangular universe, with “Student’s” distribution - 


2/n(1-+ 2%)? 


for samples of 4 from a normal universe. “Student’s” distribution appears 
adequately to describe the variation in z—judging, however, only from 
the x?-test. The main discrepancy is in some large negative values of 
the observed 2z’s. 

Neyman and Pearson§ have also taken a set of 1000 samples of 10 
drawn from a smooth distribution|| having 


o = 3.569,207, 8, = 0.219,338, 8, = 3.157,676, 


and have compared the distribution of observed z from this universe with 
the theoretical distribution of z for samples of 10 from a normal universe. 
As compared with this distribution of z from a normal universe there are 
among the observations too few with large negative and too many with 
large positive values of z. The observed 2z-distribution is significantly 
skew, whereas “Student’s” distribution is symmetric. Church’s population 
was negatively skew, and this results in positive skewness in the distri- 


bution of z. 





*Shewhart and Winters, Small samples—new experimental results, Journal of the 
American Statistical Association, vol. 23 (1928), pp. 144-53. 

Tt Rider, On the distribution of the ratio of mean to standard deviation in small samples 
from non-normal universes, Biometrika, vol. 21 (1929), pp. 124-43. 

{J. Neyman and E.S. Pearson, On the use and interpretation of certain test criteria 
for purposes of statistical inference. Part I, Biometrika, vol. 20A (1928), pp. 175-240; 
Part. II, ibid., pp. 263-94. (See p. 218.) 

§ Loc. cit., pp. 198-201. 

|| Church’s Population B. (See Biometrika, vol. 18 (1926), p. 326.) 
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A similar effect of a negative skewness in the z-distribution for samples 
from a positively skew universe was noted by “Sophister”’,* who took 
samples of 20 and of 5 from a universe described by the Pearson type III 
curve y = ye * 2’ for which mean = 2.82843, o—1, 8, = 0.5, 8, = 3.75. 
(For the grouped data these differ somewhat.) He found that “Student’s” 
distribution gave a poor fit for N = 20 and a worse for N=5. The 
distributions of z show that the samples could not have been drawn from 
a normal universe, although this could not have been discovered from the 
distributions of means. They were well fitted by curves of type IV 


yY = Yo e-” tan" (z/a) (1 “+ x?/a?)-™, 


“Sophister” states that Karl Pearson attempted to devise an equation for 
the distribution of z, assuming type IV, which would reduce to “Student’s” 
curve for samples from a normal universe. He was unable to do so using 
the constants of the sampled population, but devised an equation for which 
we must know the mean and A, of z in the population of samples. This 
curve gave satisfactory fits with both sets of samples and also with a set 
of samples used by Church. “Sophister” concludes that the value of 
“Student’s” tables in practice is indicated, even when the universe is 
definitely skew. 

30. Ratio of deviation in center to half-range. Neyman and 
Pearson have suggested, for the case of sampling from a rectangular 
universe, the use of the ratio 2 = (deviation in center)/(half range), that 
is, 2 is the distance of the center of the sample from the center of the 
universe divided by half the range of the sample. Thus if g and w are 
the center and range respectively of the sampled universe, and G and W 
the corresponding quantities in the sample, 


eee G—g 
(102) s= We P 
and the distribution of 2 is 
(103) (N—1)/(1+|2 |). 


The parameter z’, like z, is the ratio of a measure of location to a measure 
of scale. Its distribution is independent of w, the range of the rectangulur 
universe, just as the distribution of z is independent of o, the standard 
deviation of the normal universe. 

However, to quote from Neyman and Pearson, “If the 2 distribution 
is applicable only to exactly rectangular populations, its interest is mainly 





* Loc. cit. 
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theoretical, but if it can be shown that it will represent adequately the 

distribution of the ratio (deviation in center)/(half range) for small samples 

from a wider range of symmetrical populations, it will be of greater value,”’* 
The expression 


(104) (N— yf (i+e2)-%de = (i4+?/)-" 


may be used to test the hypothesis that a certain sample was drawn 
from a rectangular universe with center g but with unspecified range w, 
in a manner quite analogous to that in which “Student’s” integral was 
used in section 4. 

For this particular test we are not justified in using “Student's” integral, 
even though the distributions of z and 2’ are, as stated above, approxim- 
ately the same.t However, Neyman and Pearson have shown that ¢ and 2’ 
are highly correlated for N = 4 (r = 0.9756 for the 500 samples mentioned 
above), and that consequently for samples of 4 from a rectangular universe 
the distribution of z is not only sufficiently well given by “‘Student’s” 
law, but that we are justified in using it instead of (104) for testing the 
hypothesis that a sample is drawn from a universe with center g. Ex- 
periments suggest that the first of these statements (viz. that the z and 2’ 
distributions are approximately the same) is also true for N = 10, and 
since as the size of the sample increases the distribution of (2 — m)/s 
approaches that of (7 —m)/o, that is, a normal curve with standard 
deviation o/N?, no matter what the form of the universe, “the most 
crucial test of correspondence (except for the cases of N = 2 and 3) 
would appear to have been made at N = 4. On the other hand, the 
correlation between z and 2 which is perfect at N = 2 will decrease as N 
increases, and the mean and standard deviation of the sample are less and 
less influenced by the values of the two extreme observations. The inter- 
pretation of the z-test will therefore become more and more doubtful.”’t 

In discussing samples from an exponential universe 


(105) y = o 1 ¢-a6 
Neyman and Pearson have used, as an analogue of z and z’, the quantity 
(106) 2” = 2,/l 


in which z, is the least variate of the sample, and 1] — x —~2,, the 
distance from the least variate to the mean of the sample. 





* Neyman and Pearson, loc. cit., p. 212. 
ft See Neyman and Pearson, loc. cit., p. 218. 
+ Neyman and Pearson, loc. cit., p. 219. 
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31. Distributions of means; Irwin’s method. Irwin* has applied 
integral equations and the theory of functions of a complex variable to 
the problem of finding the distribution of means of samples from a con- 
tinuous universe. We shall give and illustrate his method, but for a full 
explanation of it the reader is referred to the original paper. 

Let f(x) be the distribution of the universe and w(x) the distribution 
of totals of samples of N. Form the equation 


(107) (f"4@) aa) = fo w@eraz. 


Here a and } are the limits, which may be finite or infinite, of the 
distribution f(x). Equation (107) is in reality an expression of the equality 
of two different forms of the moment arrayt of the distribution of totals. 
If we assume f(x) to be known, the left side of (107) is a function of @ 
and we may write 


Nb 
(108) F(«) = fa _ Wa) & dex. 


Now let «a = if, F(if) = (A), and 


w(x) for Na < x < Nb. 
0 elsewhere. 


¢ (x) = 
Then 


18) = [9 @ edz, 


and applying Fourier’s integral theorem} we get 


i) 


g(x) = oe _*4) ex dB, 


(109) i 
ve) = 5 f e= F(i~)dB (Na <x < Nb) 


which can be proved to be real. The distribution of means can readily 
be obtained from this distribution of totals. 
As an illustration we shall apply the method to the normal curve 





* J. 0. Irwin, On the frequency distribution of the means of samples from a population — 
having any law of frequency with finite moments, with special reference to Pearson’s 
type II, Biometrika, vol. 19 (1927), pp. 226-39. 

+See H. E. Soper, Frequency Arrays. Cambridge (England) University Press (1928). 

* See, e. g., Courant and Hilbert, Methoden der Mathematischen Physik, vol.1 (1924), 
pp. 61-64. 
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- S(@) = (Qn) Me", a=-—eo, b=. 
ere 


F(a) = (ona [= 2 ee de) = rr, 


W(x) = ane efe ¢-NP2 gg — . f e-XP2 (cos 8a + isin&x) dB 
2 J—w % Jm~o 


2 
aE x 1 * 
= e~ NP 2 cosfzx dg — —_2,-e2N f e NP 2 dg 
2” —o Qn —o 


= (20 N)-"? e-# RN, 


(See E. T, Whittaker and G. N. Watson, A Course of Modern Analysis 
(3d edition, 1920), p. 114.) It must be remembered that w(x) is the dis- 
tribution of totals, not means. Designating the mean by x, we have 


Nz = «x and 
W(x) dx = (N/2m)'? e-N#?2 dz, 
the well known result. 
32. Distribution of means of samples from Pearson’s type III 
distribution. Irwin also applied his method to Pearson’s type III curve 


S(@@) = e*zP'/T(p), a2=—0, b=, 


By using contour integration he was able to prove that the distribution 
of means of samples of JN is 


Ne-N@(Nz)P-1 
I'(Np) 





x, 


which agrees with a result previously derived by Church* in a more 
direct manner. 
33. Means (or totals) of samples from Pearson’s type II dis- 


tribution. For Pearson’s type II curve 
SF (x) ii eP*(1— 2)? *, p>O9, a= 0, b= 1, 
Irwin found the following distribution of totals: 


va) = (1/20) [Pp FO/AP [eM BNO [Jy 10(8/2)) a, 


in which J is a Bessel’s function. 





* A. E.R. Church, On the means and squared standard-deviations of small samples from 
any population, Biometrika, vol. 18 (1926), pp. 321-94. The derivation referred to will be 
found on pp. 335-38. 
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34, Means of samples from a rectangular universe. An interesting 
special case of Pearson’s type II distribution is the rectangular universe 


1/(6>—a) fora<z<b, 
0 elsewhere. 


fia) =| 


Rietz* has proved that the frequency distribution of totals of samples of NV 
from this universe is proportional to 


1 


orton (H)e—or+(Se—tors— 


(1p (0 )e—or—naet, 


in which a term in parentheses with exponent N—1 is assigned the value 
zero when the expression in the parentheses is not positive. A somewhat 
similar expression for means of samples was given by Irwin,t while Hall} 
has arrived at essentially the same result by an ingenious method employing 
N-dimensional geometry. 

If we consider a range of unit length and take the center of the 
distribution of means as the origin, then§ for N = 2 the distribution is 
the isosceles triangle 

df = 2(1—2\z}) dz, 
for N = 3 the distribution is 


(9/4) (1—122")dx for x< 1/6, 
v= boos (1—2|x|)* dx for x> 1/6, 
and for N= 4 
(8/3) (1—242?+48|x|*) for |x| < 1/4, 
af =) (16/3) (1—2\arl)® for |a| > 1/4. 


In general, as Irwin, states, 1. The distribution of means is symmetric. 
2. If N is even there is a point of abruptness at the vertex, if N is odd 
there is not. 3. There are N—1 points of abruptness where the segments 





* H. L. Rietz, On a certain law of probability of Laplace, Proceedings of the International | 


Mathematical Congress, Toronto (1924), vol. 2, pp. 795-99. 

T Loc. cit. 

t Philip Hall, The distribution of means for samples of size N drawn from a population 
in which the variate takes values between 0 and 1, all such values being equally probable, 
Biometrika, vol. 19 (1927), pp. 240-44. 

§ See Irwin, loc. cit. 






























¥ 

Fs 
é 
£ $ 
. 
is 
4 hg 
z 
“A 
+ hd 
Se of 
4 
© 
Ps 
ee 
a 

- 2 
. 2 
| 
"% 
B, 
» 
& 

c & 


* 
aos 


ies eee 


Ce. 
aA 


Boe 


tree it erin ore 


ae 


& 


See ie teen oo eee 
EF i le ee eee 
eo eee Pee nig thy Ye 

hier phen coaanates ~ 


Saget, bee 
Ssh = 


a 


618 P. R. RIDER. 


of the distribution curve have contact of order N—1. 4. These points 
of abruptness become less marked as WN increases and the appearance of 
the curves approaches rapidly to the normal. 

35. Samples from a U-shaped distribution. Holzinger and Church* 
have made some experiments for samples of NV from a U-shaped universe 
(N = 2, 3, 4, 5, 10, 25, 50). They conclude that for N< 50 the repre- 
sentation of distributions of means of samples by Pearson curves is im- 
possible, and by any simple continuous curve is quite unsatisfactory. This 
is mainly due to the fact that when WN is quite small, these distributions 
are essentially composite in form (because the universe is limited in range), 
rather than to irregularities arising from grouping. 

36. Samples from binomial and Poisson distributions. The 
distribution of means of samples from a binomial or a Poisson distribution, 
as well as from a normal distribution, is of the same type as the parent 
distribution.t 

37. Method of moments.{ When it is impossible to find the distri- 
bution of means (or other statistical parameters) of samples from a specified 
universe recourse may be had to the method of moments, which consists 
in expressing the moments of the distribution of means of samples of NV 
in terms of the moments of the sampled population.§ Let us designate 





* K. J. Holzinger and A. E. R. Church, On the means of samples from a U-shaped population, 
Biometrika, vol. 20A (1928), pp. 361-88. 

t See Biometrika, vol. 18 (1926), p. 365, footnote, vol. 19 (1927), p.126; also R. A. Fisher, 
Proceedings of the Royal Society of London, series A, vol. 121 (1928), p. 654. 

$A. A. Tchouproff, On the mathematical expectation of the moments of frequency distri- 
butions, Biometrika, vol. 12 (1918-19), pp. 140-69, 185-210, vol. 13 (1920-21), pp. 283-95; 
On the mathematical expectation of the moments of frequency distributions in the case 
of correlated observations, Metron, vol. 2, no. 3 (Jan. 1, 1923), pp. 461-93, vol. 2, no. 4 
(June 1, 1923), pp. 646-80. 

A. E. R. Church, On the moments of the distribution of squared standard-deviations for 
samples of N drawn from an indefinitely large population, Biometrika, vol. 17 (1925), pp. 79-83. 

J. Neyman, Contributions to the theory of small samples drawn from a finite population, 
Biometrika, vol. 17 (1925), pp. 472-79. 

C. C, Craig, An application of Thiele’s semi-invariants to the sampling problem, Metron, 
vol. 7, no. 4 (Dec. 31, 1928), pp. 3-74. 

P. R. Rider, Moments of moments, Proceedings of the National Academy of Sciences, 
vol. 15 (1929), pp. 430-34. 

F. R. Helmert, Ober die Wahrscheinlichkeit der Potenzsummen und iber einige damit 
im Zusammenhange stehende Fragen, Zeitschrift fiir Mathematik und Physik, vol. 21 (1876), 
pp. 192-219. (See p. 202.) 

T. N. Thiele, Theory of Observations (1903), pp. 45-46. 

E. Czuber, Theorie der Beobachtungsfehler (1891), p. 149. 

§ It is perhaps impossible to say where, when, or by whom these moment relations were 
first discovered. There has been some controversy on the matter. See, for example, 
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by # the ith moment of the sampled population about its mean and 
by #; its ith moment about the origin. Further let yw; (uj) be the ith 
moment of this distribution about the origin. (The moments of the sampled 
population are uncorrected for grouping.) Then 


10) MG) == ina i) = al Ny (oi) = wal 
M4 (1) = 4 /N® + 3(N—1) 23/N, eae 





The 4’s of the distribution of means are related to the A’s of the universe 
by the formulas 


(111) Ay (m1) = 4/N, By (42) —3 = (A, — 3)/N. 








If the distribution of the universe does not deviate greatly from normal 
the distribution of means of samples of N will not differ greatly from 
a normal distribution. 

Church* has given a speedy method of determining the Pearsonian type 
to which the distribution of means of samples from a given universe be- 
longs. If the universe is of type I, I, IJ, IV or VII and its f’s are 
moderately large, the type of the distribution of means is the same as 
that of the universe. 

The first four moments of the distribution of second moments, or vari- 
ances, may be found in one of Church’s papers,t in which a simple method 
of deriving them is explained. We give the first two of them: 


1 (#2) — (1—+) ma 
Hy () = 5 Og — WD) 2H) + on O43 HD 
Ms 





= 6-4) (oA) 


The higher moments are considerably more complicated and in general 
i (M2) involves wo;, so that to fit a Pearson curve to a distribution of 
variances it is necessary to know the moments of the universe up to and 
including that of order eight. Church has shown that good results in 
fitting may be obtained by expressing 4;, 8, and 4, of the universe (these 





M. Greenwood and L. Isserlis, A historical note on the problem of small samples, Journal 
of the Royal Statistical Society, vol. 90 (1927), pp, 347-52; Karl Pearson, Another “historical 
note on the problem of small samples”, Biometrika, vol. 19 (1927), pp. 207-10. 

* Biometrika, vol. 18 (1926), p. 338. 

t Biometrika, vol. 17 (1925), pp. 79-83. 
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4’s involve the moments up to eighth order) in terms of 4, and A, by 
means of difference formulas,* placing them in the formulas for the first 
four moments of m#,, and then fitting the curve. 

Tchouprofft had previously given the expressions for these first four 
moments of the distribution of variances, although the first two were known 
prior to the publication of his paper. His development contains some very 
complicated algebra and is difficult to follow. Moreover, as Church pointed 
out, his formula for the fourth moment was in error. 

The writer{ has called attention to the fact that Thiele had much earlier 
given essentially the same formulas in terms of his semi-invariants. Thiele 
in fact gave formulas for the first four semi-invariants of the distributions 
of semi-invariants of order 2, the first two semi-invariants of the distributions 
of semi-invariants of orders 3 and 4, and the first semi-invariants of the 
distributions of the remaining semi-invariants up to and including order 8. 
Craig§ has recently extended the foregoing results considerably. Thiele’s 
simplest result is for the case of sampling from a normal distribution. 
If A, (Ax) indicates the second semi-invariant of the distribution of semi- 


invariants of order k, then 
de (Ay) = kt ag/N, 


N being the number in the sample and 4, the semi-invariant of order 2 
(i. e. the variance) of the parent distribution. 

“Sophister”|| has also discussed the distributions of variances and of 
standard deviations. He gives an approximate method, which he credits 
to Karl Pearson, of representing the distribution of variances of samples 
from a population possessing a considerable degree of skewness. 

38. Moments of a finite universe.’ In the preceding section we 
have assumed that the universe was “infinite”, in other words that it was 
indefinitely large in all of its classes, as compared with the sample. In 
actual practice this could be attained by replacement after each individual 
draw. If the entire sample is drawn before replacement, the probability 





* See Church, Biometrika, vol. 18 (1926), p. 350. 

+ Biometrika, vol. 12 (1918-19), pp. 140-69, 185-210. 

+P. R. Rider, Proceedings of the National Academy of Sciences, vol. 15 (1929), pp. 430-34. 
§ Metron, vol. 7, no. 4 (Dec. 31, 1928), pp. 3-74. 

|| “Sophister”, Discussion of small samples drawn from an infinite skew population, 


Biometrika, vol. 20A (1928), pp. 389-423. 
q| J. Neyman, Contributions to the theory of small samples drawn from a finite population, 


Biometrika, vol. 17 (1925), pp. 472-79. 
A. E.R. Church, On the means and squared standard-deviations of small samples from 


any population, Biometrika, vol. 18 (1926), pp. 321-94. 
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of drawing an individual from a given class will be affected each time that 
one is drawn from that class. In such a case we call the universe “finite”, 
If M is the total frequency of a finite universe, 


Ma ee ge 
iwi) = 71, a(n) = Wat— “ 
»_ (M—1) f—2N) 


fa(u}) = (M—1)[(M*—6 MN+M+6N")4,+3M(M—N—1)(N—1)] 
porns Nf — 2) (M@— 3) (M— WN) 











These are more general relations than formulas (110) and (111) and reduce 
to them if Moo, Their origin is doubtful.* 

Church’s conclusion is that the distribution of means of samples from 
nearly any finite universe is practically normal; if a better representation 
is desired, the distribution can be fitted by a Pearson curve with first four 
moments obtained from (112). 

He gave tables from which can be obtained a fairly reliable indication 
in any given case as to whether the universe may be regarded as infinite 
and the distribution of means fitted by a Pearson curve having the simpler 
moments (110) and (111) instead of (112). These tables compare, for 
various values of UM, N, 4,, 4, the values of 4;(#1) and 42(;) for finite M 
with the corresponding values for infinite UM. 

The first and second moments of the distribution of variances of samples 
of N from a finite population have been given by Neyman,t and the second 
and third moments by Church.t For example, 


yy . Woe 


The formula for the fourth moment, viz. m, (m2), takes up over three and 
one-half of the large pages of Biometrika. 

As Church says, practical considerations compel us, if we wish to fit 
a distribution of variances of samples with a Pearson curve, to use the 
moment formulas of an infinite universe, except when the universe is very 
small. In such a case the Neyman-Church formulas may be used, but the 
Pearsonian representation may fail, since it is based upon the assumption 





*See Church, Biometrika, vol. 18 (1926), p. 357. 
+ Biometrika, vol. 17 (1925), pp. 472-79. 
t Biometrika, vol. 18 (1926), p. 369 ff. 
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of a uni-modal distribution, and the distribution of o* may be multimodal 
when the universe is small. As Church concludes, “the problem of repre- 
sentation of distributions of o? of samples from a quite small finite population 
is one which will call for a large amount of research before any practical 
advance towards its solution is likely to be made.”* 

839. Distributions of various other statistical parameters. The 
distributions of various other statistical parameters, such as center, : ange, 
greatest variate and least variate and median, have been dealt with in 
some of the papers already referred to. We should like to mention in 
addition a paper by E. S. Pearson and Adyanthayat which discusses the 
distributions of range, center and median for samples of various sizes 
(2, 3, 4, 5, 10, 20) from symmetric universes of varying kurtosis (4, = 1.80, 
2.50, 4.12, 7.07). 

In the experimental determination of the distributions of various para- 
meters, Tippett’s random sampling numbers{ are of great assistance, since 
sampling by means of them is much more expeditious than drawing from 
an urn. However, when a universe represented by a continuous curve is 
divided into a limited number of frequency groups the 4’s of the continuous 
curve and the discrete series are not the same. Before actual sampling 
can be performed, such a division is of course necessary, and this is one 
of the greatest difficulties in actual sampling. 


WASHINGTON UNIVERRSITY. Saint Lovis. 


Addenda. 


Some of the results of several papers that have appeared since this mono- 
graph was written are given below. 

Irwin§ has shown that the joint distribution of any N—~r deviates 
from the mean of a sample of N from a normal population of standard 


deviation o is 
N-r 
i (4+.4x4 )+1 3 x,%,] 
w,o=1 dX,---dXyn_-+, 


1 
K e o 

* A. E. R. Church, Biometrika, vol. 18 (1926), p. 389. 

7 E. S. Pearson and N. K. Adyanthaya, The distribution of frequency constants in small 
samples from symmetrical populations (Preliminary notice), Biometrika, vol. 20A (1928), 
pp. 356-60. 

} L. H. C. Tippett, Random Sampling Numbers (Cambridge Tracts for Computers, no. 15) 
(1927). 

§ J. 0. Irwin, On the frequency distribution of any number of deviates from the mean 
of a sample from a normal population and the partial correlations between them, Journal 
of the Royal Statistical Society, new series, vol. 92 (1929), pp. 580-84. 
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in which X; is the deviation of the ith item of the sample from the mean 


of the sample. 
From this it may be deduced that the partial correlation between any 
two deviates when N — r — 2 of the remaining N — 2 are kept constant is 






Cuv-1.2---N—r) —1/(r+ 1). 










McEwen* has developed a method of “group proportions” to be used 
in estimating the significance of the difference between two means. He 
has also developed a “sum product” method of finding the probability 
that a single item drawn at random from a series will exceed an item 
drawn at random from a second series. It consists in multiplying the 
probability that an item of the first series will lie in a specified interval 
by the probability that an item of the second series will lie below that 
interval (in other words the cumulated probability of the second series). 
McEwen’s paper referred to in the footnote gives several tables of use in 
sampling theory, among which are a table of “Student’s“ distribution 
and a table of “The probability of 7 successes in a second sample m after 
drawing p successes in a first sample n, and the summation of these probabi- 
lities from the ends (smallest values) up to the maximum.” (Cf. Table XLVIII 
of Tables for Statisticians and Biometricians.) 

The content of a recent paper by Molina and Wilkinsont is perhaps 
best indicated by quoting from the introduction to their paper. 

“In drawing conclusions as to the reliability of the mean of a sample it 
is important that all relevant information be taken into consideration. 
The mathematical analysis in this paper is based on the Laplacian Bayes 
Theorem which implicitly comprehends the results of a sample together 
with the a priori knowledge available concerning the parameters of the 
universe. 

“The discussion is limited to a universe assumed to be normal but whose 
mean and precision constant are unknown. Several simplifying, yet quite 
reasonable, assumptions regarding the forms and independence of the 
a priori frequency distribution of the true mean and standard deviation 
are incorporated in the analysis so that numerical answers may more 
easily be deduced. 
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* G. F. McEwen, Methods of estimating the significance of differences in or probabilities 
of fluctuations due to random sampling, Bulletin of the Scripps Institution of Oceano- 
graphy, La Jolla, California, Technical series, vol. 2, no. 1, pp. 1-137. Berkeley, University 
of California Press (1929). 

+ E. C. Molina and R. I. Wilkinson, The frequency distribution of the unknown mean 
of a sampled universe, Bell System Technical Journal, vol. 7 (1929), pp. 632-45. 





pe nr 
a e325 


he ae 





Teer 35 





AO 


eee SEE ES 






es 


<a e 


Ce ee ae 
suet, 








Legere 39 npc sac MRS i ST gate ge gc Rae Sie gt 
+a wie ia 130 aige take’, Lae 


wiper Sion sole 
. 


anal 9 Pi oC iste. tet MOS io Pverpe o ol 
. * 
eres : 


eo -3 ye 
—— ile? 


Aa 
SOAs 


a ee Ries 


nN Da A 


+ 
* 





624 P. R. RIDER. 


“Conclusions, properly drawn, are usually quite definitely dependent upon 
the a priori assumptions made, and especially so in the case of small 
samples. A considerable space is, therefore, devoted to the solution of 
a problem in which the sample is only five, taking up a wide variety of 
these a priori assumptions. They give, in consequence, a wide range of 
numerical results, appearing in the form of probable errors in the mean 
of the sample. Each set of assumptions is briefly discussed indicating 
how the sampling technician may be able to make a selection consistent 
with his a priori knowledge of a particular problem.” 
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MATRIX CONDITIONS FOR MULTIPLE POINTS OF 
A TERNARY CUBIC.* 


By L. P. CopeLanp. 


In the literature concerning forms certain general methods are deve- 
loped of treating degenerate algebraic curves, but these have been applied 
to the ternary cubic only under particularizing assumptions.+ It is the 
purpose of this paper first to determine a minimum set of necessary and 
sufficient conditions that the general ternary cubic locus (degenerate) may 
have exactly two double points; and second to show that there is a locus 
analogous to the ternary Hessian in the case of the degenerate polar 
cubic with respect to a given quartic. 

The first problem, that of determining a set of two conditions that the 
cubic degenerate into a straight line and a conic, may be solved by making 
use of Stuyvaert’st generalization of the dialytic eliminant of two poly- 
nomials in one parameter. Stuyvaert has shown that a necessary and 
sufficient condition that three polynomials in ¢ of respective orders 4, m, v; 
vy <4+"—1 have a common root is the vanishing of a certain matrix 
of 4+ m rows and 4+ y%-+1 columns, i.e. the rank of the matrix shall 
not be greater than 4+ —1. 

If we write the ternary cubic in the form 


Sg (X15 Vay Hy) = af, + x, 0+ x5 ¢, + 13 dy, 


where 
Ce = Uy +% Ze, 
> ae 2 2 
U3 == b, 22+ b, x, x, + b, 23, 
83 — 3 
a’ = a,xit+aaix,+a,7,23+a,23, a, +0, 


= a, (x,—r2,) [227 + (r+ a,/a,) x, x, + (7? + a, r/a, + a,/a,) 23], 
where r is real, and set 


Sg = Sq °-Soy (GT ha, Ly + hw, gH, Hy +S XX, + las) (e, + ma, + nx) 


then comparison of coefficients gives rise to nine equations (ten if a») +1) 
which can be replaced by the following equations in m and n: 


* Received October 8, 1930, in revised form October 31, 1930. Presented to the American 
Mathematical Society, September 5, 1929. 

7 H. M. Taylor, “On the Decomposition of a Cubic Curve”, Proc. of London Math. Soc., 
vol. 28 (1896-97), pp. 545-555. O. E. Glenn, “The Theory of Degenerate Algebraic Curves 
and Surfaces”, Amer. Jour. of Math., vol. 32, pp. 75-100. 

t Stuyvaert, Cing Etudes de Géometrie Analytique, (1908), p. 60. 
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do m® — a, m*+ ag m—as = 0, 
(3 ag m? —2 a, m+ ae) n— by m? +b, m—b, = O, 
(3 ay m—a,) n® + (b; —2Z bp mM) n+eom—e, = O, 
ao n® — by n? + N—dyo = 0. 


Assuming that the discriminant of a® is not equal to zero, substituting 
for m its value —r and eliminating », we obtain three equations in r. 
Hence the two desired conditions can be expressed in the form of a matrix 
with y = 6, 4=4, and p = 3. 

Ao a de og O O 
. a & @ & & 
0 O G GY ad 4s 
0 0 GG Gd Gs 
Go & ye Gy & OD 


5 
ll 
cof coo 


QO G@) @, GW Gy &% 
O O G@ a G, Gs M% 


B B Bs Bs By Bs Bg 


The elements @;, £;, of this matrix are functions of the coefficients of fs, 
and are linear in ¢, ¢, ad. They are as follows: 








—_— — — 2 
a, = —3a,a,¢,—9ac,+3a,b,b,, 


a, = (da, a,—4 ai) ,—124, a, c, + 44, b, b, —a, &, 
a, = ($1, a4,—4a, a,) ¢,— (4a?+ 6a, a,) c, — 3a, b, b, 4+ a, b§ + 2a, b, b, 
+ 3a, b, b, — 3a, 6, 


== —aic,_—4a, a,¢,— 3a, 8+ a, @ + 2a, 6, 5,, 


R 


8 
a, == —ac,—a, B+ a, d, b,, 
8, = 9a? b,c, — 27 a8 d,— 2a, Ui, 
8, = (12a, a, b) + 9a? b,)c,— 54a? a, d, — 3a, b? b, — 2a, be, 
B, = (4aj b+ 6a, a, by + 12a, a,b, + 9ag by) cg — (36 a, a} + 27 a5 a4) d, 


— 3a,b? b,— 4a, U2 b, — a,b’ 


0°0 “2 a ee 2°0? 
8, = (4a,a,b,+ 4a? b, + 6a,a,b,+ 12a, 4, b,) c,— (364, a, a,+ 8a?) d,+ a,b? 
— 2a, b,b? — 4a, b2 b, — 2a,b? b,, 
B, = (a2 b,+ 4a, a,b,+ 4a? b,+ 6a, a,b.) c) — (9a, a3 +1247 a,)d,+ 3a, 0? b, 
— 4a,b,b, b,— a,b, b? — 2a, b b,, 


ad 2°0"1 


8, = (a2 b,+ 4a, a, b,) ce, — 6a, a3 d,+ 3a, b, b3 — 2a, bb} — 2a, b,b,b,, 
4, = @&b,c,—ad,t a, —a,b,8. 
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Since cy occurs only in the «; it follows that if the cubic locus 443 = 0 
degenerate into a straight line and a conic one of the coefficients (c, or do) 
is expressible rationally in terms of the other eight, and two (c, and d,) 
as functions of the other seven which involve only square radicals. 

Additional matrices of lower orders may be obtained for the exceptional 
and somewhat trivial cases when a’ has double, triple, or zero roots. 

By an extension of Stuyvaert’s theory, and the introduction of the dis- 
criminant of /f:, which gives a fourth equation in r, the matrix for the 
three necessary and sufficient conditions that /gs break up into three straight 
lines may be found. This matrix takes the form 








ao G& Ge & OO DO O 
0 & Q as ao O O 
So 6: & o& & @& 6 
0 0 0 & XG Ge Os 
M'=\a@ am @ ao ao 0 O0}]=0, 

0 @ @& @ ag ao O 
0 0 @ @ GG Gy % 
By B Bz Bs By Bs Be 
a: a, oe, a ee: oe 

where 

Yo = Waic,—9a B, 


1; 544% a,c,— 18a? a, 02, 

¥, = (2703 at + 5403 a,)c,— 9a, a? b2 — 18a? a, b?, 

¥, = (724% a,a,— 4a, a) c,— 22a, a, a, b5 — 3.a% a,b,b, + 9a% b, b, 
— 6a; a, b,b,— 34% a,b} + 4a, a? by b,, 

¥, = (27a? af + 18a, a? a,— 4a‘) c,— 9a, a3 b2 + 4a? b,b,— 3a, aj bi 
— 3a,4@,a,b,b,+9a? a,b, b,— 6a, az b,b,— 43 a, bi, 

¥, = (18a, a, a3 —4a’ a,)c,—3a, a2 b,b,+ 4a? a,b,b, —3a,a, a,b? —4a, a; be 
+ 9a* a,b, b,— 6a,a,a,b,b,, 

¥_ = (4a, a; — aj a3) cy + a, a3 byb, — a, a bj — ay 05 + 4,4, 4,b,b,—2a,a; bb, 
+ 3a5 a,b; —a,az 03. 


In connection with this matrix it may be shown that there is a locus 
analogous to the ternary Hession in the case of the degenerate polar cubic, 
since the locus of points, whose polar cubic with respect to a given quartic 
break up into three straight lines, is expressible as the three necessary 
and sufficient conditions that a cubic be factorable into linear factors. 
44* 
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If the three conditions obtained from M’ be called Mj, Mz, Mz; then the 
points common to the M; will give “polar centers” whose polar cubics 
will break up into three straight lines; and any common factors of the Mj 
will give a “curve locus” of points whose polar cubics likewise degenerate. 
However there exist certain exceptional points on this locus whose polars 
may or may not degenerate; namely those points cut out by the discriminant 
locus, and also the sides of the triangle of reference. Since by the con- 
ditions of this theory these loci are excluded, additional tests must be 
used for these points. 

Certain examples serve to prove the existence of polar centers and curve 
loci, e.g. the quartic «*—y‘+2*yz—0O has the polar center (0, 0, 1), 
and the quartic 2*—y*z = 0 has the curve locus zy = 0. 


WELLESLEY COLLEGE, WELLESLEY, MASSACHUSETTS. 
September, 1929. 
































THE MAPPING OF MONOIDAL INVOLUTIONS.* 


By F. R. SHARpE. 


1. Introduction. A monoidal involution J of order n is a space trans- 
formation of period two which sends a plane into a surface of order n with 
an n—1 fold point 0. The bundle of lines through 0 is invariant under J, 
so that the lines of the bundle are either A, each invariant, or interchanged 
in pairs by one of the four types of ternary involution, B, the harmonic 
homology, C, the Jonquiéres D, the Geiser, or E, the Bertinit An in- 
complete analytical formulation of the five types has been made by Snyder.t 
In this paper this formulation is completed and it is shown that the four 
last types can be mapped on similar varieties in fourway space. 

2. Type A. In this case J is defined by 


(1) Li = DZ, x2 = 2; XB oe 23, 
Pay2%4+ Q(a1+24)+R = 0, 
where P, Q, R, are homogeneous, and of orders n —2, n—1, n, in 2%, Xe, %3; 


0 being (0, 0, 0, 1). 
It is mapped by a point (y) in an S, where 


Yi= Ny, Yo= Te, Yo= %s, Y= Mt, WYs = UH, 
that is by the points of the variety 


Pyryst+Qyutk = 0 


which is obviously rational. 
It can also be mapped by a point (y) in an S; with 


Yi =H, Yo=%, Ys = %, Ye = Ut, 
so that from (1) we have 
Pai— 2B 
(2) 4 = Pu+Q’ 





* Received November 29, 1929. 
+ E. Bertini, Annali di Mat., ser. 2, vol. 8 (1877), pp. 244-286. D. Montesano, Rend. 
del. R. Ist. Lombardo, ser. 2, vol. 21 (1888), pp. 579-594. 
t Virgil Snyder, Annals of Mathematics, ser. 2, vol. 25 (1924), pp. 278-284. 
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Hence the right hand member of (2) is invariant under J. Moreover 


P#+2Q2,+8 ' 
(3) Pa+Q = —«M 1 





is invariant under J with a change of sign. 
3. Type B. Here J can be defined by 


’ ’ ’ 
1 == 71; 2 = 2, 3 = —— es 


(4) ’ 
4P2xyai+Q(asitxi)+R “49 = 0, 


rn 
Xs 





where P, Q, R, S, are homogeneous, and of orders n—2,n—1,, n in 
21, X2, 7X3, but contain only even powers of zs. 
The involution is mapped on a varity V in S,(y) given by 


, L4— 24 
Y= Ty, Yo=Xy, WYVs— GH Y= Ut,  — ne 
" v3 
Hence from (4), V has the equation 
(5) PY, Yi — ¥n ¥3) + Qy, ys + Ry, + Sy, = 0. 


4, Type C. The Jonquiéres involution of lines through 0 is given by 
(6) X= M1, 1% = 2, La323+M(as+a3)+N = 0, 


where L, M, N, are homogeneous and of orders k — 2,k—1,k in x, 2. 
It is clear from Art. 2 that 





magn... 
ys = pres is invariant under J, 
and 
MI il 
23 = Ere is invariant with a change of sign. 
Moreover 
: A ; Lyz+4My,+4N 
— Y; — 42,2, _ Ce ee 


Hence the involution is defined by (6) and 


(7) 4 Pat Qt) + RAS +8 == Q, 
3 


where P, Q, R, S, are homogeneous and of orders n —2,n—1,n, n in 
M1, Ho, XZ. 















MONOIDAL INVOLUTIONS. 


It is mapped on a variety V in S,(y) by 


Lx,—wN , w4— x4 
Yi = 11, Y2 = Ma, "= TM” Ys = mtu, hy — 
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so that from (7) V has the equation 
(8) PlLyjyj—(Lys+4My,+4N) yi] + LQyiy,+ LRy,y,+ LSy} = 0. 


ie 
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5. Type D. In the Geiser plane involution a line goes into C,: 7 A’, 
the curves of the net C;:7A being invariant, while the curve of invariant 
points C,:7A* is invariant with a change of sign, its square being a quartic 
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function f; of C1, C2, C3, any three linearly independent cubic of the net. 

The involution is therefore defined by a4; 
(9) = Cs, = Oh, 2 = &, ; {| 
, , Li 4 — Lyx} ad 

4 Pay23+ Q(ai2i+ 121) + R= a 8 0, OF 

6 . ee 

where P, Q, R, S are homogeneous and of orders n—3, n—3, n—1, Hi 
m in C4, C2, Cs. aah 
The involution can be mapped on a variety V in S,(y) by ; ay 

y Y , ' oe i 

A= CC, w=, %H=— Cy WY, = UMN, iz : 

1 Ly — 4 24 i 4 

ee oe ey | 

The equation of V is from (9), remembering that 2:2; is a cubic fune- 4 Ay 
tion ts of C1, C2, Cs, / EE 
(10) PUY AV) + MKU+t RhYst Sh = 0. | 
Ef 

6. Type E. In the Bertini plane involution a line goes into a C,; : 8 A’, at 
the curves of a net sextics C,:8A*BB’ being invariant while the curve +1 
of invariant points C,:8A* is invariant with a change of sign. If C3 is By 
the cubic C;:8 ABB’, Cy a C3:8A, and Cy a non composite C,:8 A? BB’, Be 
then the net of sextics is of the form “ee 
‘aa 

a1 C3+a2C3C3+asCs = 0. Ati 

There exists a relation of the form : £ it, 
Bt Bs: 
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The involution is defined by 
ai =Cyr, 213 =Cir, xe = Ci, 


4Pryxj+Q(maitzin +R +S = 0, 


X14 — 14.2} 
Cy C3 
where P, Q, R, S are homogeneous and of orders n—3, n—3, n—1,n 

in C3, CsCs, Co. 
The involution is mapped on a variety V in S,(y) by 


(11) 





’ / 
1X4 MX 


Y, = Ch, Yo = OsCy, Yg= Cy, YYW = MUMMY, YS = ~ @oG& * 
There exists a relation of the form 


C82x,C,, = F,(C2, C,C, C 


oa * a7 38? 6) 


so that from (11) the equation of V is 


(12) Py, Yfyi-hey) + Fy (Qyiy,+ Ry, +S) = 0. 
7. Conclusion. The non-perspective monoidal involutions are mappable 
by the similar varieties (5), (8), (10), and (12). 


CoRNELL UNIVERSITY. 
November 1, 1929. 














INVOLUTIONS OF ORDER n WITH AN n—2 FOLD 
LINE AND THEIR MAPPING.* 


By F. R. SHARPE. 


1. Introduction. The existence of this type of involution was established 
by Montesanot by the use of the known plane depiction of surfaces of 
order n with an »—2 fold line7. He showed that the planes through / 
are interchanged in pairs and that between each pair of planes there exists 
a Cremona quadratic correspondence. In this paper the analytical form 
of this correspondence is found. It is expressed by two bilinear equations 
which are used to determine the analytical form of the involution, and also 
to map the involution on a three dimensional variety in five dimensional 
space. 

2. The Cremona transformation F,,:]”—? C3,-4. Two surfaces of 
order » in a space S with a common n—2 fold line? meet in a residual 
curve of order 4n—4, Cyn-«. A plane through 7 meets each surface in 
a conic. The two conics meet in four points on Cy,-4. Hence Cy,—, meets / 
in 4n—8 points. By Noether’s formulast the genus of Ci,—4 is 6n—11. 
If the two surfaces have a common C, meeting / in »—1 points, the Cin—s 
consists of C, and a C3,-4 which, by Noether’s formulas, is of genus 3n—7 
and meets 7 and C, in 3n—7T7 and 3n—3 points. Conversely through 
Con—4 passes a web of surfaces having 1 n—2 fold, Fn:l*-* Cons. By 
Noether’s formulas, two surfaces of the web meet in a C, meeting / in 
n—1 points and Cs,-4 in 3n—3 points, moreover three surfaces of the 
web meet in one variable point. Hence the web defines a Cremona trans- 
formation from a space S to a space S’. Contained in the web of surfaces 
is a pencil consisting of the fixed F,-1:1"—* Csn_4 and a plane through /. 
Hence F,-1 is the image of a line 7’ in S’, and a plane through 7’ goes 
into F,-1 and a plane through 7. A plane through /’ meets a general 
plane in a line, whose image is the conic in which the corresponding plane 
and F,, intersect, apart from 7. The line meets /' in a point whose image 
is the C,-2. in which F,-1 meets F,, apart from 7 and Cg,-4. The trans- 
formation therefore defines a quadratic Cremona correspondence between 





* Received December 10, 1929. 
+ D. Montesano, Atti della Reale Accademia dei Lincei, Rend., ser. 4, vol. 5 (2) (1889), 
pp. 123-130. 
{F. Noether, Annali di Mat., ser. 2, vol. 5 (1871), pp. 163-177. 
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the associated planes through 7’ and 7. The locus of the 3 fundamental 
points of this correspondence in S is Cg,—-4 and in S’ a similar curve C’. 
A fundamental point in 8’ goes into the line joining two of the three 
fundamental points in which the corresponding plane in S meets Cyn—4. 
Hence the image of C’ is a ruled surface Rsn—s3: Cina. Since Cyn—4 is of 
genus 3n—7 from a point on 7 there can be drawn 


(3n — 5) (3n — 6) _ (Bn —7) Bn — 8) 


9 5 —(3n—7) = 3n—6 








bisecants of Cans. Hence 7 is 3n—6 fold on Rgn—s. An Fy:1"—? Cgn_4 
meets Rsn—s: 2"-* Cgn—4 in a residual Cyn—4 consisting of 3n—4 generators 
of Rss. Hence C’ is of order 3n—4. Again F,-1:1"-* Cyn, meets 
Rsn—s in 3n—T7 generators of Rsn-3. Hence Cy,-4 meets /’ in 3n—T7 
points. The genus of a plane section of Bsns is 


Ga—OEe—5) _ Ga Oa) an— 4) = 3n—7. 





Hence the genus of Cg,-4 is 3n—7. An F,:1"-? Cyy_4 is therefore mapped 
on the corresponding plane, so that the image of a plane section is a 
C,: A" (3n — 4) B the image of Cgn_4 being a Cyn—3 : A®”-*(3n — 4) B® 
and a line in the plane goes into a C, meeting 7 in n—1 points. 

3. The involution F,,:1]"-? C;,-4. In this case the spaces S and 9’ 
and the fundamental elements are the same. The planes through 
1 = 2, = x, = O are interchanged in pairs so that if 7, = 0, 2 = 0 
are the invariant planes the involution is expressed by equations of the 
form 


(1) a=—=aha, m=——mhAa, w= Fr, mu = Fy. 
A line in the plane 22 = 42, goes into a conic in the plane v2 = —Aa. 
Hence (1, x2, x3, x4) is transformed into (7, — 22, 23, x3), where 23, 24 are 


determined by two bilinear equations of the form 


(2 Ax; x3 + Bas x4 + x4 x3) + Cay x4 + D(axs+ x3) + E(ag+ x4) 
™ + F'xe (arg 24 — 4.03) + G a2 (xg — 23) + Here (ay — xi) + IT = 0, 


where A, B,---, J are polynomials in #3, and a similar equation. 
Denoting these equations by 

- P23+Q2+R = 0, 

3) Sa3+ Txa+U = 0, 














INVOLUTIONS 
and solving for 23, 24 the equations (1) take the form 


. xi = 1(PT— QS), x3 = QU— RT, 
(4) x. = —a(PT—QS), «= RS— PU. 


The curve Cyn-4 is defined by P/S = Q/T = R/U. 
4. Mapping the involution. In (2) take 





(5) = r2, a= xg+ x, = X2 (x3 — 2x3), == rat x4, 
26 == 12 (x1— 24), 
then (2) becomes 
.3 J — di __ % ‘) 
mi A (<3 = a 2 B (coe “o 
2 
(6) +7 0(4—3)+Dat Ea 
2 


+4 Fleats— 2006) + Gest Ha+I = 0, 


and a similar equation. The two equations define a three-dimensional 
variety in five way space on which the involution is mapped by the 
equations (5). 

5. The cubic involution, n = 3. In this case (3) becomes 


(axg+ bay+ d) x3 + (ba3+ cayt+e)ay+dagteam+tit inxs = 0 
and a similar equation, the coefficients being constants. Taking 


2 
Zo = 22, #3 = Ost xs, te = tM, 2 = Xam, % = 1%, 
we have from (2) 
azs+ b(2324— 2 — 26) +ceetdzteatitnga = 0, 


and a similar equation. The elimination of the second term leads to 
a linear relation between Ze, 23, 24, 25, 26. Hence the involution is mapped 
on a quadric variety in four way space and is therefore rational. 

6. The quartic involution, n — 4. In this case the first equation 
is of the same form as for m = 3, and the second of the form 


(a’x3+ b'a4+ d+ do 2 — fixe x4 — 9x2) x3 
+ (b’xg+ ec! a+ er+ e202 + fare x3 —h ae) x4 
+ (dy + dz x3) 23+ (1+ @ 99) 044+ gare rst hamt+i+ia = 0. 
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The equations (6) become 


5 sis 2 rT 25 
= a (2 a -{- 3 b (2 io = *s) 





1 ‘ 4 1 25 26 
a t—f)+3 (00 — 2M) 


2 & e ° 
-t- 4 c (23 saeaed ~ +-dzg +ez4 +- al — 2222 = 0, 


Zo 


+ 4 (4-2) + (di + dz 22) 2s 
+lateza)ztgzthetitie = 0. 


The intersection of these two cubic four-dimensional varieties is ap- 
parently an irrational three dimensional variety in five dimensional space. 


CoRNELL UNIVERSITY. 
December 5, 1929. 














FOURIER EXPANSIONS OF DOUBLY PERIODIC 
FUNCTIONS OF THE THIRD KIND.* 


By Joun D. ELpEr. 


This paper deals with the Fourier expansion of the function? 
H(z) FH" (2) (2) H,"*(z), hereafter denoted by [n,, ,, m, Mg, 2], 
for all integral values of the m’s satisfying % + 2, + %2-+ mgs = mw, w> 0. 
The problem has been treated previously in two ways. Among others, 
Biehler, Hermite, Appell and Bell have obtained expansions for specific 
values of the m’s. Appell and Krause have developed general theory for 
the expansion of doubly periodic functions of the third kind in trigono- 
metric series, but, as far as is known, this theory has been actually applied 
only to special functions with poles of low orders. Appell’s method is here 
applied to the more general function given above. We find explicit ex- 
pressions in the general cases, depending on the parities of mo, m, Me, 
and m3. 

1. Appell’s method. In a series of papers,f Appell has discussed the 
expansion of doubly periodic functions of the third kind into trigonometric 
series. The following result, taken from these papers, forms the basic 
theory used. 


Let 
n=e 
Ay (z, y) = ba ezmny qh @—v cot (eg—y—nnt), q = et, q <4. 
n—=— 00 


If F(z) is uniform and meromorphic, satisfies 


a — F (2), 


(A) F(e+at) = eH? F(z) 


and has, in a period parallelogram, poles of orders n; at z= a@;, i=0, 1,---,p, 
with the corresponding principal parts 


4 RY 
j=1 (—aiy 
then 
hed 1) 
Zz, 
(B) ro— Es oO wp. 
f=. J=7 (y—1)! 





* Received September 16, 1929. 
+ The notation is that of Jacobi, Werke, vol. 1, p. 501. 
t Annales Scientifiques de L’Ecole Normale Superieure. Third series, vols. I, p. 135; 
II, p. 2; and IL, p. 2. 
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where y ~~ (z, @;) indicates the result of replacing y by @ in the kth 
derivative of A, (z, y) with respect to y. 

2. General derivatives of A, (z, y). To apply the above result, there 
are needed explicit expressions for iS with various arguments. By replacing 
the cotangent terms in Ap (z+ant, y+ant), Ap [z+ant,yt+(a+))az], 
and A,[z-+(a+4)a7r, y+ant] by their equivalent exponential expressions 
and, after expanding the denominator of each term, differentiating k times 
‘ with respect to y, we obtain 


Av (¢+ant, ytant) 
k ee) 
= Ww cot(e—y)+ i 2 (2u ni univ gun(nt2a—1) 


(2) 
(1) —} P (—2u n ak eo 2uniy gt" (n—2a+1) 
=1 
2] oO 

493 P [2 i (un + r)]* cimunte gunin+2a—1)+20n p—2rie 

n=1 r=1 
i.) on 

— 94 z z= [—2i(un+r)J e-Pivuntr) qunin—2a-+1)+2m erie 

n=l1r=>1 


AP letanr, y+(a+ 5) ne| 
~~ F ; << ee 
as — = (2 ni) Puniy gun(n+2a)__ id (—2 nik e—2uniy gun(n—2a) 
42; >> >> [2 i(un+ r)]}F e2iy (un+r) gilt (n+ 2a)+(2n+ Lr e—2riz 
—_r 
—2i> > [—2i(un+ rr) e-2ivuntn gunin—2a)+en—1)r geriz 


x=1 r=] 
and 


Ay [+ (a+) nT, ytane| 
"0 
_— i2Z (2yu n iyk ezuniy gu" (n+2a—1) 


io 2) 
, — | g\k —2uniy un (n—2a+1) 
3 IEC tenipecrming 


[2 i( n+ r)}* erty (unt+r) qlin (n+2a—1)+Q2n—1)r e72riz 


oo 
a= 
oe 


42% 


. 
As Ms 


97 [ a & i(u n + r)]}* e—2ty (un+r) qn (n—2a+1)-+(2n+1)r erris, 
R= = 


o 
~ 


the series converging absolutely and uniformly in the respective regions 
I(e—y)|<I(ar), Ite—y|<1(F), and | J(¢g—y)|< (4*). 
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In what follows, n, r are arbitrary integers; m, 1 odd integers. All 
summations with respect to these are from 1 to © unless the contrary is 
expressly stated. All derivatives with respect to y are to be understood 
evaluated at y=0. Near the pole a, z—«a; is replaced by « for all 7's. 
The coefficients of z—" in the expansions near z = 0 of [m, No, Ns, Ns, 2], 
[mo, M1, M2, Ms, Z], [Ms, Me, M1, Mo, Z], and [Me, Ms, Mo, M1, 2] are denoted, 
respectively, by RY”, RY”, RS, and R®. Free use is made of various 
well known properties* of # functions. 

3. (2%, 2m, 22, 2ng, z]. Consider i 


F(z) = [2, 2, 2N2, 2ns, z]. 


Let ¢ = 2+ , F(z) = g(t). (ft) satisfies (A) and has poles of 


tt Ut 7 mw PF 
iw 2 + 3” and > respectively. 
Near these poles the es expressions 


~ ah to 


orders 2m, 2,, 2%, and 2n, at = 0, 


é 3 - : v a z ~ 2; a y 
¥ Pe See - : ira ee = PS ye. é was ¢ 
LS, ETRE FNET CS > NE MGEE SEES est toe 
Mike 2 cotton — Sopiieinatined-sanmced A>. toutes ; - =a : - Be 


y(t) = (— 1)" a x= Re rs 2 RM er % 


—2) 4. 


a TE 


> 
c =a* 
RR PRE IEE AT ES RET, 





o(t) = (RPM FORM + «4, 


pee 


o(t) = REM + ORE + 4], 


and 
fe (273) (2%3—2) 
() = (—1yringt SRM FARE «9 
hold. From this follows, on substituting in (B) 


x*—1 (— wi)! Al — (244 2 “,0) 








4 No ; 
— (—])jotm (2k) z. ’ 
F(z) = (—1)**™™ q‘ = Ro p> j! (2k—j—1)! 
x Re ge 1) tt f 
ot ae, Taal ‘ 
= @—n!4 (e+ 2 *) a 
1 ny Re se - aU Lia =) a 
k=1 (2k—1)! 1)! 2 , 2 2 $43 
Sp tet (MOAR (242, 2) 
— ] ets > $$ _—_____— — va 
+t’ ae Rs” 2 j!@k—j—1)! 


aig Sot +S + Ss. 


* As Whittaker and Watson, Modern Analysis (Third ed.), ch. XXI. 
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Using (3) with a= 0, y= 0, we find 
-$ (Hi 
= 34(— +m g 4 © (2k) = 
. siete a, ke f=o ji(2k—j—1)! 
x > (Qu ni I quan) —_ S* (— Qu niyPks—- quant 
n n=0 





42 p> [27 (wn + r) PAV qunn—1)+On—Dr ¢—2riz 
n,r 


—9 a [— 2i(un+ rr) gunmtptentir eric 
n=0,r 

Summing with respect to 7, replacing n by »—1 (with the corresponding 

change in the lower limit) in those series whose lower limit is » = 0, and 

combining, we find 


No 


__ 1% pk) 
So = 2(—1)”t™ ba ( 1) Fo 





1 (2k—1)! 
= m* F n?-+mr 
x > (um) q* +2 > (u m+ 2r)-*-1 q 4 cos 2rz\. 
m mr “ 
From (1), with a= 4, y = 0, and simplifying, we have 
Bice ey RP | 1 cot (e— y) 
A 1 eneeacat 


— @k—1! | dye 


+ 2(—1)* 2 (2 nye gue" 





+4(—1)k S (Qun+ 2rjy— gutter cos 2rz , 
n,? 

: 7 

and putting a= 34, y= 


9” we get 


Ded 
K=1 (2k—1)! 


My 2k—-1 ¢, _ 
ics = d**~— tan (z— y) 


dy 
+ 2(— 1) Di (Qu nj ger? 





+4(—1)* >) (—1)" (Quant 2r)*— qunt2nr cos 2ref : 
nr 

Using (3) with a= 0, y= 

find (noting that w is even) 


7 ° e 
re and reducing as in the case of Sj, we 


Ns (-— 1)* RE» # m? 
— —. J Mets pe a! AB ac 2k—1 74 


m 





a 
+2 >\ (um 4+ 2ry—1(—1) gt” cos 2ref. 
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Hence 
[2m , 271, 2ne, 2s, 2] 


Ne __1\ 2k) 
—= 2(—1)™t™ > Gs {Dump q' 


k=1 





£ m-+mr 


+22) (um + 2r)%*— gf 


‘ > Rr” [a cot (e— 
1 (2k—1)! dy 


cos2 rel 





y) + 2(—1)* > (2un)-1 gen 


+4(—1)* > (2un+ 27k gh"+2nr cos 2ral 


~ Re - d*—1 tan (z — 
+2 @k—D! dy 


(4) 





y) +2(—1)k > (2wn)* gu 


+4(—1)' pa (—1)" (24m + 21r)*—! gun't+enr cos rel 


Ns a 
4+2(—1)mtm >" iA aaa LSeompe' 1 


Lm 


La 


+ 2>'(— 1)" (wm + 2r)*— q! cos 2reh. 
m,r 
4, [2m —1, 2n,;—1, 2nz.—1, 2ns—1, z], [2m, 21, 22, 2ms—1, 2], 
[2m —1, 2m—1, 2me—1, 2s, z], [2m, 2m,—1, 2m2—1, 2m, 2], 
[2m —1, 2m, 2m, 2ns—1, z], [2m—1, 2m, 2m, 2ns, 2] and 
(2%, 2%,—1, 2m—1, 2n3—1, z]. The treatment in the derivation of 
the expansions of the first five functions given above so closely follows 
that given in the last section that all details are omitted. The final 
results are: 
[2m—1, 2m, —1, 2n2—1, 2ns—1, 2] 
(2k— » ee .. 
= 4(—1 jotm > — 1)" ho Dd (wm + 2rpe-2# gt sin 2rz 
k=1 (2k— 2)! m,r 
4 Se RO {= cot (z— y) 
k= (2k—2)! dyk—2 


+ 4(—1)41 DS (Qun+ 27) gun tenr sin 2rel 
n,T 


se Re d*—2 tan (e— y) 
+2 k=! dye 


+4(—1)§ D (—1)" (Quant 2r)*-2 gent+2nr sin 2re| 
nr 


te (__4)-1 por) _ 
+ 4(— 1st b ; : a (um + 2r)?*-2(—1)" q4 sin2rz, 
k=1 (2k—2)! 


45 
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. : ‘ ba 
Bote. [2m, 2m, 22, “ae o 
vf ( ’ R”® 
m)?k-1 


ine | Ln 
Bias gerne 
x 1 m,r 


ny (2k) 2k—1 ou 
+3 or 2 2S nme ge 














Vk <, @k—1! dys 
; yaad (6) + 4(—1)§ 3 (Quan + 21) qun’t+2nr cog are} 
a5 Mies nr 

G1 fn. . dk tan (z — y) . 

ae. -_ d ee —1)"(2 2k—1 pyn*® 
HE +2 ae sr C—O +21 Z(—-1Cmnye tg 
Bae +4(—1) p> (—1)"t" (2un + 2r)Pk- gun’ t2nr cos Def 
: = il "oe mis ene 

: — 1 yretns — 2 "* 

+ 2(—1)"+™ Bs kaa SY? Gm? 

a mt1 |, F nt+mr 

: a Px (—1) ? (um + 2r)rk-* g4 cos a 


[2m,—1, 2n,—1, ea 1, 2ns, z] 
No 1 pe 


4 : # 24 
ae a ~ > & = 2)! — SF (um + 2rye2 gt" sin2re 
t ==i m,r 











i : : . b Re» { dk—2 eot (z o- y) 
psu (2k—2)! | dy 
‘i (7) +4(—1) D (2un+ ary? quetmr sin Dre} 
n,T 
he 4 > alia d?k—? tan (2 — y) 
] J (2k —2)! dy 
i ti +4(—1)* 2 (—1)"*"(2un + 2r)-k-? qun’tenr sin Dref 


Nz (2k) m+1 - 
—_— ——— +7 -_ —mi-+-mr . 
+4(— en p> — sat > (—1) 2? * (um+2r)*q4 "sin2rz, 
-m,r 





(2m, 2n,—1, ar 2ns, 2] 
Ny (1 1 ad mes 





? = 4(—1)"™ >! : (= 1) 2 (m+ 2r)*4 

- k=1 — (2k— =i m,r a 

iz (8a) ek xq! mn" sin re 
a , n (2k—1) = 

Habe: dk cot (ze — y) 

: + 2 er—m dys 

1 oe + 4(—14 D (19 (2un + 27)? qu’ +r sin 2 re} 
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Ne RE» {e* tan (e ae y) 

















+ &, Qk—D! dy 
- +4(— 1D (A 1+ @pnt 20-2 gertom sin Br ef 
+4(—1eim YD a 2 (- 1 um --2ne4 
, x a peer sin 2rz, 
alia 2n,, 2n2, 2n3—1, 2] 
ee eee 
425-97 (um + 2r)P*- g TOO ae ise 
r z. Qk oi {erste # +2(-1 eee 
(9) +4(—1)}* pa (—1)" (2un+ 2r)%* qgn't2nr cos 2 ref 
4 z G Bi {_— £ a D421 D(—1 2unyee ge? 
+4(— 1k D (1) Bun + 27) ger t2" cos 2 re} 





N3 k—1 7,(2k—1) m+1 
$2(—yim SCV BLS yt mtg 


m+1 A mtim 


+22/(—1) 2 — (um + 2r)*- q4 ae 


In (6) replacing z by +3 gives the expansion of [2m;—1, 2m, 2m, 


2m, 2] but the RY are those of the function in (6). It is easily seen that 
to conform to the notation adopted R» should now be written Rf’; RY”, RY; 

Ry, RY; and RY yy . It is also clear that the suffixes of the n’s may 
"a interchanged anetion. We thus obtain 


[2m —1, 2m, 22, 2s, 2] 


M (¢__ 14\k—1 -p(2k—1) 
= 2(-1nm er (Sy? (ume? gt 


(10a) m+1 ‘tian 
+2>)(—1) 2_ 3 um + 2ry-2q! ee 


mr 
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. ae {e— cot (2 — y) = waa sil 
+ 2 Gin dyer t 2-12 (— I Anny tgs 


(10b) +4(—1)F¥ S(—1)" (2 n + 27) qunt+2nr eos ara} 


No (2K) qk t = 
+2 ait 1)! \~ ia y) +2(—1) 2 (nye gi" 





+ 4(—1}* p> (— 1)" (2n+ 27) gun't2nr cos 2re| 


1) ne | 


+ 2(—1)urtns 4 Cus 2 2 (uw m)*—1 g4 








m 
Pn? mr 
+2 > (—1y (um +2 rk gt™ rmr nos are, 
Treating (7) similarly, we find 
[2 mo, 2m, —1, 2n,.—1, 23 —1, 2] 
k—1 7)(2k) m+1 
1 Ro — ae 
= 4(— 1) > hn. a a 2 (—1) 2 (um + 2 7)?k 1 
= (2k 1)! m,r 
Pat+mr 
<q sin 2rz 
| —1) -" 
Pk-2 cot (ze —4 
+22 |e 
Ok. 2) dy’ 
(11) +4(—1) > (—1)" (2Qun+ 2r)rk-? guet2nr sin 2 r ¢ 
, Pe tan ai 
+ > | 
fn (2k —2)! dy 


+4(—1) 2 (—1)" (2Qun-+ 2r)k-2 qun'+2nr sin 2 rd} 


% ( —1)""; 1 pak 1) 
$4(—1yetm 3) OD Sy am rye 
k=1 (2k— 2)! m,r 
Fmt +-mr ‘ 

<q sin 27rz. 

5. The functions G@;(z), H(z), Ly (z), and M,(z). In order to 
simplify the form of the results which follow it is necessary to make use 
of the oddness or evenness of certain functions which arise. They are 


\(2k —1)! "jo j1(2k—j—1)! dye it 





G,.(2) = et JC > (—iy d*—J- eot (e — » 





(—1k OY (iH d*-J- tan on} 


Tap = 4 * 1G Dy (VS jl@k—j—2! ap 
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ati. s (— ij) d*-J— tan (2 — y) 


@k—1)! 'j&% ji@k—j—D! dye 





Ix (z) = te «| 
and 


_ 4) (—1% > (—i = &+* cot im 
nT ee Tes !(2k—j —2)! — : 








Of these the first two are even functions of z, the remaining two are odd. 
It will be observed that Me (e-+ =) = Hy(e) and Ly (+=) = Gr (2). 


In G,(z) assume J(z2—y)<0. Replace cot (¢—y) by the equivalent 
exponential expression, expand the denominator, differentiate, and sum as 
indicated. There woes” 


Gk (zc) = = GLa a. de a 1)*—1 ge r—Diz | 


Proceeding similarly with G,(— z) leads to the same result and hence 
G; (z) is an even function of z. The proofs for the remaining functions 
are carried out in the same manner. 

6. [2%0, 21, 2m2—1, 2ms—1, z]. Consider F(z) = [20, 2m, 2m2—1, 


2nzg—1,zle-*. Let t= ii i a Aw =? F(z) = g(t). ¢(t) satisfies (A). 
It is readily shown, on Pa. 58 as i § 3, that 


a 


F(z) = (—1 yrotms qi 2 





—1) pat »( =. a zt) 
<3 > [(u@ —1)i) Ag e+ 5 > aad op 
j!(2k—j—1)! 
— ay gcks-n (41 BE OE oS) 
eo CW Ap (+5 Qn? 2 2p 





+3 Re” > j!@k—j—1)! 


Ne 2k— 2(— iv A (4 ee, E45 





. ie 2 op 2" 
R& 1) - : 
+id BS = 1@k—j—2)! 
1 
+ (= 1)2t%-1 qi? 
“(ayy gQ@k-i—2) a cd PI Mend 
2x2 [¢(u@—1)}/ Ap (e+ 2° 2’ out 4. 


= > ae es j!Q@k—j—2)! 


= Sot+8i+ 82+ 83. 
Replace the yn by the equivalent expressions from (1) or from (2), with 


appropriate values of a and y, multiply by e* and simplify as in § 3. There 
follows 
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(So + Si + S2-+ Ss) e” 
as 1) arnt _m 
anit iz — 1\2k— lq 2 
By ml 
ay (wm +1) q “Tt 4 Sem + Deg a vor cos 21¢} 





cx | (—1)* {e 9 un —1)%-1 quyun-D 
+2 @k— mt oe eun— Dg 


— git = (2a n + 1)*-"* ¢ n(un+1) 


n=0 


+4 p> (2un+ ])Pk-1 quetm eos ] | + Gy | 
< a Re» [om f iz 2 (Qun— 1)?*-2 qh un-l) 


+ > (2un + 1)Pk-2 grunt» 
= 
t+1 


+4 21(—1) ? Quon + De? geri" cos { + Hk | 


Ng _— yt 1 _- 1) = be ao > 
(1m > Ok er et? > (um —1)*-2 g4 2 
= m 


fs, m 
m+ > 


+e Si (um+ 1"? q! 


+1 £, m? ml | 


+42)(—1) 2 (um + 1)? g4 2 cos Iz 


Now F(z)e* is an even function of z while (S)-+ S, + S,-+ Ss) e* consists 
of a sum of even functions, plus a constant multiplied by e”. It follows 
that this constant must be zero. It may be noted that this and similar 
cases give relations between # constants which are functions of the n’s, 
and which, for specific values, reduce to well known expressions. Thus 
the relation #3 = #//%— 9/9 is obtained on expanding the function 
[3, 1, 0, —3, 2]. 

It follows from these remarks that 


(2, 24, 2m2—1, 2ns—1, 2] 


No «= f) Pa” f m?+- La 
— 1 etn 2k—1 74 2 . 
(2a) 4° 1) >! ols Dr Zumt) q coslz 








+2 eat —) =e Ty em + ‘pow cosle + Gx op 


k=1 
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$7 pak | 4(—1)* ot diatined 
+2 R; (aor di < 2 (— 1) ? (2wn-+-lpr quet™ coslz+Hx(2) 
(12b) (—1* Roe 14 mq mt 
+41 3 ay ao* 2 (um+lyP*2q at coslz, 
and 
s (2k) S28 
(—1)rotm P GP 7 ee (um — 1)? q! 2 
+> Cus x yd (2n—1)*— qhyen—D 
12’ = a= 
( ) Ne (—if RB - 1) oe) =a pe 
+ 2 Ga a Boe 


1 rs - oe # 2 m 


+e ZS Oka we em om t= 0. 





7. [2m, 2m, 2m2—1, 2n3, 2] and [2% —1, 2m,, 2nm.—1, 2ng—1, 2]. 
The derivation of the expansions of these two functions proceeds in ex- 
actly the same way as that given in § 6, and leads to 


[2mo, 2, 2mg—1, 2ns, 2] 


= 4(— 1)%tm 2S ck— Dra m+ q! 2 coslz 








(13) +2 nee {so we ent oe t gunt! cosle + Gx (| 


+ Se er = « yoy 2 ashlee, 





Ng ae = — 1)" m+l m? ml 


+4(-1™ 2 ar ay * am-+ip-qi™*  coste, 


k=1 





[2m —1, 2m, 2m,—1, 2ns—1, 2] 
a 1 ~-s m+1 He ., ml 


— 4(—1)etm > Oka 3)! 2-1)? (emt o2qt""* cose 





(ia) + See yo (Qun-+I*-2 qin cosle + Ge @)h 


l+1 


+ Deas Peel 2 (2un + Ih quetn cosle-+ Hite) 





* _ 1) 1 


(— cmt 
4-4(—1)"+m > kaa a 1) 2 (um-+1)*-2 g —* 2 coslz, 





Rab ca AR 
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No (—1) k Re» oo, 7 fm m 
— 1 oot — 1)2k—1 74 2 
(—1)"™ 2 Gear =, wm 
aol ow ioe] : 
+> ( i i od a (2un—1)*— g n(un—1) 
(13’) ms, ( fj —_ ea 
+ = Qk— 2)! a (—1y (2u a 1p ” veeulioas 
a oe Kk (2k) m+l _™m 
+(—1yim 1) Rs > (—4) iy (um —1)*— 1g S anlll 
(2k— 1d! m=— oo 
and 
No (—1)" 1 _ 1) a a emo 
wean” \ (Gha 3 2. La) 3 (em —1)°*- 29 2 
~~ (— 1)" RY” v n (6 2k—1 _n(un—1) 
+ 2 " Qk—1)! — (— 1)" (2un— 1)*-1 gr 
(14’) = . n=— 0 





—_ —_- 1) oO - 
> ( ae aI . (24n—1) k—2 gn(un— 1) 


Ns k-1 p2k-1) we Lae oe 
—1)jxtm > (—1)" Bs bs (um —1)*-2 gi” Sn & 
1 


(2k— 2)! m=—2* 





8. [2p —1, 2m,—1, 2me, 2m3, 2], (2m, 2m,—1, 2g, 2m, zZ], [2m —1, 
2m, —1, 2me, 2n3s—1, 2], [2m —1, 21, 2m,—1, 2 ts Hem, Sat. 


2n2,2n3s—1,z]. From (12), (13) and (14), by changes of z into s+ 


and q into —q we obtain the expansions of the functions above. The 
final forms are: 


[2m —1, 2m—1, ear 
No nan = —1) XH om 


ree 
— 1)rotm > { @ — 2)! pa (wu m oe [)**—3 q* ss sin lz 





+ os Ry ne 2 (2 en + 1k? quetm sin lz + My (| 


(15) * seni 2)! 6 
Mla +1 
+ = we | aE at — >a hs (2 yn + 1%) gavra sinle+ x(@| 
N3 (2k) ml 
b4—ayren SEU Z (um-+D%194™* 7 sinte, 


(2m, 2m —1, Ress Pe 
grt | m+1 fg, ml 





= 4(—1)etn > ( - > (—1) 2 (wum+0%1 gi” 2 sin Zz 
(16a) k=1 (2k— 1)! m, lt 


4 > Re ee 2 (= 12am + IP gent sin Le + Mi © 
—, (2k—2) 









FOURIER EXPANSIONS OF THETA FUNCTIONS. 


20 —1, 2m1—1, 22, 2n3—1, 2] 


(— 1)* , a 1) i ml 








(2k— 














k=1 
(18) i+1 


(2k—2)! € 








653 


= tH 
3 Da Weare 2 (— 1) 2 (Qun+ 7" qer’+” sin ot Tat 
(16b) Ms 1 re 1 pew L441 Bg 8 
+4 (1pm 3 2(—1)? 2 (um+ ly q 2 sinlz, 


= 4(—1)™t™ z ot > (um a ppe— 3 q' oie 2 sin lz 
re went i > >> ss ata a gute sin le + Me(o)} 


an “= Poe 
+ 2 eet ok a 2(— 1)? een-0% geri sinde-+ Lt 
= a (2k—1) m+ Lm ml 
+4(—1yetm > ae = 2 (1) : (um+l)P*-* q4 : sin /z, 
[2m —1, 2m, 2m2—1, 2ms, 2] 
(37 1 ppek— 1) m+. ms 
—_ — 1)%—™% ion 2 2k—2 
4(—1) ps kaa yD? mtd 
Hay 
<q! 2 cos lz 


+2, Resa ic 2 (— 19" ¢ (2 en + 1) gem imeos te+ Gx Of 


e > ofa Tat 2" (Qwm + De? guatnt cosle-+ Hal 


- > 1) 1 Re im 
4 open Nat Ns ps ee. — 2 , 2k-1 
+4(—19™ 2 apr yO) * mtd 
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ioe <q cos lz 
[2 mo, 2m —1, 22, 2n3—1, 2] 
-_ 1) ‘= m+1 £ mm? ml 
= 4(—1)jtm yc) ps all 2 (um+lpPk-1 gq 2 sin Iz 
k=1 (2k — 1)! m, 
+> Re oo a4 >> (—1)" (2m + D** gh sin Lz + Me (| 
(19) 
+3, Hem “pr Le cs 2 wn +14 gumr+nt sin Le + Lx ef 
ns _ yr Roe» mt 
— | )\%at% nr 2k— 
| +4(—1) zo Gh 3) > ( 1) 2 (um 
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9. For definite values of the n’s the Rf” are obtained by elementary 


means. Thus Rf’ for [4, — 1, —1, —1, 2] is obtained, from the definition of 


the RY’, from [—1, 4, —1, —1, «]. We have 





[(—1, 4, —1, —1, 6] 
& ” é ” ” e 
[ott ot-.|[ot+tort...|[ot 975+ ---] 
™ Ul vt & 4 
é [ait 9 3r al 


a | 1H | 
ag 1 6 Hy & TO). 
ay 


Hence 37 RY = — ea" 
1 
The reduced expressions for LZ, (z) and M,(z), for k = 1,2 and 3 will 


sinz 

















be found useful. They are 
sin z sin 2 sin z sin z sin z 
Le,  —— = a a AP ae 
ts as? “Sas Ge es Sa * ee 
1 1 1 1 5 1 
‘= —, M= = -— =——)»).dOC Ma > SS “pe 
h sin z’ ms sin®z 2 sinz . sin’z 6sin®z  24sinz 
10. Arithmetized forms. The exponents of q which occur are of 
four types and lead to the following 
oe N bf bg 
N = pn?+2nr = do, = pm tmr aly 3 
b= ™m, B= pm+4r, 


2(um+2r) = B+yb, 


d=, 6 = pn+?2r, 
b= 1 mod2, 


2un+2r = d+uzd, 
d—pd =O mod2, 


0 mod4, v</%, } 


¥ 
1, oe 
je 
N fe ml ac 
Pa seal ti Las © a fata ee ES 
N = pn?+nl = ey, 4 gamers 1” 
a = pm+2l, 


y= pentl, am, 
2(em+l) = ae+pa, 
a=1 mod2, 


c= ® 


2un+l=y+ee, 
¥—pe=il mod?2, 

N 

= 2 mod4, a<|/X. 

be 


N 
ie » ’ a—pa =a. 
Applying these, we obtain (4) to (19) in arithmetized form. 





cee eS 
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NOTE ON PERIODIC SOLUTIONS OF LINEAR 
DIFFERENTIAL EQUATIONS.* 


By FRANK UNDERWOOD. 


1. This short note is suggested by, and may, perhaps, be treated as an 
appendix to, a paper of the above title by Fite,t so that his notation is 
retained. ; 

If the coefficients in the equation 


(1) Po YO pr Yr VF ore ees + pray +pry = 0 


have the period 7 and 4, y2, ---, ¥%n form a fundamental system of solutions, 
yi(x+-l) is also a solution. Hence 
(2) yi (atl = ay yx, (x) + G2 yo (x) +--++ Gin yn (x), 


s= 1,2, 3,---,2. 


The fundamental equation of this substitution is 





|“ @ yy ‘sseee Gin 
| Qo, Qo —= 0) 900464 Aon 
(3) | ; = 0. 
Oni Oud tte ann— @ | 
Fite considers also the equation 
(4) Po Yt py? +---+ pray t+pny = Ss, 


where / also has the period 7, but considers only for both (1) and (4) 
solutions of period 7, though he mentions that if a root of (3) is a kth root 
of unity, there is a solution of (1) of period kJ. It is intended in this 
note to consider conditions for the existence of solutions of period kl, where 
k is an integer, and to show that Fite’s own methods may be used for 
this purpose without any serious changes. 

2. Owing to the periodicity of the coefficients in (1), y¥: (a+) is also 
a solution. Hence 
(5) yi (a+kl) = Bay: (x) + Biz yo (x) + +++ + Bin yn (2), 


i= i, 2, 3, see, nN, 





* Received November 1, 1929. 
+ Fite, Annals of Mathematics, (2), vol. 28 (1926), pp. 59-64. 
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656 F. UNDERWOOD. 


and A; is a function of the coefficients @ in (2). The fundamental equation 
of this substitution is 


Bi, — @ Big wesev's An | 
Boy Bog — @ -+eees Bon | 

(6) Fs ane hain: Oe 
Bni Bon eeertee , — w 





Now if (3) has a root which is a kth root of unity, (6) has a root equal 
to 1. 

The function f, the right hand member of (4), may now be subjected 
only to the condition that it is of period pl, where k/p is an integer. 
When this change has been made Fite’s work may be repeated and his 
first theorem restated as:— 

THEOREM I. If (1) has no solution of period k/, (4) has one, while if 
(1) has such a solution, (4) may or may not have one. 

Similarly Theorems II and III may be restated, with the words “of 


a+ 
period 2” altered to “of period k7” and f ---dx changed everywhere 


c+kl 
to I ++ dx. 
x 


It is easy to construct simple examples in which solutions of period k/ 
exist, though those of period 7 do not. Thus one similar to those given 
by Fite* is 

y'+9y = 8cosz. 


Every solution of the corresponding self-adjoint homogeneous equation 
has the period 27/3, but the non-homogeneous equation has a solution 
y = cosaz, of period 27. Thus / = 22/3, k = 3 and all the solutions 
of the non-homogeneous equation are of period k/, but none of period /. 
With the notation used by Fite,+ 


+l e+ ot = 
f. zfdx = { cos 3x2 cos x dx or sin3x cos x dz, 
x x 


neither of which is zero; but 


C'v dx = [res dx 


x x 


is zero in each case. 





* Tbid., p. 62. 
+ Ibid., p. 62, line 1. 


UNIVERSITY COLLEGE, NOTTINGHAM. 
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ON A CLASS OF ARITHMETIC NON-DIFFERENTIABLE 
FUNCTIONS.* 


By AVADHESH NARAYAN SINGH. 


1. The object of the present paper is to define arithmeticallyt a class 
of non-differentiable functions y = f(x). The scales of notation used to 
express x and y are even, a special advantage of this method being that 
we can express « in the decimal scale of notation. It will be further 
observed that the base in which y is obtained is greater than the base 
in which x is expressed. 

To secure simplicity and clearness in presentation, the method of con- 
struction and the proof of non-differentiability are given in detail with 
reference to a particular case, and then generalized. 

2. The particular case. Let the numbers of the interval (0, 1) be 
expressed in the decimal scale as 





a. ee a ee ee 
@ = 49 Tor TT oemt T Jom T 
where every a is one of the numbers 0,1, 2,--- or 9. Corresponding 


to x we define a number : : , . 
1 2 3 n 
y= f(x) = 90 t o08 + o08 + °° Fog + 
where by, = +(2dan-1+ cn), and ca = 0, 1 or 2 according as dey is 0, 
2, 4 or 1, 3, 5, 7, 9 or 6, 8 respectively, and b,¢ has the same sign as bp-1, 
if dan—2 is 0, 2, 4, 5, 7 or 9, otherwise it has the opposite sign, and }, 
is always positive. 

3. y = f(x) is a continuous function. y is evidently continuous at 
all the points 2 in (0, 1) which have a unique non-terminating represent- 
ation in the scale of ten. Those points x which have a terminating 
representation have also a non-terminating representation. To prove the 
continuity of y in (0,1) it will be enough to show that y is uniquely 
determined at all the points where x has a double representation. 


* Received November 9, 1929. 

{ For arithmetically defined functions see: G. Peano: Sur une courbe, qui remplit toute 
une aire plane, Math. Ann., vol. 36 (1890), p. 157-160. K. Petr: Priklad funkce spojité 
nemajici v Zidném bodé derivace, Casopis pro pestovani Math. fys., vol. 49 (1919), pp. 25-31. 
A. N. Singh: On space-filling curves, Proc. Benares Math. Soc., vol. 6 (1924), pp. 1-6. On 
some new types of non-differentiable functions, Annals of Mathematics, vol. 28 (1927), 
pp. 472-76. On Bolzano’s non-differentiable function, Bull. de l’ Acad. Polonaise etc. (1928), 
pp. 191-200. 

tIt will be observed that b, can have the value 20. 
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Let x be a point whose representation runs upto (2n—1) places. Then 








Q2n—1_ 
a t i 0 +++ yer 
ee 
sot a tee 1022- 102" (2 as 
And iia to our definition, corresponding to the two representations 
of x 
oon b, bn— 1 bn 
Y= 30 * B07 i FF gon-r T Bo" 
and 
i On—1 Din 19 19 
20 tat FH gqn-1 F go" + (agers T B02 -); 
We have by, = +(2an—1+0) and b, = + {2(an—1—1)+ 1}, ie 
| | — \bn|—1. 


But the terms that follow 0b; have the same sign as b,, and their sum is 


sor Hence the same value of y corresponds to the two representations of «. 
Similarly, if x has a terminating representation running up to 2” places, we 
can show that the same value of y is obtained for both representations of x. 
It follows that y is a continuous function of a in (0,1). 
4. y is a non-differentiable function. (a) Let x be a point in 
whose representation an infinite number of d2,’s are 0, 1 or 2. 
Then 
2 
f (e+ <i) —F@ = 0 
while 
| a ee 
(e+ ro —L@) | = o9r 
for an infinite number of values of » tending to infinity, so that one of 
the derivates at x is zero, whilst another is indefinitely great* (numerically). 
Thus the differential coefficient is non-existent at all such points. 


(b) Let x be a point in whose representation an infinite number of dzn’s 
are 3 or 4. Then 


sle—q2s) 0) = 0 








while 
1 
[y(e+ fom) S| = a0r> 
_ | sS@+h)—f@ |... a 
*For lim j ae aaa 
hA=0 t n= 5 


“102 
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and, therefore as before, the differential coefficient is non-existent at all 
such points. 

(c) Let x be a point in whose representation an infinite number of de»’s 
are 5, 6 or 7. Then 


sle+ 7) ere * 


while 





; t(e— jon) S| = = 


and, therefore as before, the differential coefficient is non-existent at all 
such points. 

(d) Let z be a point in whose representation an infinite number of ao,’s 
are 8 or 9. Then 


while 


f 1 
ly (2 = - IO) = gor 
and, therefore as before, the differential coefficient is non-existent at all 
such points. 

Now, any point in (0,1) comes under at least one of the four heads 
enumerated above, and hence at no point x in (0,1) does there exist 
a differential coefficient. 

5. Generalization. Let 7 be an odd number greater than 1, and let 
R= 2r. Any number in (0,1) can be represented as 


«Rp his...4ahe... 
Rt Ret t Fn + 


where the a’s are 0,1, 2,--- or (R—1). 
Corresponding to x we define a number 


by 
y=40) =sRt eat teat 











where by, = + (2dn-1+ cn) and ¢, is 0,1 or 2 according as don is one of 
the set 0, 2,4,---,(r—1) or 1, 3, 5,---, r, (v7 +2), (r +4), ---, Qr—1) 
or (r+1), (r +3), ---, (2r—2) respectively, and b, has the same sign as 
bn—1 if done is one of the numbers 0, 2, 4, ---, (r—1), r, (r+2), (r+4),---, 
(2r—1), otherwise it has the opposite sign, and 0}, is always positive. 

The functions /,(x), as in the particular case above, can be proved to 
be continuous non-differentiable functions of x in (0,1). 


Lucknow University, Lucknow. 
October 10, 1929. 
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A NOTE ON THE METHODS OF STURM.* 


By C. 0. OAKLEY. 


Associated with second order linear differential systems, there has grown 
up a literature of considerable size much of which has become classic and 
treats of the so-called sturmian properties of solutions and of linear com- 
binations of solutions and their derivatives.t So far as the writer is aware, 
however, it has not been pointed out that separation, oscillation and com- 
parison theorems for the zeros of derivatives of solutions can be obtained 
directly by means of the same basic principles as are commonly used in 
obtaining such theorems for the zeros of solutions themselves.? 

Let the differential equation be 


(1) u"+pu+tqu = 0, 


where p and q are continuous, real functions of the real variable x through- 
out the finite interval a<2<b. We shall concern ourselves only with 
real-valued solutions and shall also, as is customary, rule out the identically 
zero solution. With Bécher, we say that a function F(x) has a charac- 
teristic sign in (a, b) if, in that interval, it does not change sign and does 
not vanish at all points of a sub-interval of (a, b). Now if g has a charac- 
teristic sign in (a,b), there follow immediately from fundamental con- 
siderations the two separation theorems: 

THEOREM I. Jf uw, and wz are linearly independent solutions of (1), then 
zeros of u; and us separate each other. 

THEOREM II. Zeros of u and wv’ separate each other.§ 

Moreover, if this characteristic sign is negative, i. e. if g << 0, equation (1) 
is non-oscillatory. | 





* Received December 9, 1929. 

t+ See a recent paper on the subject by J. H. Sturdivant, Second-Order Linear Systems 
With Summable Coefficients, Trans. Amer. Math. Soc., vol. 30, no. 3, p. 560 where further 
references to the literature will be found. 

¢ For the classic theorems see, for instance, Ince, Ordinary Differential Equations, Chap X. 

§ Bocher, On The Real Solutions Of Systems Of Two Homogeneous Linear Differential 
Equations Of The First Order, Trans. Amer. Math. Soc., vol. 3 (1902), p. 199, Theorem III; 
and p. 214. 

|| Cf. Bécher, Non-Oscillatory Linear Differential Equations Of The Second Order, Bull. 
Amer. Math. Soc., vol. 7, p. 335. Or, from the fact that (1) is transformed into (1’), 


(K u’)'— Gu = 0, by the non-vanishing multiplier exp {, where K = exp fp, G=—Kq, 
660 
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We shall now obtain oscillation and comparison theorems for the zeros 
of the derivatives directly from the Picone identity itself by simply changing 
the limits of integration from consecutive zeros of u to limits involving 
adjacent zeros of u and wu’. For this purpose let us write (1) in the form 
more commonly used for such discussions, namely (Ku’)’'— Gu = 0; assume 
that G has a negative characteristic sign, from which conditions Theorems I 
and II follow; and label the consecutive zeros of u’ by x and x, and the 
intervening zero of u by z. The analogue of the Sturm-Picone fundamental 
oscillation theorem which shall now compare the rapidity of the oscillation 
of the zeros of the derivatives of uw and v, solutions respectively of the 
two equations 

(Ki u’)'— Gru — 0, 
(Ke v')'— Gav = 0, 
where 
K, 2 K2>0, 02 G,2 tr, 
is the following: 

THEOREM III. Under the hypotheses stated, between consecutive zeros of wu’ 
there is at least one zero of v' and v’ is said to oscillate more rapidly than u’. 

The proof is immediate since an integration of the Picone formula 


cs u'v — Kou v’)| 


) | i 
-{@ — G.)wdzx +f as — Ko) uw dx + fm (u’v a. v’) be 


between the limits x, 2, will give rise to contradictions which establish 
the theorem for solutions v which are such that v(z) and v’(z) are of the 
same sign (v(x) positive or negative if v(z7) — O since then the deter- 
minate ratio w’(a)/v’ (x) would replace the indeterminate quantity u(z)/v(z)) 
and an integration between the limits xo, x will give rise to contradictions 
which establish the theorem for all other solutions v. The condition that 
G; and Gz have a characteristic sign in (a, 6) is essential to the argument 
here since otherwise there might be several zeros of u’ between consecutive 


(2 





this theorem follows at once since (1’) is non-oscillatory if G = 0 by a corollary to the 
fundamental oscillation theorem. 

A simple device for obtaining theorems regarding the properties of zeros of the deriva- 
tives of solutions is the following which the writer obtained from R. G. D. Richardson. 
By differentiating (1), setting y = wu’, and reducing by means of the equation itself, we 
get 1"), y+ (p —q'/g) y' + (p'— pv/a+ Oy = 0. Hence if p and q have continuous 
first derivatives in the interval (a, b) and if gq = 0 nowhere in that interval, then theorems 
concerning solutions of (1”) will reflect themselves in related theorems concerning the 
derivatives of solutions of (1). 
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of w and but one zero of v’ between consecutive zeros of v. Also we note 
in passing that under the same conditions v oscillates more rapidly than wu. 
Comparison theorems may be built up in a similar manner. For example, 
for the comparison of the distribution of the zeros of the derivatives of 
solutions (as well as the zeros of solutions) we first lay down the following 
hypotheses. 
Let w(x) and v(x) be solutions respectively of the systems 


(Kiu')’— Gu = 0, u(a) =n, u'(a) = 713 

(Kov')'’— Gav = 0, v(a) = 7a, v'(a) = 72; 
where 

K, 2 Ko>0, 0> G, 2 th, G, = G.= 0 


on no sub-interval. We assume: 1. 7; and yj are not both zero, nor are 
y2 and yo; 2. if x <a< x, where 2, 2,, 2 have the same meaning as 
in the discussion of Theorem III, then 





’ r, 
K() > Kw, 

which implies that v(a) + 0; and if zx < a<.a,, we assume further that 
v(a) and v’(a) are of the same sign. Under these conditions we now state 
the following first comparison 

THEOREM IV. Jf u'(ax) has m zeros in the interval axa <b, then v'(zx) 
has at least m zeros in (a, b) and the ith zero of v'(x) is less than the ith 
zero of u(x). Further, u(x) has (m—1), m or (m+1) zeros in (a, b) 
and v(x) has accordingly at least (m—1), m or (m-+1) zeros in (a, b) 
and the ith zero of v(x) is less than the ith zero of u(x). 

We omit the proof since it is entirely similar to that of Theorem III. 





Brown UNIVERSITY, PRovipENcE, R. L, 
November 27, 1929. 























OSCILLATION THEOREMS FOR THE DIFFERENTIAL 
BOUNDARY VALUE PROBLEMS OF THE 
FOURTH ORDER. II. 


By S. JANCZEWSKY.* 


In an article under the same titlet we discussed the reduction to 
canonical forms and the oscillation theorems for Sturmian differential 
systems. The purpose of the present article is to discuss the same problems 
for differential systems of more general type. Our principal results have 
been stated in two short notes.t 


I. CANONICAL Forms. GENERALITIES. 


1. We consider a differential system consisting of a self-adjoint differ- 
ential equation 
(1) Lty) = [e@)y"J"+[¥@-4r@y=9 @sxcd) 


together with a set of four linearly independent self-adjoint boundary 
conditions 


4 4 
(2) Uily) = 2% ¥% i+ 24, KH =0 C= 1,3,8,4, 
where = i 
y=y), =e", Y=y¥, Y=y *=P lew 
y}, amt — 


the functions e(x), w(x), t(x) are given on (a, b), and cj, dij are given 
constants which satisfy the necessary and sufficient conditions of self- 
adjointness of (2).§ 

In (B,) we have proved that any system (2) is equivalent to one of the 
following ten canonical forms (table, next page), if we do not consider as 
distinct any two systems which can be transformed into one another by the 
transformation z’ = a+b—z. The notation here is the same as in (A), p.523, 
and the numerals in parentheses are those used in (A). The canonical forms 
of the Sturmian systems are derived from the formulas above by putting 


M=—-G4=-h = = H=—=wWw=—85=—V=F= 0. 





* Received December 9, 1929. 
+ These Annals, vol. 29 (1928), pp. 521-542. This article will be referred to as (A). 
The notation and definitions of (A) will be used throughout the present paper. 

tC. R., vol. 186 (1928), pp. 287-289, and vol. 188 (1929), pp. 435-437. These notes will 
be referred to as (B,), (Be) respectively. 

§ D. Jackson, Algebraic properties of self-adjoint systems, Trans. Amer. Math. Soc., vol. 17 
(1916), pp. 418-424. 
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, |AM+Mem A, (y) + M, y} By) +My, B,(y)— My, 
+M,y=0 + M,y?=0 —M,y2=0 —My, = 0 
, [4s Mt+ Lins Ay+L,y B,(y)—L,y: By) +L,y 
+L,yi{=0 +L,y=90 —L,y=0 +L,y=0 
.. |4,y) +R, y¥ B,(y)— BR, 
tii | LE pp = 0| A+ Rw=0/ 9 RS | BW—Ry=0 
. |Ay)+E,y! B,y)+E,y; 
id a9 +E y=0 y¥, + E,y; = 0 is +E.y'=0 B,(y)— E,y, = 0 
7 y, + A, y, B,(y)+ Hy, 
(vii) +Hy=o0 | tHw=0 | '” _ py BO+Hy=0 
() | 4@+Wy3=0 yo =0 B,y)+Wyi=0 Bay) =0 
pot By) +S, ¥% 
witt)| *+SR=0 | ¥+5H=0 |” _gii_g| BW=0 
vi) A,(y) +Vyi =0 y° =0 B,(y)—Vy, = 0 y, = 0 
ix yit+ Fyi=0 yo =0 B,y)+ Fyi=0 y,=—9 
x y=0 | y=0 yi = 0 yy =0 














It will be assumed here as in (A) that the functions e” (x), w(x), r(x) 
are continuous on (a, b), o(~) >0, r(x) > 0 and do not vanish identically 
on any subinterval of (a, b). 

Characteristic values and fundamental functions of the system (1), (2) 
will be designated by C. V. and F. F. respectively. The properties 1°-6° 
(A, pp. 524-25) are readily extended to the more general systems (1), (2). 
It should be observed that property 6° is also easily proved by a direct 
computation of the characteristic determinant of (1), (2) with e=1, y=0, 
t =k =constant. The results of (A, 6-8) are also immediately extended 
to our systems (1), (2), since no use was made there of the Sturmian type 
of systems involved. Hence Lemma 2 (A, p. 529) and Theorem 1 (A, p. 531) 
hold true for our systems (1), (2). These results will be referred to simply 
as Theorem 1.* 

2. Let 


8° == (Li), AP, BP, XP}, 8" = (La), AP, BP, x} 


be any two systems (1), (2) whose boundary conditions (reduced to canonical 
form) are of the same type. Here X;” designates one of the coefficients 
M;”, L?, .--, F®, while X{? is the corresponding M;?, L?,..., F®. 


* It should be observed here that the proof of Theorem 1 in (A) is not quite complete, 
since the function y(x) on pp. 532-533 may depend on e as well as the function y, (x). 
If y(x) is fixed the theorem is true only for a sequence {“,}—> o (it is readily seen in 
a manner analogous to the method developed below on p. 672-73); the extension to all 
4 —> My is obvious. 
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Each of the given systems can be transformed continuously into another 
by setting up a family of systems 
(3) S(u) = {Lyly), Ai(u), Bi(u), Xi(u)} 
where 

Luly) = le, w)y"I"+[¥@, we) —Ar(e, ly; 
e(z, vw) = I—v)a@)+He@(z); Ya, we) = 1—#")W@) +H" Yr(a); 
u(x, w) = (1—p!")(@) +p" toa); Aa(w) = Al? (L— i) + AP a; 
Bi(u) = BY A —w)+ BP a; @ = 1,---, 4); Xie) = XP A— ps) + XP as. 


As the parameters p’,---, 5 increase from 0 to 1 the system S™ is 
transformed continuously into S® and vice versa. We shall call a trans- 
formation of this type a m-process. 

We designate (A, 10) by {q, Q} the class of all systems (1), (2) in which 


0< 9 < {oh < @ [VOI Ail, |Bil,-s1FIS @. 


Theorem 2 and its Corollary (A, p. 534) are immediately extended to our 
systems {q, Q}. 

The following types of «-processes will be dealt with in the sequel: 

# 1-process. Transformation of the given system into the corresponding 
standard Sturmian system, that is into a Sturmian system with the same 
differential equation (1) and boundary conditions with all coefficients Mj, .--, F 
replaced by 0 (except for systems (ii) when the boundary conditions of 
the corresponding Sturmian system will be taken in the form 


¥,t4,y,=9, yt4¥4=90, y=0, y= 9, 


As being the same as in the given system). The given system (1), (2) 
will be denoted by (P) and the corresponding standard Sturmian system 
by (PCS) or simply by (C). 

In a w1-process we set ~, = fo = --- = fs = w and 


o(x,n) = e(2), We,n)=W@), r(x, n) = r(a), 
Mi(u) = eM, ---, Fe) = vF, 
Ai(u) = wAi, Bi(v) = Bi, 
except for the systems (ii) where 


As(u) = As, Ag(m) = wag. 
We have then 


(4) S(u) = {L{y), w Ai, bt Bi, w Xj} = (Pu C) 
except for (ii) where 
S(w) —— {L(y), As, WAy, u Bi, we Xi}. 
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y2-process. Transformation of the given system into another system 
with the same boundary conditions but with the coefficients e(x), w(x), r(x) 
replaced by @9 = minoe(x), W — minw(x), T = maxt(x) respectively (A, 15). 

f3-process. Transformation where only the coefficient rc (x) is replaced 
by Q = constant, all other coefficients remaining unchanged. 

#4-process. Transformation which replaces w(x) by W and t(x) by T' 
and leaves other coefficients unchanged (A, 16). 


II. REGULAR SYSTEMS, 
3. The property of self-adjointness of the system (1),(2) implies the relation 


jen cae gy | diy oes dig 





| 


JT => 





| 
Can coe Cy | da es Ags | 


It is readily seen that, when VY = 0, two of the boundary conditions can 


be written as 
8 


8 
o ZW au = 0, Abby = 0 


J=0 
while, when V + 0, the boundary conditions (2) are equivalent to 


P 8 
(6) V-yi= 2X Paw? or toV-y = 2-144 Pye (k= 0,1,2,3). 
j= _— 


DEFINITION. A system (1), (2) ts regular if either Y = 0 and the coefficients a; 
are of the same sign as well as b;; or else, Y +0 and the Px are of the 
same sign, the case where some of the aj, bj, Pyj vanish not being excluded. 

Systems (viii), (ix), (x) are always regular and so are the systems referred 
to as regular in (A). 

LemMA 1. If the given system (P) is regular and self-adjoint, the same 
is true of the system (P,,C). 

LemMA 2. If the systems involved are regular, then the signs of their 
coefficients are regulated by the following table: 








System i ii iii iv | vi yi i vii 
| Coefficient Mi I,, Ls — R., — Rs — E,, —E, | Hi | = pr 
e , 8 al | } Y 
| sa cien . |= ee R, V» Lf we J B, = 0 Si 
| : “ 1 are 0 7 Ay <0 As<0 | 5 | -. | .«. | Bz 
|the same sign} a B=0 | ” Sow BP we Y 


. ho .; P 
In the sequel the notation 2n+1, a , etc. will be used according 
“2n—1 


as the quantities 
—F, V, —W, i, Hy; — fk, — Es, — Ro, — Rs, Ri, Th, I, = In, — Lz, 
M; = 0 or < 0. 
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A C.V. is said to be of type (\V) if it satisfies the condition 
(NV) w(x) —Ar(xz) <0 or A4>0O if W(x) = O. 


4. We shall now prove the following theorem: 

THEOREM 2. If y(x) is a F.F. which corresponds to a C.V. of type (N) 
of a regular system (1), (2), then: 

1°. The roots of y(x), y'(x), y"(x) in the interior of (a,b) are simple 
and their number is finite. 

2°. Except in the case 


v+0; y¥40, resp. ¥¥ $0, (k = 0,1,2,3); yx) + 0 on (a, d), 


the quantities 
y* resp. (—1)* yk (k = 0, 1, 2, 3) 


can not be of the same sign (those which vanish being disregarded), nor 
can three of them vanish simultaneously. 

3°. If 7 +0 or if V = 0, a?+a? +0, the quantities y°, y) can not 
vanish simultaneously, the same being true if the letter a is replaced by b. 

4°. If V +0 or ify = 0, az+az +0, the quantities y\, y% can not 
vanish simultaneously, the same being true if a is replaced by b. 

Proof. To prove 1° let 

¥y(c) = ¥() = 0 (is = Oorlor2?, a<c<b)D). 


Then necessarily either y* (x) are of the same sign on c<x < b or else 
(—1)* y* (x) are of the same sign on a < x<c, which can be proved 
in the same fashion as the analogous statement of (A, p. 527). Now, if 
y = 0, then at least one of the conditions (5) is not satisfied since all 
its terms are of the same sign. If, however, 7 + 0 and 7, resp. (—1* y* 
are of the same sign, then, owing to the regularity of (6), the quantities 7K, 
resp. (—1)* y¥ are also of the same sign and (A, p. 527) y*(x) can not 
vanish for x >a. Hence it is proved that if y°(c) = 0 we must have 
y**1(c) + 0. The remaining part of statement 1° is obvious (A, 4, 2°-3°). 

Statements 2°-4° are proved in analogous fashion. 

REMARK. The systems mentioned in 3° will be referred to as systems T, 
resp. Iy. A system which is Tg and Ty simultaneously will be referred to 
as a system I.* 


CoroLuary. 1°. The C.V.’s of type (N) of a regular system are all of 


index 1 or 2. 
2°. A C.V. mentioned in 1° is of index 1 if the corresponding F. F. 
y(x) or its derivative is surely +0 at x =a or b. 


* We say that yr (i = 0,1,2,3; £ = a,b) vanishes in virtue of the boundary con- 
ditions if one of the conditions (2) reduces to yr = ©. 





























. 
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Proof. To prove 1° assume the existence of a C. V. of index 3 with 
the linearly independent F. F.’s y: (x), y2(x), ys(~). We can choose the 
constants C;, C2, Cs in such a way that y(x~) = Ci y: (x) + C2 yo (x) + Cs ys (x) 
be a F.F. and 9°(c) = y'(c) = 0 (a<c<b), which is impossible by 
Theorem 2. Statement 2° is proved in an analogous fashion. 

5. An inspection of the boundary conditions yields the following proper- 
ties of the F. F. corresponding to a C. V. of the type (NV). By way of 
synopsis the properties in question are condensed in two tables (here below 
and hard by) whose derivation, although long, does not present any essential 
difficulties. It is assumed here that the given system (P) is not a Sturmian 
system treated in (A). The letters A, B, --- of the first entry and the 
numerals in parentheses in the second entry are introduced for the purposes 
of classification and reference (see p. 680). 





























Case | System 

F1 | v@) y=yl=0, yf #0, x $0 
F2| iv) | y=0, yi +0, yb +0 
F3 | ii(a),i(@) y? + 0, ¥, + 0 
F4 | i@ yi +0, yf $0 





6. LemMA 3. Let y(x) be a F. F. which corresponds to a multiple C. V. of 
type (N), then: 

1°. Either y(x) is uniquely determined (up to a constant factor) by one 
uf the conditions yi = 0 (k = 0 or 1; $= a or b), or else this condition 
figures among the boundary conditions of the system. 

2°. If our system is of type I, then y(x) is uniquely determined by one 
of the conditions 

yi —ky = 0orytkhy = 0, 
ki, ke being given positive constants. 

Proof. It suffices to consider only the end-point 7—a-=—lC. All the 
possible systems (P) can then be classified into three groups: Systems 74, 
systems with y° = 0 in virtue of the boundary conditions, and finally, 
systems for which one of the boundary conditions can be written, after 
a suitable linear transformation, in the form 


—_— 


yi—cy = 0 (e290). 


If now there exist two F. F.’s y, (x), y, (x) such that y*(a) = yk(a) = 0, 
but not in virtue of the boundary conditions, then, choosing the constants 
a, 8 in a suitable way, the F. F. y (x) = ay, + By, satisfies y9 = yt = 0 
if the system belongs to the first group, and y? = y1 = 7? = 0 if it belongs 
to the second or to the third group. We know, however, that this is not 
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possible. Furthermore, if our system is of type 7, and if there exist 
two F.F. for which y!—k, v2 = 0, we can easily find a linear comb- 
ination y (x) of these F. F. such that y° = y! = 0 which again is impossible. 
Hence Lemma 3 is proved. 

Lemma 4. The F.F.’s which correspond to a C. V. of index 2 are all 
of the form y (x) = (1 yr (x)+ cz ye(x). Any two of these F. F.’s can be 
transformed continuously into one another by a continuous variation of the 
constants cy, ¢2, (“C-process”) the same being true of their derivatives up 
to the order 4. 

LemMA 5. Let a F.F. y(ax) change continuously during a stage of the 
fe 1l-process or by a transformation of Lemma 4, while the corresponding C. V. 
remains of the type (N). Then: 

1°. The zeros of y(x) and of y' (x) are simple (in the interior of (a, b)); 
their number can change only when they pass through the end-points a, b. 

2°. In the case of a system Tq (or Ty) only simple zeros can pass through 
the end-point a(b). , 

3°. In the case of a system of the types C1—C5, B7, D1, D2 only 
simple zeros of y'(ax) can pass through the end-point x = ¢C(€ =a for the 
systems C1—C3 and €=b for the others). (Application of Theorem 2). 

Lemma 6. Let a C. V. vary continuously as in Lemma 5 and let one of 
the boundary conditions be of the form 
(7) yi — Ly? = 0 (or y+ Ly=0), LO. 


a 


Then 1°. Only two zeros of a F.F. can reach the end-point a(b), but 
not both from the inside of (a, b). 
2°. If a double zero is splitting up at an end-point, then the two resulting 
zeros of the F. F. can not enter the interior of (a, b) simultaneously.* 
Proof. To prove 1° we observe that y?y! > 0 (or yPy} <0). Hence, 


if two zeros of a F. F. y(x) reach the end-point a from the inside, the 
same will be the case with the zeros of y’(x) (Lemma 5, 1°) which implies 
the impossible relations yo = yi = 7 = 0. To prove 2° we merely 
have to reverse our process. 


III. DETAILED DISCUSSION OF THE “#1-PROCESS. 
7. LemMA 7. During the w1-process the characteristic determinant 
| Ui (ys) «++ U; (ys) | 
A(a,p) =l|- - + we 7 
Us(ys:) «+» Us ys) | 


* This holds true also at the beginning of the «1-process, provided one of the boundary 
conditions is of the type (7) for «+0 and of the type y=y!=0 (or yf = y} = 0) 
for u= 0. 


a 
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of the system (P,C) can be written in the form 


4 
A (A, Ht) — = yt (A), 


where o,(2) are entire functions in 2. 

This follows from the fact that the differential equation of (P#C) does 
not depend on p. 

LemMA 8. Jf a system (PuC) be transformed by the w1-process, then 

1°. The C.V. are roots of the equation A(2, w) = 0 and vice versa. 

2°. As w ranges over the closed interval (0, 1), the C. V. remain real and 
continuous as long as they remain finite. 

3°. The C.V. have no limit points at finite distance. 

4°, The index of a C.V. does not change (and in case of a collision 
of two C.V.’s or a splitting up of a C.V. the sum of indices of the C.V’s 
involved remains invariant) as long as these C.V.’s remain finite. A change 
of the index can occur only at 2 = + (only at 2 = + @ if min r(x) > 0). 

All these results follow immediately from Section 2 and from (A, 7, at 
8, 10). he 

LEMMA 9. A collision of more than four C.V.’s is impossible, and, for | 
the C.V. of type (N), a collision of more than two C. V.’s is impossible. In 
particular, in the latter case, no C.V. of index 2 can collide with any 
other C.V. (Lemma &, Corrollary to Theorem 2). 

We can now discuss the analytic properties of the C.V.’s as functions 
of w. Let a fixed C.V. 2*(w) be equal to 4 at w = wo. If A) (Ao, wo) $0, 
then 4* () is analytic in a certain neighbourhood of ~ = fo. If 4) (Ao, 40) = 0 +i 
then,t ay 

ACA, w) = (u— po)" f(A—4o, H— Ho) B(A— do, H— Mo), 





where « > 0, 2 is analytic in the neighbourhood of 4 = 4), ~ = mo and ) 
+ 0, and either ei 
S(A—4o, H— to) = (A —Ag)™ + A; (H) (A— 49)" +--+ + Am (H), iF 

Ax (jo) = 0, ay 


| or else 
S(A—Ao, w— Mo) a |, 


yeti 


Ax (uw) being analytic in the neighbourhood of « = mo. In our case it is 
obvious that a —0O and f#1. The difference 24*(u)—A, is expanded 
in a power series of integral or fractional powers of ~—yo. The latter Aue 
case is excluded, however, since all the C.V.’s are real. Hence 4* (sx) a 


ft Osgood, Funktionentheorie, vol. 2, p. 74. 
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can always be expanded in a series of integral powers of #—jo, no 
matter whether 4) (4), #o) vanishes or not. This justifies the following 

THEOREM 3. Any C.V. of the system (PwC), as long as it remains finite 
during the 1-process, is analytic in w in the vicinity of the real interval (0, 1). 
By the process of analytical continuation there will correspond to the set 
of the C.V. of (PCS) (uw = 0) a definite set {An (u)} of the C. V.’s of (PHC), 
which remains finite. 

If a multiple C.V. of index 7 is splitting up at the beginning of the 
fv 1-process, we shall count it as 7 distinct C. V.’s. 

We shall use the notation F.F.k to designate the F. F. which corre- 
sponds to the C.V. Ax (u). 

CoROLLARY. During the wi-process any two C. V. 4a (uw), Ag (He) which 
remain finite either coincide identically or else become equal (“‘collide’’) at 
most for a finite number of values of wu. 

8. We designate by yx (a, 4) (k = 1, 2, 3, 4) a fundamental set of solutions 
of the differential equation (1). Without loss of generality this set may 
be assumed to be orthogonalized and normalized to the base r(x), that is 


b 
J. etabe, De ry dn me M. 
We have then 
Lemma 10. Jf 4, (mu) is a C.V. of the system (PuC), the corresponding 
(normalized) F. F. can be written in the form 


4 b c 
a(z, 4,) = > a (An) yt (x, An); f tvdx = > «i am 9. 
t=1 


t=1 
THEOREM 4. Let a C.V. A*(u) of (PuC) be simple for p<pw<p' 
(or pw <<) and, as wp, let 2* (uw) >, where do is a multiple C.V. 
of (Pu°C). Then the F. F. u(x, 4*(u)) is continuous in w for p< w< yp’ 
and there exists a sequence {uy»}—>w° such that 
1° u(x, A*(u,)) = w(x) > w(x) uniformly on (a, b), where u(x) is a 
normalized F. F. for 4 =o. 
2°. We also have uk (x) > uk (x) uniformly on (a, b), k = 1, 2, 3, 4. 
Proof. The proof follows from the fact that the relations 


4 
(ar, A*(u)) = eee (2* (w)) ye (w, 2*(u)), 


4 
Tati) =0 &=1,2,34; Depa 1 
=1 


establish a one-to-one correspondence between the F. F. u(a, 4*(u)) and 
the points P(w) on the unit-sphere in the four-dimensional space (@,, ---, a4). 





- 








SL, SL , 2 OE eee 
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To each sequence of points {P(u,)} there corresponds a sequence of F. F. 
{u,(x)}— to a limiting F.F. u, (x), while u®(a)>u (x), uniformly on (a, b). 
It should also be observed that a sequence of points on our unit-sphere, 
which correspond to F.F.’s u(x, 4*(w)) either has a unique limit point 
or infinitely many.t 

Each C. VY. will be discussed in the sequel in so far as it remains of 
type (NV) during the ~1-process. Then the zeros of the corresponding F. F.’s 
and of their derivatives up to the second order remain simple in the interior 
of (a, b) and simple or double at the end-points. Theorem 4 leads to some 
important Corollaries. 

CoROLLARY 1. As pp, then either 


(8) u(x, 4*(w))> Uo (a, Ao), 


or else we can find infinitely many sequences {u|—>w such that 


U,,, (2) = u(x, A* (u))>u,,. (a, 4.) (r oom 1, 2, 3, i :) 


while the ratios of any two functions u(x) are not constant. 

CoROLLarY 2. Either a sequence {u,(x)} of Theorem 4 can be determined 
in such a way that uy +0 (k =0 or 1, =a or b) or else one of the 
boundary conditions (2) reduces to y= 0. If our system is of the type T, 


it is always possible to dispose of u(x) so that 

Za (uo) le=e + 0, 2p (Uo) = + 0 
where 
(9) 4M =%—-hve 49 =HthY, 


and k,, ke are given constants >0. (Lemma 3 and Corollary 1.) 

It will be assumed throughout the remainder of the present paper that 
the sequence {u,(x)} of Theorem 4 is selected according to Corollary 2. 

CoroLLary 3. If v is sufficiently large, then either u®(C), u®(l) 
(k = 1,2) vanish simultaneously in virtue of the boundary conditions or 
else uk(C), u™(C) are distinct from zero and are of the same sign, the same 
being true of Za(uy), Za(to) and 2 (ur), 2(uUo) respectively. 

CoroLuary 4. Jf v is sufficiently large the functions uy(x), u(x); 
ui(x), ui(x) have the same number of (simple) roots on a<a<b. 
(Theorem 4, Corollary 3.) 

DEFINITION. We shall designate as “oscillation properties” of a F.F. y(x) 
the following characteristic properties: 





+ Lemmas 7-10 and Theorems 3-4 hold for general systems (P) even if they are not 
regular. 











ch) 
oe 
an 
*)? 
tbe 
H 
3 
4 
is 
Py 4 
» 5 
¢ 
| on 
* Ge 
} oars 
; om 
¥ 
‘we the 
£ Uris 
+ foe 
: oe 
. me 
29 
' > 
é Vd 
& - 
: ie 
é € dea, 
cq vate 
| hy 
“ ) 
> 
OP he 
‘ae 
? 
eT oP 
. +4 
is “ 
fae 
; ‘ 
Ss 
4? 
. . 
’ Pr’ 
- 
; 
«, 
_ 
. 
. 
‘ 
4 
. 
> 
” 
’ 
; 
- 
fa, 
, . 
‘ 
3 
. ; 
» 
z ‘ 
‘ 
im * 
i. 
is * 
ies 
; . 
a 
4 
4 
i¥ " 
5 
‘f 
i> 25 
» o% 
' 
; 
7 
73. 
, 3 4 : 
iS ° 
; ; 
| 
: 





674 S. JANCZEWSKY. 


i. The number of (simple) roots of y(x) on a<a<b. 

ii. The signs of the quantities y's Yr and the sign of Yr in the case 
v= yh = 0. | 

iii. The signs of the quantities za(y), 2(y).* 

Two F.F.’s with the same oscillation properties are designated as 
equivalent; they are designated as strictly equivalent if, in addition, 


Yt, 4(y #0, yt0, yt 0, 


4 
(unless one of the boundary conditions reduces to y¥2=0O or Ye = 0) 


and if their first derivatives have the same number of (simple) roots on 
exiae< 6. 

Collecting all the preceding results we obtain 

THEOREM 5. Let A*(u) be a C.V. of (Pu), which is of type (N) and 
simple for b@a< jw <g (except perhaps for a finite set of values of m). Let 
1*(w) > dg as p> pw +0, fa << ° < wg where 4, is a double C. V. of (PC). 
Then, either (8) holds. or else there exists a sequence {p,}—>° such that 
uD (x) > ul) (xv) (7 = 0, 1, 2, 3) uniformly on (a, b), where u,(x) is a F. F. 
corresponding to 49. The functions uy (x), u(x) are normalized and strictly 
equivalent, for v sufficiently large. 

9. DeFIniTiON. A C. V. of (PwC) is designated as an ordinary C.V. if 
it remains finite and of type (N) during the w1-process and if, at » = 0, 
it is a non-exceptional C.V. of the system (C), that is, distinct from the 
jirst C.V.’s which do not figure in the oscillation theorems of (A). 

The oscillation properties of the F. F.’s corresponding to ordinary C. V.’s 
are known from (A) for ~ = 0, and for » +0, are readily obtained by 
the « 1-process. 

LemMA 11. An ordinary C.V. 4;(«) is simple at » = 0 and remains so 
until the first collision with another C.V., which may occur at » = pi >0. 
In the interval 0 < w< pm, 4;(u) remains simple and the corresponding F. F. 
is continuous in w. If our system (P) is Sturmian these properties will 
hold on the whole interval Ow <1. 

The stage 0< «<p? of the w1-process will be designated as the first 
stage of the ~1-process. 

LemMA 12. At the beginning of the w1-process (u = 0) the boundary 
conditions of the system (C) are of one of the following nine types: 


* Property iii will be discussed only in connection with the systems B (7), C (4,5), D(1). 
za(y), z(y) are given by (9) where k,, k, depend on the coefficients of fhe boundary 
conditions according to the table on p. 669. Here we speak of a “sign” of a quantity 
even if it vanishes, the sign being 0 in this case. 
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The F.F.’s which correspond to C.V.’s of type (N) are such that all the 
quantities yJ, yj (j = 0, 1, 2, 3) are distinct from 0, unless they vanish in 
virtue of the boundary conditions. Those among the quantities yi which do 
not vanish, are of alternate signs, while sign (yi yj) = (—1)*¥* (or 0). 
In the case of a system ii we have (y>)*+(y2)? #0, A, < 0, yy! = 0. 
(Theorem 1.) 

LemMA 13. The F. F.’s which are obtained from the F. F.’s of Lemma 12 
by the w1-process satisfy the following relations for sufficiently small values 
of w>0: 


sign (v3 + a rs) = sign y} (L, + 0); 
a 


sign (y} + pu) = sign xf (, + 0); 
‘ M, ' 
sign (y,—y-ue) = — sign, (M, + 0); 


; +sign y° (for the F. F. 2); 
1 0 —_— a 
sign (y, + Ay Yi) & sign y? (for the F.F. (2n+1)). 
LemMA 14. 1°. Jn the case of the systems A1-3 and v(2, 5) (part of B3) 
the number of zeros (multiplicity) of a F.F. at an end-point, in virtue of 
the boundary conditions, decreases when pw passes from 0 to small values > 0. 


As soon as ¢ becomes >0, the F. F.2n and F. F. 2n+1 will have % ‘3 1 


zeros on a<x<b, provided hon, donti are not exceptional C.V.’s of (C). 
At the end-points these F. F.’s will have only those zeros which are given 
by the boundary conditions (for ~>0 and small). 

2°. For all other systems the number of zeros at the end-points remains 
unchanged as well as the total number of zeros on (a, b), when we pass to 
small positive values of w.* 

The proof of the lemma is readily obtained by inspection of the tables 
on pp. 668-69. 





* We refer to Section 3 for the explanation of the ambiguous notation used here. 
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Now we may formulate the fundamental 
THEOREM 6. The number of zeros on a<x<b of F.F. corresponding 
to ordinary C.V. during the w1-process is given by the following table* 



































| | j2n+1 
[doe Aa A { on 
| B 2m +4 op is f Qn : 
| n | Qn 2n—1 
| ae 2n tor ee 
| ° || Qn 2n—1 |2n—2 
/f2n+1 Qn | 2n—1 Sa 
” D Qn os fen <“ i of oi ean 
| a | & n 
|————_ |__| 
* | #F n or n—1l 
| | n or n-—1 or n—2 














In the proof of Theorem 6 we make use of the mw1-process and the 
C-process (Lemma 4). It is readily carried through for the first stage of the 
/1-process on the basis of Lemmas 12-14 and of the tables on pp. 668-69. 
Then a suitable application of the C-process on the basis of Theorems 4, 5 
will prepare our F. F.’s for the second stage of the ~1-process (the stage 
between the first and the second collisions, if any) and so on. No essential dif- 
ficulties are met in carrying through the proof as indicated, but the number 
of various particular cases which have to be analysed separately is quite con- 
siderable and the detailed exposition, being rather long, will be omitted here. 

We state now some corollaries which either follow immediately from 
Theorem 6 or else are proved implicitly in the discussion of Theorem 6. 

CoROLLARY 1. An ordinary C.V. don (uw) [resp. donsi (u)] can collide only 
with the ordinary C.V. dens: (uw) [resp. don (u)]. 

CoROLLARY 2. Let Ay (mu) be an ordinary C.V. and de(u) a C.V. of 
type (N). Then de (u) can not collide with any C.V. which, in its turn, 
can not collide with A; (w). 

CoROLLaRY 3. Jf a C.V. is ordinary not for the whole jw1-process but 
only for 0 < w<p,<1 Theorem 6 still holds for this C.V. on (O, ). 


IV. OSCILLATION THEOREMS. 


10. THEOREM 7. During the w1-process the C.V. of a regular system 
possess the following properties: 


*In the case A some zeros may coincide with the end-points, in accordance with the 
table on p. 669. The systems E have been discussed in (A). 








_ 
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1°. A C.V. can collide only with a finite number of other C. V.’s. 

2°. No C.V. can disappear or emerge at +. 

3°. There exists a number m such that all the C. V.’s Am (#), Am+1 (uw), +++ 
are ordinary, while all the remaining C.V.’s are always <A4m+o(u). If wy = 0, 
then m = 5, 6 or 7 according as the system is of type A,B, F or C, G 
or D respectively. 

4°, If mint >0, all the C.V. are bounded below. 

Proof. We shall distinguish three cases: 1. y = 0, r>0, 2. wy $0, 
t>0,3. YW =0,t2 0. We set 


ming = @, miny — YW, mint — %, maxw = W, maxtr = T 


and denote by (P,), (Ci), (Piw Ci) ( = 1, 2, 3, 4) the systems which are 
obtained from the respective systems (P), (C), (PwC) on replacing 


e(x) by @, t(x) by T for i = 1, 
e(x) by @, Wx) by %, tx) by T for « = 2, 
e(x) by @, Wx) by %, t(x) by T, AT— YW by 4 for i = 3, 

t(x) by T for i = 4. 


Statement 4° follows now from Lemma 8 and holds for all the auxiliary 
systems (P; uC). 

An application of Theorem 3 yields for each system (P;C;) the 
corresponding set of C. V.’s 4 (u). If a new C.V. emerges from +0, 
it will be marked separately. 

Take now the case 1. For small values of w the C. V.’s 49 (uw), a (w), +++ 
are all >O and the F.F. w(4}?(u)) will have at least four zeros on 
a<a<b as long as 4;(u)>0 (by Theorem 6, Corollary 3), if on 
O< wm, ae (w) has only finite number of collisions with other C. V.’s. 
Let now A;” (w’) = 0 where 0<p’ <p. Then, on the one hand,w(2? (u’)) 
is a polynomial of third degree or lower, while, on the other hand, 
u (ay (u")) can be uniformly approximated by a sequence {u (23? (un))}, 
fn’, of functions each of which is possessed of at least four zeros. 
This shows that 27? (u) remains >0 for O<m<m,. At the same time, 
since A‘? () can collide only with a‘?s (w) (Theorem 6, Corollary 1), no C. V. 
can emerge or disappear at +o, for otherwise we would get a limit 
point of the C.V.’s at finite distance or else the set of C.V.’s would 
reduce to a finite number of terms, which is not possible (Lemma8, Theorem 1). 
Hence Ay? (u), as’ (uw), «-+ are >O during the whole of the mw1-process 
which proves statements 1°-2° for the system (P,uC,). This system 
can now be transformed into (PwC) by the «2-process. Sipce the C. V. 
do not decrease under such a transformation, an easy application of 
Lemma 8 and Corollary 1 to Theorem 6 will show that 4, (w), 4s (w), --- 
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: ee are always >0O and that statements 1°-2° hold true for the system (PwC). 
i Hig The oscillation properties of the F. F. u (A; (u)), u (4s (w)), --- are then 
4 hee given by Theorem 6. Only the C. V. 4» (w). «++, 4g (uw) may become <0 
} APES and it is readily shown that they always remain < A, («) (Corollary to 
) : te Theorem 2, Lemma 9, Cor. 1-2 to Theorem 6), which proves statement 3°. 
a +e Cases 2-3 are treated in much the same fashion, the w4- and #3-processes 
4 Hy is | being used respectively, instead of the m2-process. 

i yee REMARK. The C. V.’S don (), A4onti (wu) may exchange their places, but 
4 Nee if they are ordinary C.V.’s, they always remain greater than all the 
a ete ordinary C. V.’s with smaller subscripts and less than all the ordinary C. V.’s 
be toe with larger subscripts. From the point of view of oscillation theorems 
i Bi. it is immaterial, however, which C. V. of such a pair is designated by 
ees hon (w) and which one by 4on+i(“). We shall agree therefore to designate 
4 ti by 3 the smallest of the two C. V.’s of the pair. It should be borne 


in mind that the corresponding C. V. of the initial system (C’) will have 
either the same subscript or a subscript differing by 1. 
1S ENS 11. The preceding investigations yield at once the final 


























a OSCILLATION THEOREM 8. A regular system possesses infinitely many C. V.’s. 
fier gular system p y many 
a eas They are all real and of the type (N), except perhaps for a finite number 
tea ho, Ay, +++) Ama. Furthermore 
z : 
| be: . r Amit OY Am+o OY Amis +++ for non-Sturmian systems, 
| Hae (10) i < < 
thie Am << Amti < Ami2 <i ++: Sor Sturmian systems, i 
: ’ - . yr ° . . ; } 
Le ite the exceptional C. V.’s being <4mi2 in the non-Sturmian and <dm in the H 
P) Hie P g + i 
pane Sturmian case. : 
3 ies In the case of a non-Sturmian system the F.F. 2n and F.F. 2n+1 f 
' ; y : i 
be its (which correspond to non-exceptional C.V.’s) have the number of simple zeros 
on a<a2<b given by the table: 
1S ey, A le and an additional zero on axa =<b* 4 
Feds B | 2n or 2n+1 
3 ' a 2n+1 | 
C | 2n or 2n—1 or a 
| , aa 7» Qn+1 
| D | 2n or 2n—1 or 2n—2 or ade 








ae 


* If this additional zero is at one of the end-points and the number of zeros at the 
end-points is greater than it should be in virtue of the boundary conditions, this number 
is determined according to the table on p. 669. 
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In the case of a Sturmian system we have the following table for the 
number of zeros of a F. F.i (which corresponds to a non-exceptional C. V.): 























F ior i—! | 
G i or i—1 or i—2 
E i 
As to the number m, we have in case W(x) = 0:* 








5 4 


atelelels leis 
2 | 
G2 | 





ri 





while, in case w(x) $0, m<S, where the constant S is determined by the 
condition that the C.V. A$ (u), ASii(u), +--+ of the system (PswCs) be 
> (#T—Wot)/t for OS wl. 

12. More precise results are obtained for the regular systems for which 


w(x) =0 and the form Q(y)\2 > 0 in virtue of the boundary conditions 
(A, p. 524). If QW. >0O, then all the C.V.’s are >O and none of them 
will be exceptional. If Qi = 0, then only 4 =O may be an excep- 
tional C.V. provided the corresponding F. F. is a linear function u(7)=a2+A. 
If there are no exceptional C.V.’s we put m = Oin Theorem 8. The first 


F. F.0 will have the number of zeros given by the table 


at 


Hayles yf fs |e 





b> 
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0 | o 


pee Std 








Other cases can be treated precisely as the general Theorem 8. We 
shall mention here only the most interesting case of “periodic” boundary 
conditions,—the only case of a non-Sturmian system which has been dis- 
cussed in the literature.t The boundary conditions in this case are 





* System E has been discussed in (A). The Sturmian Systems F and G can be treated 
in an analogous fashion (A, p. 540). ° 

+ O. Haupt, Untersuchungen iiber Oszillationstheoreme. Diss. Wiirzburg, 1911, pp. 43-50. 
The distribution of the C.V.’s is not discussed in this paper and the proof of the os- 
cillation theorem is not quite rigorous. 
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yatHy = 0, (eye t+Hey")a = 0, 
yatHy = 0, (ey"w»t+Hey')a = 9, 
which is a special case of our system v. 
We have here Q(y)\e = 0 and 4=—0 is a C.V. only when H=>—1, 


b 
the corresponding (normalized) F. F. being | f. t(x)d z| . When H>O, 


all the C.V.’s remain >0O during the w1-process, whence the F. F. 2n 
and F.F. 2n+1 have 2n simple zeros on a<a2<b and an additional 
zero on a<a<b.* When O>H>1, again 40 is not a C.V. and 
we have 0< 4) <4, <A, <A, << AQ<---. The F.F.0O has no zeros on 
a<a<b, while the F. F. 2n—1 and F.F. 2n have 2n—1 zeros on 
a<a«<b and an additional zero on ax<a2<b. When H<—1, then, 
as #« passes through the point #9 = —1/H, the C.V. 4) («) vanishes, 
while it is >0O otherwise. There is no difficulty in proving that the F.F.O 
will have no zeros on a<x<b and that dg (wu) <A, (w) and Ay (mw) < Ag (w). 
Hence the oscillation theorem in this case is the same as in the case 
0 > H>-—1, the same being true of the case H = —1, the only difference 
being that 24) (u) == 0. Thus the oscillation theorem for periodic systems 
is but a very special case of our general Theorem 8. 

The following proposition whose proof is analogous to that of Theorem 8, 
may be worth mentioning: 

ADDITION TO THEOREM 8. Let (22) be the system obtained from the given 
system (P) on replacing W by Ww, t by T. Then the number m of the 
Theorem 8 equals «+2, where o is the subscript of the smallest non-ex- 
ceptional C.V.* of (R) which is >0 and >¥#/t. 

To conclude it should be observed that some of our methods are immedi- 
ately applicable to differential systems of order 2n. These are, for in- 
stance, the reduction to canonical forms and the discussion of the «1-process. 
For a discussion of non-regular systems of fourth order we may refer to 
an article which is forthcoming in the Géttinger Nachrichten. 


*The subscripts of the C.V.’s are distributed here according to the general rule of 
Theorem 3. 


REMARK TO THE TABLES ON pp. 668-69: vii 1 is a system vii with S, = 0, vii2 S8,+0.— 
iv 0* HE; +0, iv6* EF, = 0, ivl E; = 0, iv2 FE, = 0, iv3 FE, = FE, = 0, iv4 EF, = E,=0, 
iv5 E, = FE, = 0 (analogously iii, v).—i01* M; + 0, i1* M,= 0, i2* M; = 0, i3* M, = 0, 
i4* M,= 0. i5* Ms = M, = 0, i6* M, = M,= 0, 102 M@¢+O0V=—0,i7M=—=M,=0, 
i8 M_=M,=0, i9 M_=M,=0, i10M—M=—0, i111 M—-M=— M=—O, 
i12 M, = M;s = M,=0, i138 M, = Ms = M, = 0, i14 M, = M, = M, = 0 (analogous- 
ly ii). —Sturmian systems: ii (a), iv(a), v(a) Bo =< 0, B, 2 0; i(a) Bo, B, = 0, Ao, Ai = 0, 
i(b) Bo, As = 0, Bi, Az = 0; i(c) By = 0, Bo, Ao, Ai S 0O.—All other regular Sturmian 
systems are the systems of (A).—We have V +0 only in the cases marked with *. 


LENINGRAD. 
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ON A SET OF POLYNOMIALS.* 


By J. GERONIMUS. 


1. The polynomials S,,(2) associated with a set of orthogonal 
polynomials. Consider a normalized set of orthogonal polynomials 


k 
(1) Py(z) = Dd a** &>0 kk =0,1,2,-->), 


i=0 


corresponding to the interval (—1,-+1) and the weight function 
(2) p(x) = A—a2)"*(i+a2)4t(z7), ea>—1, ~>—1, 


where ¢(x) is continuous and positive for —1<a2<+1. Then 
+1 ° : ‘ 
(3) f p(x) Pi(x) P(x) dx = , . : t J) 
a 1 if «=y, 
and, by a formula due to Darboux,t 
(4) An+1 Prsa(x) + An Pri (a) = (Br+ 2) Pr (x) (n = 1, 2, oe ‘), 


A, and B, being constants. 
Consider also the functions of the second kind 


H 
(5) Qu (y) ={ I 2) dz (n = 0,1,2,---), 


where y is not a real number between —1 and +1. For |y|>1 we 
have the expansion 
(6) Qn(y) VyF—1 = y "(1 +b y2t+hy?+-.-), 


the sign of the radical being chosen subject to the condition ly+Vy?—1 id. 
It is easy to prove that Q,(y) has no zeros at finite distance.t Hence 


(7) [Qn (yy? — 1)" _ Sn(y) +e yi i+e y?+ --> (n=0,1,2,---), 


where S,(y) is a polynomial of degree » in y, and the series converges 
for |y|>1. Multiplying (7) by (y—z)~", then integrating along a contour 





* Received November 19, 1929, in revised form February 12, 1930. 
+ Mémoire sur l’approximation des fonctions de trés grands nombres, Journal de Math., 
(3) 4 (1878), p. 413. 
t The proof for an arbitrary p(x) is an easy extension of that of Stieltjes for p(x) = 1, 
Correspondance d’Hermite et de Stieltjes, vol. 2, Lettre 273, pp. 101-102. 
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682 J. GERONIMUS. 


enclosing the point x and the unit circle, we find that the polynomial S, (x) 
is expressed by 


. Pe aerTaR f dy 
(8) n(x) — oni r Qn (y) Vy —1 (y—z) . 


We shall now derive two integral relations involving the polynomials S,, (a). 
From (7) we see that for any polynomial F,(y) of degree vy < n, 











F, ( ‘ ete 
(9) Fr(y) Say) Qu(y) = ee 4a, yt yt +... 
Vy—1 
Integrating (9) along the contour 7, we obtain 
es : R a +) Fy (a) dx 
(10) ¥ p(x) Pn(x) Sn(x) Fy (x) dx = a # pom . 
since the formula 
1 we 
(11) sf, Qnly) fly) dy = f p(x) Pr(x) f(x) dx 
CJT ~1 


is valid for any function f(y) which is analytic inside and on the contour 7.* 
Substituting F(x) = cos (v arccos x) in (10) we obtain 


44 
(12)  * p(x) Pr(x) Sn(z) cos (v arccos x) dx = O (vy —1,2,---,n), 


while for F,(x) = x”, 
se 0 if » is odd, 
18) Jp 200) Pale) ula) de =) yg of (2) + vs") 


9 if vy is even. 


Formulas (12) and (13) enable us to find all the coefficients of S,(a). For 
instance, from the formal expansion 


(14) sin g p(cos@) P, (cos y~ > a, cos kg, 
it follows immediately that ™ 
| An4+1 An 0 tee 0 0 | 
An+2 An+1 An oes 0 0 | 
(15) S(eosp)=Cl oC tt tt » « | 


Aon A2n—1 A2n-2 ae An+1 An | 


cos ng cos (n—1)p~ cos(n—2)p --- cosy =| 


C being a constant. 





*J. Geronimus, Sur l’erreur des quadratures mécaniques de Gauss, Bull. de la Classe 
des Sci. Phys. et Math. de l’Académie des Sciences d’Ukraine, 4 (2) (1929) p. 58. 
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2. The conditions of identity of the polynomials S,,(7) and P, (x). 


If S,(x) = Px(x), then (13) gives 
0 if » is odd, 


+4 
(16) f- p(x) [Pnr(w)P 2” dz = - 2" |(=] ye if v is even. 


For v = 1 this shows, in view of (4), that B, = 0, whence (4) reduces to 


(17) An4+1 Pris (x7) + An Prn—s (x) — x Py(x) (n = 1,2, o+), 
Putting » = 2 in (16) we get 
‘ 1 
An+ And — o (n= 1, 2, ++), 

while, for v = 4, 

i iy ay ? oe + (n = 2,8, ---). 
These equations imply that Ai, =} (n= 1, 2, 3,---). On multiplying P, 
by a constant factor we can always arrange that A; = 34. Then it is 
readily found 
(18) Ay = My = Ay ee dy ee, 
and the relation 
(19) Pris (x) + Pra (x) = 22P, (x) 


will hold for all values nm —1,2,---. It will be assumed in the sequel 
that Py) is modified as indicated above. 

It is easy to show the sufficiency of condition (18). By the method of 
complete induction we find the formula 


(20) 2° o® Pi (x) = ba (” Pn+-m—2i (x) (m < n), 

i=0 
which implies (16) in view of the orthogonality properties of the poly- 
nomials P, (x). From these formulas we find easily that 








(21) Qn (y) Pn (y) = (y?— 1)-!? + Zz Ch y-?-2-* 

whence si 

(22) Px (a) = 5 f i a = & (2). 
270i Ir Qu (y)V y?—1 (y—2) 


Thus, conditions (18) are necessary and sufficient in order that Py(x) = Sp (x).* 





*It should be pointed out that, for an arbitrary weight function P(x), the relation 
Pn (x) + Pai (xv) = 2a Py (x) is satisfied asymptotically as n—>o. This leads to the 
conclusion that S» (x) is asymptotically equal to P, (x) (for large values of nm). 





Sorpresste- 
= 


: : . 
TC IRC POE as 
. 
. ; 











684 J. GERONIMUS. 
In the particular case of the Jacobi polynomials, for which 
p(x) = (l—az)*(1+2)?, 


the only cases where A, = 4 independently of n correspond to* 


a= b=t, a= #=-4, 

(23) " 
1 l 
a=--—f=7, e=—f=>=-~— > 


For these polynomials the identity (22) is readily established by direct 
computation. Thus, for example, in the case a = 8 = —43, we may 
write the Tchebycheff polynomial as follows 

1 * (@—1) z1dz 


. a, 
(34) Vi2a Py (2) 2nidc 2—2rze+1 ’ 





: P ° — . = ~ ae 
where Cis a circle with center at the origin and radius R> | 2+V 2?—1 |>1. 


Putting z= y+V y?—1 and using the formula 


(25) Qnty) = V2a(y2—1) "(y4+Vy—1)" (n = 0, 1, 2, -->), 


we easily deduce (22) from (24). 
3. The explicit formulas for the polynomials K,, (x). Let Ky (x) 
be used to designate the set of polynomials P, (x) which satisfy the relation 
P,, (x) = Sy (x), k(x) being the corresponding weight function p(~). Explicit 
formulas for the polynomials K,, (x) are immediately derived from the re- 
current relations 
(26) 2cosp Ky, (cosy) = Knii (cosy) + Kn-i(cosy) (n = 1, 2, 3,---), 
where cosy = x. Putting 
(27) K, = a, K, (cosy) = beosg+d 
and using the well known formulas 
k sin DD 
> cos(2k+1—2s)9 = anite 
(28) ite 4 


1 i sin (2k—1)@ 
— 2k—2s = 
2 Ty COSC ep 2 sin ¢ 


we readily find, by the method of complete induction, that 


? 


, 


sin(n—1)@ ia sin n 


29 K, (cosy) = beosn (b—a) ; : 
( ) n ( y) fp + \O J sin » sin 9 





* Pélya-Szegé, Aufgaben und Lehrsitze aus der Analysis, vol. 2, pp. 292-293. 
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We shall restrict ourselves to the simplest case d= 0. We shall first 
prove that in this case the function k(x) is even. Im fact, if d= 0, the 
polynomial K, (x) contains only the powers of x of the same parity as n. 
Putting 


k(x)~ Db: Ki (x), 
{=8 
we find 
+1 
Dbos+1 == i” [k (x)]? Kos41(x) dz = 0 (s = 0, - 2, +), 


which shows that k(x) is even. If we now write 
oe, 
(30) sing k (cos¢) ~»> (23 COS28q, 
s=0 
we find the following recurrent relations for the coefficients ¢2s, 


8 
(31) bc2s + 2(b— a) > (25-21 = 0 (s = 1, 2, 3,-° ), 
‘=i 


whence, by complete induction, 





(32) Cog = 2(a—b) (2a — b)> D- op, 
and finally 
V1i—2z? 2b b \? 
i ( }=— —— a ey aoe Bae 
(33) ke) = SS, w= (GE) 1, 


or 
(34) a= ¥2. > = V2a4 Vi-—p»p), & = at+Vi—p). 


For «= 1 we obtain the Tchebycheff polynomials 7),(2) and for « = 0 
the polynomials 


co) — V2 snmte «91.9 
(35) Uy (cos) _— \2 sing (n — 0, 1, @,° ++). 
From (29), for d = 0, we derive the differential equation which is 
satisfied by the polynomials K, (x): 
(1— 2’) {i + = —a2*(1— | Ki (a) 


(36) +{a—vyat— (at + 3” +1) Ki) 
+ {(n+ vr) (n+ 2v)— n?(1— v*)x*} Kn(x) = 0, 
where vy = V1i—wp. 
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686 J. GERONIMUS. 


Furthermore, a direct computation shows that 


Roly; m) =f" Vira dx _ 
Ko -1 (l—pz*) y— 2) 
_ _ yt—Vi-n)—y—-V#=1) 
— wy—1 
Our polynomials XA,(a) are the numerators of the convergents of the 
continued fraction expansion of this integral, while the denominators R, (x) 
are given by 


41/7 —7 id 
(38) Mided ane j Vi=a  Ki@—KwW) 4, 
4 i—pe xr—y 





(37) 








? 


and satisfy the same recurrence relation (17), as K,(~). An easy application 
of (17) shows that the polynomials #, (2) do not depend upon », and that 


sinn@ 


" (39) Rn (cosy) = V2~x ———— _ (n = 1,2,3,---). 


sin 
It is not difficult to find a more general formula 


sin(m — m) 9 


(40) Ry, (cosy) Km (cosy) — Rm (cose) Ky, (cose) = 2 ice 


? 


which is analogous to Christoffel’s formula 





at x Y 1 
. " = ‘ 448 <AN—S—mMm—- 
(41) Ryn Xm— Rm Xn = 2 = m+ ss 


for the Legendre polynomials YX, (x).* 


* Uber die Gaussische Quadratur und eine Verallgemeinerung derselben, Journal fiir 
Math., 55 (1858), S. 72. 
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INVARIANTIVE SYSTEMS OF PARTIAL DIFFERENTIAL 
EQUATIONS.* 


By Tracy YERKES THOMAS. 


CONTENTS. | Sate 
Ss, Sa es rach denice Wc bal rnb iniiads calles ar sac beak eid gti de acelin 687 
Se Co ds cin Ceuma gees be Adkea tines aurenesareebaeedden 689 
oe i a ok cuncphnwdudehs 6h64e0ed Vabeeesseeererevesdeea 696 
a. i 6 oh new ape sa keun ee Peis +uedse teased eeeeen 700 
ee SE PS Coca ce sdsduenep beseu neWh eave mnUkheeeteceoaek’ 705 
S6. Aine and motels apetamen Ge ae @) ... .- cnc ccs cicccscesccccsiecvcess lesgoe 708 
eh Se Sakis acehs ad Wb Me emee Ear eee d onate dak atudsenell 710 
IR 6 Sa ene akee budud bebes naenl- eek add oe aie oka s Onlite ieee 710 


1. Introduction. In volume 15 of the Proceedings of the National 
Academy of Sciences I published two notes giving the general existence 
theorems with reference to normal coérdinates of two invariantive systems 
of partial differential equations; The first of these treated the system 
of equations formed by putting the contracted normal tensor Aggi equal 
to zero and the second the system which constitutes the Einstein 
field equations for free space. The direct basis of these two notes was 
an article in the American Journal of Mathematics, The existence theorems 
in the problem of the determination of affine and metric spaces by their 
differential invariants, vol. 52, 1930, pp. 226-250. In this article likewise 
the restriction to normal coérdinates was imposed and certain convergence 
proofs were omitted. It is the object of the present article to extend the 
methods previously used to more general systems of partial differential 
equations of invariantive character, and to give the convergence proofs 
which were omitted in the above papers. Normal codrdinates y‘ have 





* Received February 24, 1930, in extended form May 1, 1930. 

+ On the existence of integrals of the system of partial differential equations Aap: = 0 
in n variables. Proc. N. A. S. (1929), vol. 15, pp. 850-855; On the existence of integrals 
of Einstein’s gravitational equations for free space and their extension to n variables, 
ibid., pp. 906-913. Attention is here called to several typographical errors in these notes. The 
first sentence in § 1 of the first note should begin: In this note we consider the integrals 
P'up (= Tha) of the system .... The set of equations at the top of p. 909 in the second 
note should be 

Xipi = 0 (6 =z 1, +++, 
and also, the first sentence in the general existence theorem on p. 912 in the second note 
should read: Let im with range of indices specified by (i) denote an arbitrary function 
of the variables y™*', ---, y® analytic in the neighborhood of the values y"™*' = --- 
+++ = y" = 0. The remainder of the Existence Theorem is correctly stated. 

687 





i. 











Pune S 


Rage ORO Mani PRS WaPo ANE 


seth 


Fig 


ag 





RE POE RS ae EI Re Oe Dest 
—— eae gsi UTNE 


re ae ee ee 


688 T. Y. THOMAS. 


likewise been employed in the present article. The formal foundations 
of this theory are to be found in my article in the Mathematische Annalen, 
Determination of affine and metric spaces by their differential invariants, 
vol. 101, 1929, pp. 713-728. In view of the above publications the details 
of the following investigation can be reduced greatly.* 

Consider a system of partial differential equations of the form? 


UY.--@ a] aap 
(1.1) Foe.8 (rea, Oy — 0, 


where the 7’s are the components of an absolute or relative tensor in- 
variant of weight W and the Tes are the components of affine connection. 
As indicated by (1.1) the components 7' are assumed to depend on the I'zg 
and their first derivatives. By the side of these equations let us also con- 
sider the system 


Pose 0 Jap 0° Jag 
(1.2) gel “( ante, smn on. 
ote IeB ay” ’ ay’ oy? ; 


where the 7’s are now the components of a tensor invariant depending 
on the components ges of a fundamental metric tensor together with their 
first and second derivatives. In particular the systems (1.1) and (1.2) may 
consist of a single equation, in which case the left member of the equation 
is a scalar invariant.t We wish to find existence theorems of the Cauchy- 


*The designation M and J will be used to refer to the above mentioned articles in the 
Mathematische Annalen and American Journal of Mathematics respectively. To refer to 
an equation in either of these articles the letter M or J will be prefixed to the number 
of the equation in question. 

+ In the above mentioned articles we used the notation Cag (y) to denote the components 
of affine connection and hag (y) to denote the components of the fundamental metric tensor 
(with the exception of the Proceedings note on Einstein's field equations and their extension 
where the notation gag was used) in a system of normal coérdinates. In the present 
article the usual notation of Vag and gag will be employed. We shall, however, adhere to 
the notation x‘ for the coérdinates of a system of normal codérdinates. 

t There is no tensor invariant 7 depending on the Jap and their first derivatives; the 
only invariant depending on the g,, alone is the determinant 


| Guy *** Bum | 


| 
| Int 2° Duy | 


or some power of this determinant multiplied by a constant. The above determinant is 
a relative scalar invariant of weight 2. Incidently also there exists no affine tensor in- 
variant which depends on the lop alone. See T. Y. Thomas and A. D. Michal, Differential 
invariants of affinely connected manifolds, Ann. of Math., vol. 28 (1926), pp. 196-236; 
Differential invariants of relative quadratic differential forms, ibid. vol. 28 (1927), 
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Kowalewsky type for the above systems of equations. In other words we 
wish to show that under suitable restrictions the general integral Is (= Ta) 
of (1.1) and the general integral ges (= gg«) of (1.2) will depend on a number 
of arbitrary constants and functions and to state the process by which 
these arbitrary constants and functions can be found. We treat the system (1.1) 
in § 2 and the system (1.2) in § 4 in such a way as to establish sufficient 
conditions for the existence of the above integrals (n > 3); the convergence 
proofs connected with these two systems are taken up in § 3 and § 5 
respectively. Systems (1.1) and (1.2) in two variables are treated separately 
in § 6 as such systems have special properties. Now the investigation 
of arbitrary systems of partial differential equations was begun by Méray 
in his memoire of 1880* and since then numerous researches in this field 
have been undertaken. An historical account of these researches is given 
by Riquier in the preface to his book, Les systémes d’équations aux dérivées 
partielles. The method which is now introduced while applicable only to 
invariantive systems of the type (1.1) and (1.2) is entirely different from 
that of Méray and his followers and possesses the advantage that it en- 
ables the explicit determination of the arbitrary constants and functions, 
on which the general integral depends, to be made with facility even for 
systems of equations of great complication. Finally a number of examples 
have been considered in § 8. 

An extension of this theory to systems of partial differential equations 
of higher order is possible. In limiting ourselves to the systems (1.1) 
and (1.2) we have done so largely since these, rather than systems of 
higher order, appear to be of importance for the solution of the problems 
of Mathematical Physics. 

2. Affine systems (n > 3). By the replacement theorem equations (1.1) 
can be written in terms of the components Aggy of the affine normal tensor 
after which these can be replaced by the independent components Aj» 
where Aym (J = 1,---, Am) belongs to the group Gm(m = 0,---, m—2).7 
Hence (1.1) takes the form 
(2.1) T (Am) = 0. 


If equations (2.1) are inconsistent as equations in the components Aj» no 
solution of the differential equations (1.1) exists. We shall therefore suppose 
that (2.1) is consistent; in fact we shall assume the following 


pp. 631-688. The systems (1.1) and (1.2) are therefore the lowest ordered systems that 
can be treated in a general theory. It is tacitly assumed in the text that all indices take 
on the values 1,---, 2 unless a different range of values is specified. 

* Méray, Démonstration générale de l’éxistence des intégrales des équations aux dérivées 
partielles, Journal de Mathématiques purées et appliquées, 3° série, vol. 6 (1880), pp. 235-266. 
+ Loe. cit. J, p. 243. 
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690 T. Y. THOMAS. 


ConpiTION I. There exists a solution (Aim)y of equations (2.1) such that the 
components T are analytic functions in the neighborhood of the values (Aim)o. 

Also all dependent equations will be excluded from (2.1), so that (2.1) 
consists of a system of N consistent and independent equations in the 
components Ay. Now differentiate (2.1) covariantly. This gives a system 
of equations that can be written 


oT 9 Am 





(2.2) = ¥, 

where the ¥ denotes a bilinear form in the components 7’ and the com- 
ponents of affine connection Zug. As usual a ¥ will be used to represent 
those terms which are of lower order in the derivatives of the Teg than 
the terms which have been written down explicitly.* In addition to 
conditions (2.2) on the derivatives of the components Ajm there exists 
a system of equations of the form 


m—1,---,n—2 


0 Aim 1 0A Shas 
(2.3) Se = Dt te, (" = 1, +++) Am ) 
0 y* k =1,---,m 


in which > represents a linear expression with constant coefficients in 
the derivatives @Apq/y" (r >q); in brief equations (2.3) can be described 
by saying that they express the conditions that the quantities A;, should 
be the components of a normal tensor. Now the number of independent 
components y of the normal tensor, i.e. the number of these 


components to which arbitrary initial values tas © can be assigned, ist 


n—2 
(2.4) > Aa K(n—a, 7), 
a=0 


where K(p, q) is used to denote the number of permutations with repetitions 
of p things taken q at a time. Hence the number of components (A‘gy,e)o 
which can be taken to be arbitrary is equal to (2.4) for r= 1; also if 


the initial values of Ay, and all extensions Aapy, e,...e, for t< r are fixed, 


the number of components (Avpy, c,...eo0 Which can be given arbitrary 
initial values is likewise equal to (2.4). We now go back to the system 


*The ¥ terms in (2.2) are equal to zero for values of the Am which satisfy (2.1). 
t Loc, cit. J, p. 238. 
t This follows from the existence of equations 


i i i 
Ajra,p,...B, = Ajrap,...8, — A(jra)p,...p, + 


(loc. cit. M, §2) and equations M (2.10). See footnote to § 3 in J, p. 235. 
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of N independent equations (2.1). By r fold differentiation of (2.1) we 

obtain a system of NK(n, r) equations which determine the values of the 

same number of components (Ausy, e,...e.0 When the values at y' = 0 of 

components Aj, and their derivatives of order t<,r are fixed. Now it 
t 


may happen that these N K(n, r) conditions on the components (Acsy, @,...00 


are not all distinct from the conditions on the components Ta * 
which result from (2.3) by differentiation. In particular, certain equations 
of (2.2) may be linearly dependent on the remaining equations of (2.2) in 
consequence of the identities (2.3). These dependent equations of (2.2) 
will be referred to as the system S; the equations of the system S, which 
we will assume to be M in number, thus possess the property that they 
will be satisfied in consequence of (2.3) and the nN—WM remaining 
equations (2.2). Let us denote by S;, where i = 1,---, My, a set of 
k equations of S each of which involves in its left member derivatives 
of the same component 7’. In constructing the sets S; it is assumed 
that the derivatives of a component 7’ occur in the left members of the 
equations of one, and only one, set S;. The set of all sets S; for a fixed 
value of k constitutes a set S, comprising kM; equations. The sum >k My 
is therefore equal to the number of equations M of the system 8. The 
equations which express the derivatives (differentiation with respect to 
variables y*) in the left members of S linearly in terms of the quantities 
in the remaining equations (2.2) will be called the system S*.t With 
regard to the system S* we set up the following 

ConpiTion II. Jf terms involving the components I ap be neglected, the 


system S* is harmonic in the sense of Riquier.t 


¢It 


T= 0 (i = 1,---, M) 
represents the equations of the system S and 
Ts = 0 (a = 1,---,nN—M) 
are the remaining equations (2.2) then 
T: = 3(A) Te, 


where the right member of this identity is a linear form in the quantities Tz with 
coefficients (A) which are functions of the components Am. These latter equations or 
more particularly those obtained from them by transposing the terms involving the com- 
ponents J ap in the left members into the right members, constitute the equations of the 
system S*, 

tSee C. Riquier, De l’existence des intégrales dans un systéme différentiel quelconque, 
Annales de l’école normale supérieure, série 3, vol. 10 (1893), pp. 65-86; also ibid. pp. 123-50. 
A harmonic system of any order is defined by Riquier in the following manner. Denote by 


(1) er 
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692 T. Y. THOMAS. 


In consequence of this condition the derivatives of any order r (> 2) 
of the components 7' which arise by differentiation of the derivatives in 
the left members of the equations of the system S vanish as a result of 
the vanishing of the remaining derivatives of components 7' of order r, 
the components 7’, and the derivatives of all components 7’ of all orders 
p<yr.* Hence the number of conditions on the components (Aggy,e,..-e,)o 
in addition to the conditions imposed by (2.3) can at most be equal to 





the independent variables, and by 
(2) U,V, ees 


the unknown functions of any system of differential equations and associate with each of 
the quantities (1), (2) p integers, positive, zero, or negative, which we will call respect- 
ively the first “cote”, the second “cote”,---, the pth “cote” of this quantity. Then 
considering an arbitrary derivative of one of the unknown functions, and denoting by q 
a term taken at pleasure from the set 1,2,---,p, we call the qth “cote” of the derivative 
in question the integer obtained by adding to the qth “cote” of the unknown function 
the corresponding “cotes” of all the variables of differentiation, distinct or not. 

This being done, the differential system considered will be said to be harmonic if for 
a suitable choice of the number p and of the ‘“‘cotes” attributed to r,y,---,u,v,++> 
the following three conditions are satisfied. 

1°. Each of the given equations has as its first member a certain derivative of one of 
the unknown functions and the second members of these equations, if we consider for the 
moment the x, y,--+-+,«,v,-++- and the various derivatives of u,v,--- which enter, as 
so many distinct independent variables, are analytic in the neighborhood of some set of 
values of these variables. 

2°. The various derivatives of the unknown functions which enter into the second 
member of any equation have orders at most equal to that of the corresponding first 
member. Moreover if we denote by c,, ¢z,-+-+,¢p the “cotes” of the first member, and 
by ci, c2, +++, ¢> those of an arbitrary derivative of equal order which enters in the second, 
the differences 

Ci — Ci, C2 — €3, © ++, Cp— Cp 


are not all zero, and the first of them which does not vanish is positive. 

3°. None of the first members nor any of their derivatives enter into the second member 
of any of the given equations. 

By adding the condition that the first “cote” of each of the independent variables have 
the common value unity, Riquier defines what he calls les systémes orthonomes; see his 
book Les systémes d’équations aux dérivées partielles (1910), p. 201. 

* Condition II results in the following important consequence: if to the equations of the 
system S* we add all those which can be deduced from S* by simple differentiation, these 
relations can be arranged in an order of succession such that each contains in its right 
member (in addition to the Fag and their derivatives, the components 7 and those deri- 
vatives of J which do not enter into the left members of any of the relations) only those 
derivatives of components 7 which enter into the left members of the preceding relations. 
As the right members of these relations must consist of homogeneous polynomials in the 
components 7 and their derivatives we deduce the above statement regarding the vanishing 
of certain derivatives of components T. 
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n 


(2.5) NK(n,1r)— > {Ma K(n, r) — Ma K(n — a, r)}. 
a=1 


We now assert the following 
ConpITION III. The system S is such that 


Ay — N+ > Ma > 0; 
A= M (i = 1,---,-n—2); 
Mn-1 = 0; M,, = 0.+ 


We also put A) = 4n—N+ > Mc; A; = A; —M; and consider the number 
a= 


(2.6) Ac K(n—a@,r); (yr > 1) 


a—0d 


oo 


in which each of the quantities A* > 0 in consequence of Condition III. 
This number constitutes a lower bound to the number of arbitrary com- 
ponents (Aupy, s,---¢9 When the values of the (4,,,), and the components 


(Anpy, Pie edo he te yr are fixed. In fact if the number of arbitrary com- 
ponents (Aapy, ¢,---e,9 Was less than (2.6) then the number of arbitrary com- 


ponents > sag ¢,---e,y Without the conditions (2.1) would be less than the 
sum of (2.5) and (2.6) i.e. less than (2.4) which is not possible. 

Let us now eliminate the derivatives in the left member of (2.3) from 
equations (2.2) excluding those equations which belong to the system S. 
This gives a system of » N— M independent equations which can be solved 
for a corresponding number of derivatives of the components Az,. Next 
eliminate the derivatives in the left members of the system R so obtained 
from the right members of (2.3). On combining these latter equations with 
R we have a system of equations of the form 


(2.7) fate Yi) 346 4 U4") riy 


in which the new notation A; for the components Azm has been introduced 
to suit our later convenience. Equations (2.7) are equivalent to (2.2) and 
(2.3) combined and represent the solved form of these latter equations for 
the derivatives which stand in the left members of (2.7). The first sum- 
mation >’ in (2.7) devotes a linear homogeneous expression in the derivatives 
of components Ax» not identical with the derivatives which appear in the 


+ In particular if equations (2.2) and @. 3) are linearly independent the Ma all vanish 
and the above condition reduces to Ay = N. 
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left members of these equations, and the second summation > denotes 
a similar expression in the components Z%g. The coefficients (A*) in these 
expressions are functions of the components Au. 

ConDITION IV. The indices u,v, w in (2.7) admit the range of values 





ricvin—2) 
u=1,.--, Ay 
w= 1,---,v 
v= nN 
u=1,.-.,N 
lw = 1,---,n | 








It is to be noted that the index v need not necessarily assume the full set 
of values from 1 to » —2 inclusive; in fact it will be understood that v 
does not assume a value in the range 1 < v < m —2 for which A; vanishes. 
For such a value of v the components Aj» are not defined; also com- 
ponents Aun—1 are not defined. In addition to components Ax» whose 
derivatives occur in the left members of (2.7) there are Ag components 
Avo (u = 1,---, Ad). The total number of components Aj» is equal to 


n m—2 
Px Ag; or P Ag. 
a=0 a=0 


There are 


n—2 
nN—M+ > aAa 
a=1 


equations in the system (2.7). We now impose the final 

ConpiTIion V. The coefficients (A*) in the right members of (2.7) are 
analytic functions in the neighborhood of the values (Anv)o- 

It is to be understood of course that (Avv)o denotes, in the new notation, 
the values (Ajm)o in Condition I. Beyond this point the discussion of the 
system (2.7) with which we are concerned is perfectly analogous to the 
previous discussion of the system (2.3) in article J so that all details can 
justifiably be omitted. Let it suffice to say that in virtue of the lower 
bound (2.6) to the number of arbitrary components (Gan eJo We are 
able to construct the power series expansions for the components Aj, and Z ap 
in a unique manner. The TF series, namely 


i i , 1 } 4 
(2.8) I, — (Agsy)o y + 2 (Ansyd)o y? y? + Pon 
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will be shown to convergence in the following section and since the Az, are 
derivable from the functions Ig as the components of the normal tensor, 
it follows that the power series expansions of the components A%, about 
the point y = 0 also converge. By Condition I the components 7’ are 
therefore analytic functions of the codrdinates y’ in the neighborhood of 
the point y‘ = 0 and hence admit power series expansions about this point. 
Now the constant terms in these expansions must vanish, since the 
quantities (Az,)o satisfy equations (2.1), and it is obvious likewise that 
all coefficients of these expansions must vanish so that the components 7' 
are identically zero as functions of the codrdinates y’. Hence the functions 
Veg (y) constitute a set of integrals of the invariantive system (1.1) of 
partial differential equations. 

EXISTENCE THEOREM. Let (1.1) be an invariantive system of partial 
differential equations satisfying Conditions I-V. Also let 


eH... yt) 0s vs n-—-2 
Puv (Y ’ ,Y¥”"); bale * [> 
u=l1, 


oot, v 


where the indices u, v have the same range of values as the indices of the 
componenis Atty (v +n), denote a function of the variables y’t, ..-, y”, 
analytic in the neighborhood of the values y' = 0 of its arguments, such 
that Puv(0) = (A%y)o for all values of the indices u, v for which the Pu» are 
defined. Then there exists one, and only one, set of components Tag (= Ta) 
of affine connection, given by convergent power series (2.8), which constitute 
a set of integrals of the system of equations (1.1), and which are (1) such 
that Atin(0) = (Alin), where u = 1, ---, N, and (2) such that 


Ax = Pu (y', slides. 5 | Ave = Puv (yr, aah y"), 
ie = 1, «--, Aj | lov<sn-—?2 
ami, ... & 


y=, +--, Pad 


where the Ax» are the independent components of the normal tensor. 
The arbitrariness of the initial values (Avy) of the components Ax» is 
not manifest in the above statement of the existence theorem. However 


n—2 

> Ac—N 

a=0 
of the components Ax» can be given arbitrary initial values, within a 
sufficiently small neighborhood of the above values (Aiv)y at least, since 
there are N independent equations in the system (2.1). 
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3. Convergence of I" series.t Consider the system of differential 
equations 











by Ot, wO(L*) > Ain 
1 odes _ + 1 4 yap yt 
(3.1b) = K 2 bg Mig + Fy 2s Air Aim 


in which the ay, by, and mw are positive constants greater than unity 
whose more exact values will be fixed later. The positive constants D, 
K, and R are to be taken such that 


be - 


(3.2) a>—: £> *>RB<1; 1<aSq@, 


Aw — aR’ ay 
where a is equal to the least of the constants ay. The indices u, v and 
J, g in (3.1) assume all possible values for the corresponding indices on 
the components Aj); other indices in (3.1) assume values from 1 to n in- 
clusive. All summations > in (3.1) denote the sum of all terms that can 
be formed from the representative term by giving all possible values to 
the indices in question. The quantity « in (3.la) is to be taken as the 
sum »;-+----+vm Where the »’s are positive constants such that their 
sum is less than unity. The integer m in the sum + ---+ 7m in any 
particular equation (3.1a) which corresponds to an equation (2.7) is equal 
to the number of different derivatives 8 Ajy/ ) y" in the corresponding 
equation (2.7) i.e. the equation (2.7) in the left member of which the indices 
are equal to the corresponding indices u, v, w in the left member of (3.1a). 
The integer m for an equation (3.la) which does not correspond to an 
equation (2.7) can be taken to have the value unity. The function Fy) 
in (3.1a) is defined by 


(3.3) F(y) = 





where the positive constants 2, @ are to be chosen so that the expression 


2 
cs Airy tit +s: + any" 
Q 





(3.4) 





7 The method of proof is a combination of that used in J, §2 and that employed by 
Méray and Riquier, Sur la convergence des développements des intégrales ordinaires d’un 
systeme d’équations différentielles partielles, Annales de l’école normale supérieure, 
série 3, vol. 7 (1890), § 29, p. 46. 
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is dominant for each derivative 89./dy"(w>v) of the A> functions 
Pur (u = 1,-+, 5}. Finally 


o(a*) = {1— Dd [A—(M ol} * 


where > denotes a summation on the indices /, g over all of their possible 
values. Equations (3.1) constitute a completely integrable system of total 
differential equations. Hence, according to the well known theorem for 
the existence of solutions of are of total differential equations, there 
exists a unique solution Az (y), A «gs (y) of the system (3.1) such that these 
integrals assume an arbitrary set of initial values (%)o and (Aeg)o. We 
shall choose the initial values (Ava)o or A, up (0) of the functions dog (y) so 
that (1) 4% ap (0) = = Abe (0) and (2) so that the inequalities 


(3.5) «p (0) > 0 


are satisfied; the initial values (Wino, or Wi» (0) of the functions Az, (y) 
will be chosen so that 


(3.6) Mev (0) = | (Ate Jo | . 


It is to be observed that the integrals Ap (y) are symmetric in their low er 
indices. Furthermore all derivatives at y/ = 0 of the integrals Ur, Aug 
are essentially positive, in fact any derivative of one of the sets of terms 
in the right member of (3.1) or any derivative of the function O(%*) is 
expressible as a polynomial in positive or zero elements—this polynomial 
being constructed from its elements entirely by the operations of addition 
and multiplication.t Hence we have that 


(3.7) Tesviee, ---009, (0) = ( w 2 w 
|\Oy'--- dy */o 





? 





where wi,---, ws >v and Wrvjv,...w, (y) denotes the derivative of the func- 
tion Av». This inequality follows obviously from the inequality (3.2) and 
the dominant property of the function F(y) in (3.1a). 


Now the equations 
by OU by OM 


Aw dy"? ian an dy" 

follow from (3.1a) for all values of the indices involved. It is therefore 
possible to write those equations (3.1a) which correspond to equations (2.7) 
in the form 








t See Méray and Riquier, loc. cit., p. 48. 
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8 Ure pe. ot * OU 
dy ee re , OC) dy 


where the quantity » assumes the values », to ym so that the first sum- 
mation in these equations denotes a sum of m terms in which the deri- 
vatives are taken to correspond to derivatives in the first summation in 
the right member of the corresponding equations (2.7). The coefficients (A*) 
in equations (2.7) are dominated by the corresponding coefficients in the 
above equations (3.8) in consequence of the following 

LEMMA. Given any two positive constants P and Q, tt is possible to assign 
values, each of which is greater than P, to the constants a,,---, dn and 
bo, «++, bn, such that each of the coefficients 


(3.8) +m FP" (1— £0) +2 O(M*) 2 din 





Ge bg 


(3.9) an by 


of the derivatives in the right members of (3.8) will be greater than Q.t 
To prove this lemma we take ay, = ey” and by = Sy~* in which a, 8 

are constants and y is a constant satisfying the inequality 1<y>Q/d, 

where 0d is the least of the »’s. The above coefficient then becomes 


y yoo pet (g—h)] a 


But v—w 2 0 and g—h<0 by Condition IV. Hence (v—w)—(g—h)>0 
and hence 
Aw bg 


—— > - , 
= b, =>vy = dby>Q 


Now put « and 8 each equal to Py"*!, Then 
o = Py’ *> P; by = Py**t'> P 


which completes the proof of the lemma. 
Consider the expression 


Q{1— > P[Ajy— (Ajaol} 


where the positive constants P(>1) and Q(>1) are chosen so that this 
expression dominates the coefficients (A*) in equations (2.7). Choose the 
constants a,,+--+, dn and bo, ---, b, so that each is greater than P and so 
that the coefficients (3.9) are each greater than Q. Then the coefficients 
of the derivatives in the right member of equations (3.8) will dominate the 





ft Cp. Riquier, De l’existence des intégrales dans un systéme différentiel quelconque, 
Annales de l’école normale supérieure, série 3, vol. 10 (1893), p. 134 et seq. 
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corresponding coefficients in equations (2.7); also taking « > Q the quantities 
# O(A*) in the right member of (3.8) will dominate the coefficients (A*) 
in the second summation in equations (2.7). Hence it follows from (3.5) 
and (3.7) for s = 1 thatt 


(3.10) WH" yiw, (0) S |(Auw,w,)ol, 


where w, < v. If the indices ia fy in (3.1b) determine an independent 


component Asay or Azy then we have from (3.6) that 
(3.11) «ply (0) > |(Aagy)o| 


since all compenents Ax occur in the first summation in the right members 
of (3.1b). The inequality continues to hold if the indices 7@fy determine 
a dependent component Azgy which is then equal to —2 Avy or —(Aty + Apg) 
as can readily be observed. The inequality (3.11) is therefore satisfied 
for all values of the indices involved. In order to extend (3.11) to higher 
derivatives we assume the inequalities 


(3.12) Avpiy,---y,(0) > | (Azpy,---y,)o | 


for s<r(=>2). If we compare successively equations of the type J (6.5) 
deducible from equations (2.7), by differentiation and elimination, with the 
corresponding equations which can be obtained from (3.8) it is then easily 
seen that 


(3.13) Beste,---20, (0) => | Atte,t0, ---20,)o l, 


where s = 1, ---, r; w,; < v; and w, for i >1, is arbitrary. Combining (3.7) 
and (3.13) we conclude that the inequalities (3.13) are satisfied for all 
values of the indices wvw, --- ws involved. Now differentiate (3.1b) 
repeatedly r—1 times, evaluate at the point yi —0, and compare with 
equations of the type 


Aapy,.--y, = Aby,p---¥,+ Aspy,,---7,— Aay,p,--¥, + ¥ 
(see M § 2; also J(2.6)); this comparison shows that 
(3.14) RAvpiy,..-7,(0) = 2 | (Anpy,-.-y,Jo— (Aay,p---y,)o | 


for all values of the indices involved, or 





+ We here introduce the obvious notation (Aue, wo or more generally (An.e,...0)e for 
the derivative at y‘ = 0 of the component Aw. 
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by an interchange of indices in (3.14). Now Avsiy, is equal to (ay,/ag) Ary,\8 
and hence 


Acsiy,(y) = RAcy, p(y). 


It therefore follows that the derivative , is greater than, or at 
least equal to, the left member of (3.15). Hence 


(3.16) api, . _y, (0) = 2 | (Aay,p- . -y,)0 ay (hsm yo a 


Since R<1 the inequality (3.14) will remain true if the derivative 
«s\y,---y,(0) alone stands in its left member. Adding corresponding members 
of this latter inequality and the inequality (3.16) we obtain 


Aig Vi Vr (0) 2 | (Angry, os 7,)0 ‘ga (Ay, ye. : 7,0 . 


By (3.14) and this last inequality it is therefore clear that we can write 


(3.1 7) aly . -y,(0) = (Angy... -y,)o a fa . -mp)0 | ’ 


where “vy, --- 4, is any permutation of «By,---y,r. Now form all per- 
mutations of the indices wv, --- 4, and add together the M corresponding 
inequalities (3.17). This gives 


N Ansiy,...7-(0) S |M(Aagy,..-y,J0— 2s (Atun,---m,)0 | 


Hence (3.12) is true for s =r since the summation > in the right member 
of this inequality vanishes by M(1.13). With the recurrence process thus 
established it is clear that (3.12) and (3.13) are satisfied for s = 1, 2,--- 
and that (3.13) is in fact satisfied for all possible values of the indices 
wvu;,+++ws involved. Hence the power series expansions of the functions 
Aus(y) dominate the corresponding I series (2.8) with the result that these 
latter series converge. Incidently we have also proved directly the con- 
vergence of the power series expansions of the components Avy. Since 
any dependent component Aesy is linearly dependent on the components 
Av» the convergence of these latter series gives the direct proof of the 
convergence of the power series expansions of the dependent components 
Ausy of the normal tensor. 

4, Metric systems (n > 3). Equations (1.2) can be written in the 
form 
(4.1) T (gap; Bim) = 0 
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by using the replacement theorem and substituting for the resulting com- 
ponents 9g, yg Of the second extension of the fundamental metric tensor, . 
the independent components Bim in groups Gm(m = 0,---,n—2). We n 
assume that (4.1) consists of a system of N independent equations which A 
are consistent as equations for the determination of the components Bim. 

In consequence of this latter requirement the inequality 


n—2 
Ns 2 Be 
a=0 


Sc: cara 


must be satisfied. Equations (4.1) can be treated in a manner perfectly 
analogous to that used in the treatment of the system of equations (2.1). 
For example by covariant differentiation of (4.1) we obtain 


ty Bun 0 y* 


| where the * term is composed of a bilinear form in the components 7’ ‘ 
and the components of connection* Is, and a linear form in the derivatives 

of the components ges with coefficients which are functions of the com- 

ponents gag and Bim. There is also the system of identities 





(4.2) 


m—1,---,n—2 
(4.3) Se an Fey, 1 =1,-++, Bm 
oy" oy” k =] n 


which correspond to equations (2.3) and which express the conditions that 
the quantities Bz, should be the components of the second extension of 
some fundamental metric tensor. Let us now assign the values (gag)o = (ggao 
to the components gag at the point y‘ = 0 subject to the condition that the 


determinant |(g«g)o| does not vanish. Let us also put Bo = Ww (J = 1,---, Bo) : ; 
and Bim = Wim(l = 1,---, Bm; m = 1,---, n—2) for y' = O(7 < m) 
where Y%» is an arbitrary function of the variables 7"*!,---, y” analytic 


in the neighborhood of the values 7‘ = 0 of its arguments. Then it can 
be shown in consequence of (4.3) that the power series expansions of the 
components geg(y) about the point y' = 0 are uniquely determined and 
in fact are determined in such a way that the number of arbitrary com- 


ponents (Jug yde,...e9 18 equal to 


le ee 





| * In discussing the system of equations (1.2) the components of connection are defined as 


1 gir bes oe 
2 by” dy? dy” | 


i.e. the T’ op are the Christoffel symbols with respect to the components Jap: 








ee ee ee es 
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= 
| 
bo 


(4.4) Ba K(n—a, r) 


a= 


| 
o 


provided that the initial values of the components ges, the components 
Jap,yé 2d all components ges ye,...c, for t<r are fixed. Now certain 
equations of the system (4.2) may be linearly dependent on the remaining 
equations (4.2) in consequence of the identities (4.3) when the two systems 
(4.2) and (4.3) are considered simultaneously. Let us say that there are 
M equations (4.2), which we will call the system S, that are linearly 
dependent on the » N— WM remaining equations (4.2). The equations ex- 
pressing the derivatives (differentiation with respect to variables y") of the 
components 7’ in S linearly in terms of the quantities in the remaining 
equations (4.2), will be called the system S*.7 

Let us, as in the affine theory, denote by Sh, where 7 = 1,.---, M, 
a set of k equations of S, each of which involves in its left member 
derivatives of the same component 7’, it being assumed that the derivatives 
of a component 7’ occur in the left members of the equations of one, and 
only one, set S;. Eliminating the derivatives in the left members of (4.3) 
from equations (4.2) excluding those equations which belong to the system S, 
we obtain a system of » N— M independent equations which can be solved 
for the same number of derivatives of the components B,,. Calling R the 
solved form of these latter equations and eliminating the derivatives in the 
left members of # from the right members of (4.3), we obtain equations 
which, when combined with R, give a system of equations of the form 


8 Bay 
0 y" 


* 
(4.5) — >; BY SET ZG, B*) Tp, 








+ This means analytically that if 
T; = 0 G@ = 1,---, M) 
represents the equations of the system S and 
Tei = 0 @ = 1,---,-nN—M) 
are the remaining equations (4.2), then 
T, = G,B) Te, 

where the right member of this identity is a linear form in the quantities 7,* with co- 
efficients (g, B) which are functions of the components g,. and B,,,. By transposing the 
terms involving I’, from the left into the right members of these latter equations we 


obtain the system S*. An example of a system of equations expressing the linear dependence 
of certain equations (4.2) on the remaining equations of this system is given by 


29°? Xeag -_ 9? Xase 


in § 5 of the second of the notes in vol. 15 of the Proceedings of the National Academy 
of Sciences mentioned in the footnote on p. 687. 
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in which for later convenience the new notation Bw, for the components Bim 
has been introduced. The coefficients (g, B*) in these equations which are 
entirely analogous to equations (2.7) are functions of the components gag 
and Bi». Further remarks similar to those made in connection with 
equations (2.7) can be made here; particular attention will be called only 
to the fact that components Bins are not defined. We now state the 
following Conditions which lie at the basis of our theory of the invariantive 
system (1.2) of partial differential equations. We have written these Con- 
ditions in the natural order of their application and have grouped them 
together for the purpose of easy reference. 

ConpiTion Ia. There exists a solution (gag) = (gpalo and (Buv)o of 
equations (4.1), such that (1) the determinant |(gag)o| does not vanish, and 
(2) the components T are analytic functions in the neighboorhood of the 
values (gag)o and a 

ConbDITION Ib. The system (4.1) consists of N independent equations as 
equations for the determination of the components Biv. 

ConpiTion II. If terms involving the components Teg be neglected, the 
system S* is harmonic in the sense of Riquier. 

ConpiTIon III. The system S is such that 


Bo—N+ D> Me = 0; 
1-2 MU; (@¢ = 1,---,n—2); 
M,-—1 — 0; M, = 0. 


ConpbiTion IV. The indices u,v, w in (4.5) admit the range of values 





fé<cvsn—?2] 
um 1, ---, & 
w—1,---,v 
v= nN 
“e=1,---., N 
iw = 1,---,n | 








ConpDITION V. The coefficients (g, B*), in the right members of (4.5), are 
analytic functions in the neighborhood of the values (gag)o and (Biv)o« 

If we make use of the fact that 1/,-1 and M, both vanish by Condition III 
it follows from Condition II that the number of conditions on the com- 
ponents (Beo,e,--10,)y in addition to the conditions imposed by (4.3) can 


at most be equal to 
n—2 
(4.6) NK(n, r) — > {Ma K(n, r) — Ma K(n— a, r)}. 


a=1 





; 
$ 
. 

te 
; 
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Hence if we put By = BX— N+ Me and B; = B;— M; the number 


n—2 


(4.7) 2, Be K(n —a,r), (21) 


constitutes a lower bownd to the number of arbitrary components (Bi, .w,-..1,)o 
when the values of the (gag)o, the (Biv)o, the components (Biv, w,---w,0 for 
t<r are fixed. The proof of this is analogous to the corresponding proof 
in the affine theory. Now put Bro = Ww (u=1,---, Bo) and Bay = Ww 
(u=1,---, By; v=1,---,n) for y =0 (¢<v), where Ww is an arbitrary 
function of the variables y’*!, .--, y” analytic in the neighborhood of the 
values y‘ = 0 of its arguments. By a procedure analogous to that employed 
in the affine theory it can be shown that any component (Bes, .,....,) Which 
arises by differentiation of one of the derivatives in the left member of (4.5), 
can be expressed as a linear form in the derivatives of order r at y’ = 0 
of the given functions w(y), plus a sum of homogeneous polynomials in 
the derivatives of functions w(y) of order ¢<_r evaluated at y‘ = 0, where 
the coefficients of the above form and polynomials are functions of the 
components (gag)o and (Biv)o. If any of the above components (Biv, to, +-10,)0 
is not determined uniquely at 7 = 0 independently of the order of differ- 
entiation and elimination employed in the construction of the equations 
by which it is determined, then there must exist a relation, as the expression 
of a condition of integrability, between the components (Bz,)o and derivatives 
at y' = 0 of the functions w(y) of orders t(< 7). This relation can not 
involve the components (Biv)o alone since the only conditions on the quan- 
tities (Bry)o are obviously those given by (4.1). Moreover if we assume 
that the relation contains derivatives of w(y) of order r(=— 1) at most, we 
can, by solving for one of these rth order derivatives, reduce the number 
of arbitrary components (Biv, w,---w,Jo below the lower bound (4.7). Similarly 
all derivatives of components ges at y' — 0 have a unique determination, 
for if this were not so we would be led again to the above type of im- 
possible relation. Hence the power series expansions of the functions ges, 
namely 


1 , 
(4.8) gep = Gepo+ > Gap,yao yy? + + 


are uniquely determined. These series will be shown to converge in § 5. 
Since the functions ges (y) defined by (4.8) constitute a set of integrals of 
the invariantive system (1.2) of partial differential equations (see analogous 
discussion in the affine theory) we arrive at the following 

EXISTENCE THEOREM. Let (1.2) be an invariantive system of partial differ- 
ential equations satisfying Conditions I-V. Also let 
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* 
“4 = 1,---, B; 


where the indices u, v have the same range of values. as the indices of the 
components Bx*,(v +n), denote a function of the variables y’*", .--, y”, 
analytic in the neighborhood of the values y' = 0 of its arguments, such 
that Wuy (0) = (Biv)o for all values of the indices u, v for which the Ww 
are defined. Then there exists one, and only one, set of components gag 
(= gpa) of a fundamental metric tensor, given by convergent power series (4.8), 
which constitute a set of integrals of the system of equations (1.2) and which 
are (1) such that at y'=0 the components gag assume the values (gag)o, 
and the components Bin assume the values (Bin)o, where u=1,---, N, 
and (2) such that 
Bro = Yo (y', si y") | Bry aes Yun (yt, i y"), 
[ue = 1,--+, Bo] l<vcn-—2 
u 1-5 
y" —_ O,---,y¥” = 0 


0s vc n—?2 
Wuv (yt, lad y"), ’ 


| 


where the Bi» are the independent components of the second extension of 
the fundamental metric tensor. 

By Condition I and the fundamental existence theorem for implicit 
functions, equations (4.1) can be solved for N of the components Biy. 
This gives a set of N equations 


e. — F(g, B*) 


such that the components Bi, in the left members of these equations 
assume the values (Bi)o, mentioned in Condition Ia when the Jap and } a 
in the right members have the values (gag)) and (Bpg)o, likewise mentioned 
in Condition Ia. Within a sufficiently small neighborhood, at least, of the 
values (gag)o and (Biw)o there are therefore K(n, 2) components Jag that 
can be given arbitrary initial values (since these components are symmetric 
in the indices @ and #) and ; 
n— 
>, Ba—N 
a=0 
of the components By, to which arbitrary initial values can be assigned. 
5. Convergence of g series. By a procedure analogous to that 
employed in § 3 we can prove the convergence of the g series (4.8) within 
a sufficiently small neighborhood of the point y/—0. There is, however, 
enough difference in several of the details of this proof to warrant at least 
an indication of the method. We begin by considering the complete system 
of total differential equations 








706 T. Y. THOMAS. 














Z , =e w O(G, Bt) > Alin 

oan a oy ~ DP¥Wt-T—76G, 8 ° 

= 1 0 Ae ae _ * 4 pak. 

(5.1b) cw K EG) DX by Bi + Fy Air Aim; 
] d Gag __ k 

(5.1¢) dy dy == W > Ger Aim. 


We observe immediately that (5.1a) can be written in the alternative form 








8 Suv Biv =< Aw bg R* 0 Bij Aw —_ 
(52). oye Sa Fy OG BIG THF Td —26) 


+p OG, B*) > Ain 


corresponding to (3.8), the positive constant «(<1) being thus defined as 
the sum of m positive constants v2-+.----++vm as in the affine theory. 
The function F(y) in the above equations is defined by (3.3) where the 
positive constants 2, are chosen so that the expression (3.4) is dominant 
for each derivative 3Y%../dy" (w>v) of the By functions Wu (u=1,---, Bp). 
For the function 0(G, 8*) we can take 


[1—{V > [Ges — (Ges)o] + by [Bja— (Bao 1, 


where (1) such a value is given to the constant V, and (2) the constants 
Aw (>1) and b, (>1) are given such values, in accordance with the Lemma 
in § 3, that the coefficients of the derivatives of the components 87 in 
the right member of (5.2) dominate the corresponding coefficients in 
equations (4.5); similarly the constant » is given a positive value suffi- 
ciently large for the coefficients of the components Ig in the right member 
of (4.5) to be dominated by the function «9. The function 

Q! 
,_ 2 Ges — Gep)ol 

o’ 

in which 2’ and 0’ are positive constants, is dominant for each of the 
functions g“* where this latter function is defined, as usual, as the cofactor 
of the element gag in the determinant | gag| divided by the determinant | gag|. 
The positive constants D, K, R, and W are to be taken such that 


; a 
Ree, eee; 2a eek toss we, 


= (6) = 








_ Aw mtd a R : Y 


where a is equal to the least of the constants ay. Finally we observe 
that the indices u, v of a component 8, assume all values that can be 
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taken by the corresponding indices on the components B,,; that other 
indices in the above equations assume values from 1 to m inclusive; and 
that all summations >’ denote the sum of all terms that can be formed 
from the representative term by giving all possible values to the indices 
in question. 

Consider a set of integrals of the system (5.1) whose initial values 


(Bio; (Aisle; (Geplo or Bir(0); deg (0); Gap (0) 
are such that 
Bi (0) > | (Biro |; 


Ap (0) > 0; 
Ges (0) > | Gag)o!|- 


The integrals of this set dominate the corresponding power series expansions 
in § 4. To prove this let us first observe that, as in the affine theory, 


we havet 
(5.3) Bervie (0) = | (Bivv,w)o | 


from (5.1a) and (5.2). Taking account of the identity 


(5.4) Aupy — 9° (Gou,py + Jop,ye) 
it follows immediately from (5.1b) that 
(5.5) apiy (0) > | Anpy)o |. 


Differentiating (5.1c) and comparing with the corresponding equations of 
Riemann geometry{ we obtain 


(5.6) Geslya (0) 2 | (Gep,yd)o | 


in virtue of (5.4). In order to extend the above inequalities (5.3), (5.5), 
and (5.6) to higher derivatives we assume 


(5.7) Gasly,---y, (0) => | Gap,y,---7,0 | 


for s < r (© 2); in addition we assume the inequalities (3.12) for s< r(} 2). 
By successive differentiation of (5.1a) and (5.2) and comparison of the 





+The notation Brrvieo, -+-20,? Aap yoy, and Sealy, -.-y, will be used for destvetives. 


tI. e. the equations 
0 Jap 
dy” 
which express the fact that the Teg are Christoffel symbols with respect to the com- 
ponents Iap- 


- Gop Vey + Gaol 5y 
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resulting equations with the corresponding equations derivable from (4.5) 
we deduce that 


(5.8) Kee, +99, (0) = | (Biiv,so, : ., Jo | 


for s=1,.---, 7 and all values of the indices wvw, --- ws involved. As 
in the affine theory it now follows that for s =r the inequalities (3.12) 
are likewise satisfied. By r fold differentiation of (5.1¢) we can therefore 
deduce that (5.7) is true fors—r-+1. As this establishes the recurrence 
process we conclude that (3.12), (5.7), and (5.8) are satisfied for all values 
of the integer s. In thus proving the convergence of the g series (4.8) 
we have at the same time given the direct proof of the convergence of 
the power series expansions (1) of the components g,,,, of the second 
extension of the fundamental metric tensor, and (2) of the components Is (y) 
of affine connection. 

6. Affine and metric systems (n = 2). In the case of two variables 
the conditions expressed by (2.3) and (4.3) are satisfied automatically,t+ 
resulting in considerable simplification of the foregoing theory. In fact 
in this case the theory of the affine system (1.1) or (2.1) can be based on 
the following single 

ConpiTION A. There exists a set of values (Aim) of the components Arm 
which satisfy (2.1), such that the components T in the left members of (2.1) 
are analytic functions in the neighborhood of the values (Aim)o. 

We denote by N the number of equations (2.1) from which, as in § 2, 
we exclude all dependent equations. We then separate the components Ayn 
into two sets, namely, a set of N components Aue (u = 1,-+-, N) charac- 
terized by the fact that the functional determinant of the system (2.1) with 
respect to the Ave does not vanish for the values (Arm), and second the 
set of components Avo which remain. As there are four independent com- 
ponents Aj, the condition VN < 4 must be satisfied—hence there are 4— N 
components Axo. By the general existence theorem for implicit functions 
we can therefore write 
(6.1) Ain = F(A%) 


such that the components Ais have the values (Av2)) when the components Aro 
have the values (Auo)o. Moreover the functions F are analytic in the 
neighborhood of the values (Azo) of the components Axo in consequence 
of the above Condition A. If we differentiate (6.1) with respect to y” we 
obtain a system of equations corresponding to (2.7) which possesses the 
properties (1) that the coefficients (A*) of the derivatives in the right 


T Loc. cit. J, § 3, p. 235. 
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members are functions of the Axo analytic in the neighborhood of the 
values (Auo)o of these components, and (2) that all conditions of inte- 
grability are obviously satisfied. The results of § 2 and § 3 therefore yield 
the following 

EXISTENCE THEOREM A. Let (1.1) be an invariantive system of partial 
differential equations for n = 2 which satisfies the above Condition A. 


Also let 
pu ly), (uw = 1,---,4—WN) 


denote a function of the variables y’, y*, analytic in the neighborhood of 
the values y' = 0, such that gu (0) = (Ato)o. Then there exists one, and 
only one, set of components Tag (= Ta) of affine connection, given by con- 
vergent power series (2.8), which constitute a set of integrals of the system 
of equations (1.1), and which are (1) such that 


Aw = guly), [wu =1,+--,4—N]; Ate = (Arado, be a y? ie ’ 
where the Au» are the independent components of the normal tensor. 

The fact that the components Axo can be given arbitrary initial values 
in the neighborhood of the values (Auo)y results immediately from (6.1). 

Turning now to the metric system (1.2) we observe that (4.1) must con- 
sist of a single independent equation, i.e. N = 1, since for n = 2 there 
is only one independent component B,,. In conformity with previous 
notation we will call this independent component By and assume the 
following 

ConpiTION M,. There exists a solution (gag) = (Ypa)o and (Biz)o of the 
equations (4.1), such that (1) the determinant |(gag)o| does not vanish, and 
(2) the components T are analytic functions in the neighborhood of the 
values (gag)o and (Biz)o; and 

CONDITION Mz. The system (4.1) consists of a single independent equation 
which can be solved for the component Bye. 

In consequence of Condition M we have 


(6.2) Bo = F(ges), 


where the function F is analytic in the neighborhood of the values (geg)o of 
the components gag and is such that the component Bi has the value (By) 
when the components gag have the values (geg)). Differentiation of (6.2) 
with respect to y” gives a system of two equations of type (4.5) which 
possesses the properties (1) that all conditions of integrability are satisfied, 
and (2) that the coefficients (g) of the derivatives in the right members 
are functions of the gag which are analytic in the neighborhood of the 

















710 T. Y. THOMAS. 


values (gag)o of these components. From the results of §4 and §5 we 
therefore have the following 

EXISTENCE THEOREM M. Let (1.2) be an invariantive system of partial 
differential equations for n = 2 which satisfies the above Condition M. Then 
there exists one, and only one, set of components gag (= gpa) of a fundamental 
metric tensor, given by convergent power series (4.8), which constitute a set 
of integrals of the system of equations (1.2) and which are (1) such that, 
at * dees = 0, the components Jag assume the values (gag)o, and (2) such that 
By, = (Bix) at yi = 0, where the Biz is the single independent component 
of the second extension of the fundamental metric tensor. 

The set of integrals gag whose existence is asserted by the above theorem 
therefore depend on three arbitrary constants, namely, the initial values of 
the independent components geg in the neighborhood of the above values 
(gag)o Of these components. 

7. Additional remarks. In stead of Condition IV in §2 and § 4 
a more general one corresponding to Condition II might have been stated. 
However the above Condition IV permits a somewhat more simplified state- 
ment of the existence theorems and no loss of generality is suffered upon 
recognition of the possibility of the extension of these theorems as above 
explained. 

If N = 0 we may take Av» — Aw so that the two systems (2.3) and 
(2.7) become identical. The existence theorem in § 2 then applies to the 
general affinely connected space, and the convergence proof in § 3 supplies 
the convergence proof which was ommitted in article J. Similar remarks 
apply to the metric case. 

In § 6, treating the case n = 2, only the single Condition A, or M, was 
imposed according to whether we were dealing with an affine or a metric 
system. This raises the question of whether Conditions II-V in § 2 an § 4 
can not always be satisfied, and in fact of whether these conditions are 
not necessary consequences of Condition I and the invariantive property 
of the systems (1.1) and (1.2). Likewise there is the question of the extent 
to which Condition I in § 2 and § 4 or Conditions A and M in § 6 can be 
satisfied in virtue of the invariantive property of our system of partial 
differential equations. These questions, however, have to do with the 
refinement of the foregoing work and their investigation has been omitted 
as it has been our main concern to lay the practical foundations of the 
theory. 

8. Examples. We conclude the present article with a few examples 
of invariantive systems of partial differential equations. In treating these 
systems we shall consider (1) the separation of the components Aapy OY Jup,yd 
into components Ar, or Buy respectively and (2) the possible initial values 
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(Jag)o; (Axv)o, and (Biy)o after which the existence theorem for the system 
in question can be stated on the basis of the corresponding existence 
theorem in the preceding sections. 

(1) If nm = 2 the quantity in the left member of the equation 


(8.1) Anu — Aiz = 0 


is a relative invariant of weight 1 and hence the above equation forms 


an invariantive system.t Now put 
1 * 2 * 
Ain = Ajo; Ain = Ago; 
1 * 2 * 
Ago1 — Ago ; Aoo1 —_ Aj. 


(8.2) 


Then (8.1) becomes 
Ai, = —2 Ajo. 


Hence each of the three components Ajo can be set equal to an arbitrary 
analytic function g (y', y?) and the initial values (A%o)o are completely 
arbitrary. 
(2) A slightly different example, likewise for » = 2, is furnished by 
the system 
Asn Ajz2 — Ais: Aon = 0, 


the left member of which is a relative invariant of weight 2 and which 
possesses the property of being quadratic in the components A‘ sy Using 
the above substitution (8.2) this equation becomes 

4s, AS 


* 
An 





_. 
A, = 


On the basis of the last equation each of the components A*, can be 
taken to be an arbitrary analytic function ¢(y’, y*) subject to the condition 
that the initial value (Af,), be different from zero. 

(3) The invariantive system 


(8.3) gf? GF” Gap, yd = const. 


for n = 2, expresses the condition that the two dimensional Riemann 
space shall have constant curvature. Putting BE, = g,,.. equation (8.3) 
can be written 


2 i. . B*, = const. 





+ T. Y. Thomas and A. D. Michal, Differential invariants of affinely connected manifolds, 
loc. cit., p. 225. 
¢T. Y. Thomas and A. D. Michal, loc. cit., p. 226. 
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The initial values (gag)o are therefore arbitrary subject only to the con- 
dition that the determinant |(ge3)o| should not vanish. 
(4)+ Let us now consider the system 


(8.4) Jap, yo = 0 


which, as is well known, expresses the condition that the Riemann space 
with fundamental metric tensor gag be plane, i. e. that the components gag 
have the values + 6% or that there exists a transformation of codrdinates 
in consequence of which the components ges assume the above values. 
For the system (8.4) the number : 

| am 


N = P Ba. 


a=—0 


By covariant differentiation of the independent equations of the above 
system (8.4) the equations Bim, — 0 are obtained. It is immediately 
seen that the components 


(8.5) Bim, (k< m;1< m< n—2) 


are linearly dependent on the components Bim,x (k>m) in virtue of the 
identities (4.3); in fact for a fixed value of m the above components (8.5) 
are linearly dependent on the components Byg,,(q < m; r>q).t The 
components (8.5) equated to zero constitute the system S; also for 7 and 
m fixed the equations obtained by equating the components (8.5) to zero 
may be taken to give the set S'. Hence M, = B, ((=—1,---,n—2) 
and the conditions @,-, = 0 and M, = 0 are satisfied. It follows that 
the numbers B¥(¢ = 0,---,m—2) all vanish and that the components 
Be, (u = 1,---, N) contain all the components B,,. The system (8.4) 
therefore admits no arbitrary functions y(y), the initial values (B*,), are 
zero, and the initial values (geg)o are arbitrary subject to the condition 
that the determinant |(gag)o| does not vanish. 
The system 


Avsy = 0, 


which expresses the condition that the affinely connected space be plane, 
can be discussed in a similar manner. 

(6) The condition that a Riemann space have constant curvature K is 
that the invariantive system 


K 
IJap,yd = 3 (Jas Ipyt Jay Ips — 29ap Id) 


7 In the following examples the condition (= 3) will be assumed. For n = 2 the 
existence theorems can easily be constructed as illustrated in the above examples. 
{See Lemma II in J, p. 249. 
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be satisfied. It is evident that the discussion in Example (4) will also 
apply to this system of equations. ! 

(6) By putting the contracted normal tensor Ais; equal to zero we obtain 
the invariantive system of equations 


(8.6) Aupi = 0, 


which was mentioned in the introduction of the present article. Investi- 
gation of these equations (loc. cit., p. 850) shows the non-existence of 
the system 8. Hence the numbers Me all vanish, the Bio consists of 
Ay — K(n, 2) components, the Bi, (v= 1,---,—2) for a fixed value 
of v consists of A, components, and the Bi» consists of K(n, 2) components. 
When the initial values of the components Bay, (v = 0,1,---,n—2) 
are given the initial values of the remaining components By, are determ- 
ined by (8.6). Owing to the linearity of equations (8.6) the initial values 
of the components Byy (v = 0,1,---,—2) are completely arbitrary. 
(7) Finally we consider the system of equations 


(8.7) 9” Jup,ys = %, 


which contains in particular (mn = 4) the ordinary form of Einstein’s 
gravitational equations for regions free of matter. We have N = K(n, 2) 
for these equations. If m = 3 equations (8.7) indicate that the space 
with fundamental metric tensor geg is plane. The condition n > 4 will 
therefore be assumed. It has been shown (loc. cit., p. 906) that the 
system S consists of n equations and is, in fact, composed of n sets Sj 
(¢=1,---,n). Hence M, =n and the remaining numbers Mg, vanish. 
Since By = K(n, 2)—n the number Bo is equal to zero; also BY — B,—n 
and B; — B; (i = 2,---,n—2). There are therefore no components Bro 
and the remaining components B* can be constructed without great difficulty 
(loc. cit., p. 909). The initial values of the K(n, 2) components By, are 
determined from equations (8.7) when the arbitrary initial values of the 
components By, (v= 1,---,n—2) are given; the initial values of the 
components gag can be taken to be + 0% or any values in the neighbor- 
hood of +03. 
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SPACE STRUCTURE AS A BOUNDARY 
VALUE PROBLEM.¥* 


By Tracy YERKES THOMAS. 


1. Introduction. It is the object of the following article to extend to 
arbitrary codrdinates 2‘, the existence theorems for certain systems of 
partial differential equations which have been given with reference to normal 
coérdinates y' in a number of previous publications.t In this article we 
desire to emphasize the character of our problem as a boundary value 
problem. Let us denote by S, a k dimensional surface in an nm dimensional 
space S,, and consider the set of surfaces S,,---, S,»—1 defined by 


Spi: F" (x?, oo, X") = 0, 


Y F JF" (x?, ee X”) 
we 2 BY 


ll | 
? 


(1.1) ; , 
FY (X', ---, X") = 0, 


Si: 





{ fFe- (X}, oe, X") a 0, 


where it is supposed for the moment that the X* are the codrdinates of 
a system of codrdinates in S,; it is assumed that the n —1 functions F(X) 
are analytic in the neighborhood of some set of values X) which satisfies 
the above equations (1.1). If F”(X',.--, X”) is any function of the X‘, 
which is analytic in the neighborhood of the values X3 and such that 





* Received May 1, 1930. 

+ The existence theorems in the problem of the determination of affine and metric 
spaces by their differential invariants, American Journal of Mathematics, vol. 52 (1930), 
pp. 225-250 ; On the existence of integrals of the system of partial differential equations Api =0 
in n variables, Proc. N. A. S., vol. 15 (1929), pp. 850-855; On the existence of integrals of 
Einstein’s gravitational equations for free space and their extension to n variables, ibid., 
pp. 906-913; Invariantive systems of partial differential equations, Annals of Mathematics, 
vol. 31 (1930), pp. 687-713. See also Determination of affine and metric spaces by their 
differential invariants, Mathematische Annalen, vol. 101 (1929), pp. 713-728, for the formal 
foundations of this theory. 
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the » functions F"(X),---,#"(X) are independent, i.e. the functional 
determinant |@ F*/@2*| does not vanish identically, then 


a= F*(X', wars X") + ¢@', 


where the q’ are arbitrary constants, defines a transformation of coérdinates, 


and the surfaces S;,---, S,-1 have equations 
Ka: 2 = @, 
; fot = q'; 
Smat |e = @, 
(1.2) : 
- =e, 
Si: 
gn1 bi es. 





in the x coérdinate system. To these surfaces we add the point, or zero 
dimensional surface, S,, defined by . 


a=, 
(1.3) So: 
2” = ¢, 


and also the dimensional space S, itself. The set of +1 surfaces 
So, --+, S, are those which “bear” the data in our problem. It is important 
to notice that the only restriction on these surfaces is that So, S;,---, Sp—1 
can be taken as codérdinate surfaces of dimensionality 0,1,---,2—1, 
respectively, in the space S,, i. e. that there exists a system of codrdinates 
x such that the surfaces So, Si, ---, Sn. are defined by the above 
equations (1.2) and (1.3). As an aid in the enunciation of our existence 
theorems, we lay down the following 
Rute. The group Gm(m=0,---,n—1), for the components Tog, is 
composed of all components that can be formed from Tag by taking 8 = m+1; 
i=1,---,n;a@—1,---,m, subject to the inequality a<m-+1.* There are 


¥m = n(m-+ 1) 


*The above Rule is analogous to that which has already been given to divide the 
components Avy and Ja, yd into groups G,,. See also J. H.C. Whitehead and B.V. Williams, 
A theorem on linear connections, Annals of Mathematics, vol. 31 (1930), pp. 151-157. 























716 T. Y. THOMAS. 


components Tis in group G,, and, for convenience of reference, we shall 
denote these ym components by yim(l—1,---+, 7m). It is obvious that 
no component yim can occur in more than one group, and also that no 
two components yzm and 7pq are equal, in consequence of the condition 


in fact the components jim include all components of affine connection 
which are not equal in virtue of the above relation. We have divided 
the following article into two parts: in Part I we consider the unrestricted 
spaces, i. e. those n(= 2) dimensional affine or metric spaces which are 
conditioned by no extraneous system of partial differential equations, and 
in Part II we treat the restricted spaces, or spaces conditioned by the 
systems 





, ole 
(1.4) Affine space: r( Sas Fat) = 0, 
5 2b gap softs} = 
(1.5) Metric space: T (ge, ar’ Oar bat! 0 


of invariantive partial differential equations.* The structure of space, defined 
by the components yim(x) of the affinely connected space, or the components 
gas (x) of the fundamental metric tensor of the metric space, is determined 
when the values of certain invariants are specified over the surfaces S,. 
In particular, the structure of an unrestricted affine space is determined 
by assigning arbitrary values over the surface S,-m to the components 
Yim and Ay in group Gn(m = 0,---,n—1); also the structure of an 
unrestricted metric space is determined when the values of the components 
Jog at the point 2‘ = q', i.e. on the surface So, and the values on the 
surface Sp—m of the components y7;,, and By», in group Gm(m = 0,---,n—1) 
are assigned.t It is assumed that the above invariants are specified on 
the surfaces S,; as analytic functions of the surface codrdinates. The 
components I, ap or gag, determining the structure of space, are then 
analytic functions both on, and in the neighborhood of, the surfaces S,. 
With regard to the restricted spaces similar conclusions are possible. 
Under very general conditions equations (1.4) and (1.5) permit a new 
arrangement of the components Azm and Bim into groups Gm(m = 0, ---, n); 
in fact if we replace the components Ay, and Bim by the analogous 


* See Invariantive systems of partial differential equations, loc. cit., p. 687. 

7 It will be recalled that there are no components Am or Bm in group Ga-:. Similarly 
there are no components Aim or Bim in group Ga-1, i.e. the group composed of the 
components Ain—1 oF Bin—1, although the components Am or Bim can occur ina group Gn. 
— In the metric space the components jim are identical with the Christoffel symbols. 
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components Aim and Bim in the new groups Gm, the above statements 
regarding the unrestricted spaces will likewise apply to determine the 
structure of the restricted spaces as a boundary value problem. 

The question of the necessity of the conditions imposed on equations 
(1.4) and (1.5) in the following theory deserves investigation. We have 
also remarked on this question in § 7 of the Jnvariantive systems of partial 
differential equations. Our main concern at present, however, has been 
to lay the foundations of a theory which is sufficiently restricted to be of 
practical application and yet sufficiently general to include the important 
spaces of Geometry and Mathematical Physics. It is evident that the 
discussion of the special systems of the type (1.4) and (1.5), in § 8 of the 
Invariantive systems of partial differential equations, can be applied without 
modification to give the corresponding existence theorems in Part II of the 
following article. 

Both in Part I and Part II the problem is reduced to the integration of 
a system of equations which is harmonic in the sense of Riquier.t As the 
conditions of integrability can easily be shown to be satisfied in all cases, 
the existence of the integrals in question follows immediately from the work 
of Riquier. This is not the case when the space is referred to a system 
of normal codrdinates y‘, as a special proof for the convergence of the 
power series expansions of the integrals is then demanded. In fact it is 
not possible by choosing a priorz the values of the components yim over 
the surfaces S,, independently of the components Azm or Bim, to charac- 
terize the codrdinates 2* of the present theory as a system of normal co- 
érdinates. On this account, the present theory is not a strict generalization 
of the theory involving the use of normal coérdinates, which was developed 
in my previous articles. 


Part IL. 
UNRESTRICTED SPACES. 
2, Case n = 2. In the two dimensional affinely connected space, the 


equations defining the components Bisy of the curvature tensor can be 
written 








ari ary i aa 

— os Sat + Bint Te Th — To 12 
(2.1) , 

ry = 58 + Bia + Vox Ti — Ton In. 


+ C. Riquier, De l’existence des intégrales dans un systéme differentiel quelconque, Annales 
de l’école normale supérieure, série 3, vol. 10 (1893), pp. 65-86; also ibid. pp. 123-150. 
For convenient reference the definition of the harmonic system has been given in a foot- 
note in § 2 of the Invariantive systems of partial differential equations, loc. cit., p. 691. 
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Components Besy other than those which appear in the above equations 
are linearly dependent on these components. We shall regard the com- 
ponents Bapy in (2.1) as functions of the Aj, in accordance with the equations 


Bepy + Aapy - Aeyp. 


If we assume the components Ap» to be functions of the codrdinates 2*, 
analytic in the neighborhood of the point 2? = q’, then the Cauchy- 
Kowalewsky theorem* for the system (2.1) gives us immediately the following 

EXISTENCE THEOREM. Let gi (J = 1, 2, 3,4) and W,(p = 1, 2) denote 
Junctions of the variables x', x*, analytic in the neighborhood of the values 
z'=q', 2® = q’*. Also let &,(q = 1, 2,3, 4) denote functions of the 
variable x*, which are analytic in the neighborhood of x* = q*. Then there 
exists one, and only one, affine connection with components Tag (= Ta) in 
a system of codrdinates x‘, each function Tug(x) being analytic in the neigh- 
borhood of the values x’ = q', x? = q’, such that 


An = Pl Ge", 2”) ‘po = Wp (ax, x*) am = Cy (x*). 
[2 = 1, 2,3 4)| [p = 1, 2] pe ot Ba Feet 
x= q! 
For the metric, or Riemann, space we must add to (2.1) those equations 
which express the condition that the components Ig be Christoffel symbols 
with respect to the components gag of a fundamental metric tensor, i. e. 


0g 
(2.2) pap = 906 Vay + geo T py. 


We now consider that the components Kay, in (2.1), are functions of the gag 
and Jag yg, namely 
Bepy = 9" (Gop.ay — GYoy,«p); 


as can readily be shown. Now differentiate (2.2) with respect to x? and 
eliminate the second derivatives of ges by the condition 


0" gap — 0? gap 


oat oa ax? dar 





From the resulting equations eliminate the first derivatives of Tap and gag 
by means of equations (2.1) and (2.2) themselves. We thus obtain a system 
of equations which, when expressed in terms of the gag (a < 8), the yim, 


* Systems (2.1) of the type considered by Cauchy and Kowalewsky are a special case 
of the harmonic systems. 
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and the single independent component B,o, must be satisfied identically, 
since it can be shown that the above quantities can be given arbitrary 
values at a point Q of the space. Taking By and the ym as known func- 
tions of the variables z‘, the system composed of (2.1) and (2.2) is there- 
fore completely integrable. 

EXISTENCE THEOREM. Let g and Wp (p = 1, 2) denote the functions of 
the variables x’, x*, analytic in the neighborhood of the values x' = q', 
x? = q*. Let S.(¢ = 1, 2,3, 4) denote the functions of the variable x’*, 
which are analytic in the neighborhood of x* = q*. And finally let (gas)y 
= (gpa)q denote arbitrary constants such that the determinant |(gag)q| + 0. 
Then there exists one, and only one, fundamental metric tensor with com- 
ponents gasp (= gpa) in a system of cobrdinates x, each function gag (x) 
being analytic in the neighborhood of the values x' = q', x* = q*, such 
that gag (q) = (Ggas)q and 

By = 9 (x", x*)| po Wp (x', x") | yn = by (x*). 
[p = 1, 2] a me 


| 


3. Case n > 3. In place of (2.1) we now have, as the equations which 
define the components Bogy of the curvature tensor, the equations 








ori on soba stig? 

«8 oe T +. Busy + Vea Vay— Voy Vas; = 1,---,8 
Bat 6a? mY s—1 
— ye? ee uum 


Let us observe that, in terms of the independent components yim and Aim, 
these equations have the form 





; ; m= 1,---,n—1 
(3.1) a ta +2 Apa + ¥ 09 Yu; L = 1,-++,¥m , 
0 ak Ox ae se 
as J, +-<, 


where the first summation > denotes a linear form, and the second denotes 
a quadratic form, in the components indicated. We must now also con- 
sider the system 





m=—1,---,n—2 
(3.2) 0 Aim —~ 1. eee k= 1,--+,m P 
dak Ox" 
= 1,.-+, Ae 


which was satisfied identically in § 2. The summation >’ in these equations 
represents a linear form in the derivatives indicated, and the ¥* terms 
represent a bilinear form in the components yim and Ajm.* It should be 





*See The existence theorems in the problem of the determination of affine and metric 
spaces by their differential invariants, loc. cit., p. 225. 
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observed that the condition r > q is satisfied by the indices 7, qg of a derivative 
in the right member of any equation (3.1) or (3.2); also, both in (3.1) 
and (3.2) the condition m > q is satisfied. Equations (3.1) and (3.2), in 
which the components yj and Aj are to be regarded as arbitrary analytic 
functions, constitute a harmonic system in the sense of Riquier.* 

Moreover this system is completely integrable. This is seen from the 
fact that if we form the conditions of integrability, as in § 2, we obtain 
a system # involving the following quantities 

O¥pq 8° ¥pq_ 


Yq» “gor? dar dae 


q = 0,---,n—1; p 


pn 1, eee, fo 
r,s = 1, --+, n; Y 


~ 9, 0e 
(3.3) 
8 Ang 0? Ang 


A —-— 

Pay aa" ’ 82" d2°’ 
0, -+., n—2; p = 1,-.>-, ™ 
I, se0y 983 , 3 7,e>eF 





= 
lll 


‘8 


in which A, = nK(n, 2)—nK(q+1, 2), where K(u,v) denotes the 
number of combinations with repetitions of u things taken v at a time. 
Now at a point Q of the space there aret 


*To each of the quantities a‘(i = 1, +++, m), y,,(m = 1, +++, m—1), and 
A, (m = 1, +++, m—2) we assign a single “cote” in the following manner: 
im g 


ai has the “cote” —i, 
| oa ” " ” m, 
, or " m. 


im 


Then (m—k) is the “cote” of the derivative in the left member of an equation (3.1) or 
(3.2), and (q—r) is the “cote” of the derivative in the right member of this equation. 
Hence 


(m—k)—(q—r)>0, 


since m—k=O and q—r<0. The system composed of (3.1) and (3.2) is therefore 
harmonic in the sense of Riquier. 

+ The number N of the independent components A of a normal tensor of any order 
was first given by T. Y. Thomas and A. D. Michal, Differential invariants of af finely con- 
nected manifolds, Annals of Mathematics, vol. 28 (1927), pp. 196-236; see also Differential 
invariants of relative quadratic differential forms, ibid., vol. 28 (1927), pp. 631-688, for the 
numbers N of independent components of the metric tensors. With regard to the 
independence of the components /’ of affine connections, see A theorem concerning the 
affine connection, American Journal of Mathematics, vol. 50 (1928), pp. 518-520, where 
it is shown that, subject to the condition of symmetry in their lower indices, the 
components [ of all connections can be assigned arbitrary values at a point Q of the space. 
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n K (n, 2) independent components Tes, 
n K (n, 3) m I airs 
(3 4) n K (n, 4) ” ” Teepyds 
ve 4 i ‘ 
N(n, 1) ” ” Aapy ; 
N(n, 2) ” ” Ansys 
N (n, 3) ” ” Aapyde: 





If we denote the sum of the components Ff and A in (3.4) by S, so that 


S = nK(n, 2)4+nK(n, 3)+nK(n, 4) 
+N(n, 1)+N(n, 2)+N(n, 3), 


then § also gives the number of quantities in (3.3); in fact the number 
of any one of the six quantities in (3.3) is equal to the corresponding 
term in the sum S. When the quantities in (3.3) are given at a point Q 
of the space, the components Y and A in (3.4) are determined at Q. It 
follows that all of the quantities in (3.3) can be given arbitrary values 


at the point Q, for, if this were not the case, the number of inde- | 


pendent components TF and A in (3.4) would be Jess than 8S. Hence the 
equations of the system # must be satisfied identically, and we have the 
following 

EXISTENCE THEOREM. Let 


Pim Gt, ee x") Wim (gett, very 2") 
5 = Q, --., —— " = 0, ---, ” 7 
l = 1,+-., Am | l= y, 0%, Ym 
denote arbitrary functions of the variables x™*1, ---, x”, analytic in the neigh- 
borhood of the values xt = q of their arguments. Then there exists one, and 
only one, affine connection with components I ~~ r a) in a system of codr- 


dinates x*, each function ap (x) being analytic in the neighborhood of the values 
xt = q', such that 








Ay = po (xi, --+, x”) | yo = Wo(z!,---, 2”) 
[7 — 1,---+, Aol [2 — 1,---, Yo] 
Am = Plm (g™t, ety af") Yim = Wim (gt, vee, vw") 
m = 1, --+, Ans m= 1,---,-n—1 
1 = Ri --+, Am tT=1, +--+, 7m 


1 


ie 1 — A an 1 a 
re = Gye, 2” = Q” xu == G++, 2™ = Q” 
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For the metric space we consider the system 








m—1,---,n—2 
0 Bin aB ee 
(3.5) ee deo +t, (: sost 1,---, Bun 
k = 1,---, m 


in place of (3.2); we also consider (3.1), and the equations (2.2) which 
express the fact that the J‘, are Christoffel symbols. The system com- 
posed of (2.2), (3.1), and (3.5), involving the quantities ges, yim, Bim, 
together with first derivatives of yim and Bim, as in § 2, is harmonic in 
the sense of Riquier and can be shown to be completely integrable by a 
consideration analogous to that employed in the affine case. We there- 
fore have the 
EXISTENCE THEOREM. Let 


Fim (xt, ay x") Wim (att, ens x”) 
I" == Q, ---, I |" == (, -.., — 
i =]1,..-, By i = 1, +++, 7m 
denote arbitrary functions of the variables x™*', ---, x", analytic in the neigh- 
borhood of the values x' = q' of their arguments. Also let (gag)q = (Ype)q denote 
arbitrary constants, such that the determinant | (gag)q| +0. Then there exists 
one, and only one, fundamental metric tensor with components gag (= gpa) in 


a system of codrdinates x', each function gag (x) being analytic in the neighbor- 
hood of the values x' = q', such that gag(q) = (gag)q and 








Bry —— gio (x', ++, 2") Yo = Wo (2, vee, 2") 
[7 ses 1,---, Bol [7 = 1, «++, xe) 
Bin = Pim (a, ess x”) Yim = Wim (a™*!, ones x”) 
m =—1,---,n—2 m= 1, ---,n—1 
1 = 1, ---+, Bu i=l, °2%, Ym 
ai = @, +++, 2" = q* = ¢,-- 2 = 
Part I. 


RESTRICTED SPACES. 


4, Case n = 2. By use of the replacement theorem and subsequent 
elimination of all dependent components Aapy and Jug yd, equations (1.4) 
and (1.5) become 
(4.1) Affine space: 7'(Am) 0; 

(4.2) Metric space: T'(gas, Bim) = 0. 


! 
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We assume (4.1) to satisfy Condition A, and (4.2) to satisfy Condition M, 
in § 6 of the Invariantive systems of partial differential equations. The 
constants mentioned in Conditions A and M will, however, be considered 
to be associated with the point having gq‘ as its cobrdinates,—for example 
the constants (gas)o will be replaced by (gag) in Condition M. The following 
two theorems can then be stated. 

EXISTENCE THEOREM A. Let (1.4) be an invariantive system of partial 
differential equations for n = 2 which satisfies the above Condition A. Also 
let pu(u=1,---,4—N), such that gu(q) = (Ato)g and Wy(p = 1, 2), 
denote functions of the variables x', x*, analytic in the neighborhood of 
the values x! = q', x® =". Finally let [,(q = 1, 2, 3, 4) denote functions 
of the variable x*, which are analytic in the neighborhood of x? = q’. Then 
there exists one, and only one, affine connection with components I’ «p (= Tha) 
in a system of codrdinates x’, each function Tag(x) being analytic in the 
neighborhood of the values x! = q', a7 = g*, which constitute a set of integrals 
of the system of equations (1.4), and which are such that 





Avo = 9u(z', 2”) | Yo = Hp (z', 2”) 
[uw = 1,---,4—N] | [ip = 1, 2) 

Ave oe (Ata)g | ia >= Cy (x) 

¥ ote: tical q = 1,2,3,4 
le =g 2=¢_ | a= ¢ 


where the Ax» are the independent components of the normal tensor. 

EXISTENCE THEOREM M. Let (1.5) be an invariante system of partial 
differential equations for n = 2 which satisfies the above Condition M. Also 
let gp(p = 1, 2) denote functions of the variables x', x*, analytic in the 
neighborhood of the values x1 = q', x?» = q*. Finally let W,(q = 1, 2, 3, 4) 
denote functions of the variable x*, which are analytic in the neighborhood 
of «2 =¢*. Then there exists one, and only one, fundamental tensor with 
components gag (= gpa) in a system of coirdinates x', each function gag (x) 
being analytic in the neighborhood of the values x! = q', x? = g*, which 
constitute a set of integrals of the system of equations (1.5), and which are (1) 
such that gag (q) = (gas)g and Bi (gq) = (Biz)g, and (2) such that 


Ypo = Pp(x", 2) | xq = Wala’) , 
[p = 1, 2] e=tL25,6 
ai = gq) 
where Biz is the single independent component of the second extension of 
the fundamental metric tensor. The details of the proofs of the above 
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Theorems have not been given, as they can easily be supplied on the 
basis of the discussion in § 6 of the Invariantive systems of partial differ- 
ential equations, and § 2 of the present article. 

5, Case n> 3. Let us suppose that there are 4 independent equations 
in the system (4. 1), and apply to this system the discussion, involving the 
construction of the S, S*, and Sz systems of equations and the assertion 
of Conditions I~V, in § 2 of the Invariantive systems of partial differential 
equations. In Conditions 1 and V the constants (Aym)o and (Aw) are now 
to be replaced by (Azm)g and (Aiv)y, respectively, since these quantities 
are now to be considered as associated with the point 2‘ = q‘ of the 
space. Having done this we can deduce from (3.2) and (4.1) a system 
of equations of the form 


(5.1) os = D(a) 246 4 Da) ry, 


where the coefficients (A*) are a9 functions of the independent com- 
ponents Ax» of the normal tensor. Since v > w and g<h in (5.1), the 
system composed of (3.1) and (5.1) is harmonic in the sense of Riquier 
(see footnote on p. 717). Moreover this system is completely integrable, 
as can be shown by applying the treatment in § 2 of the Invariantive systems 
of partial differential equations, and taking account of the arbitrariness of 
the yim, aS was done in §3 of the present article.t Hence we have the 
following 

EXISTENCE THEOREM.$ Let (1.4) be an invariantive system of partial 
differential equations satisfying the above Conditions 1-V. Let 

+ In this connection use is made of the fact that the number of arbitrary derivatives 
of the components Aim, of any order, at 2‘ = q‘, is equal to the number of arbitrary com- 
ponents of the extension of Am, of the same order, at this point. The reader can easily 
work out the details of this demonstration. Conditions II and III, implying complete 
integrability of (3.1) and (5.1), have been imposed, rather than the direct assumption of 
complete integrability of these equations, on account of their adaptability to practical 
application. 

; In particular, if (4.1) consists of the system 


= @, 





i 
apy 
the above theorem reduces essentially to a theorem given by Whitehead and Williams, 
loc. cit., p. 151. For this case the functions %. in the above theorem are not defined, 
and the constants (A‘,), all vanish. In fact, this particular case involves merely the 
integration of the system of equations 
1, ---,n—1 
iy ss, Ym 


9 3 ae 

Yum 1e 

> = +> 00 Yue | l 

Oat k 1,-+-,m 





ol il 


The recognition of this system as completely integrable and harmonic in the sense of 
Riquier makes unnecessary the analytical treatment employed by the above authors. 
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0<vsn—?2 
Puv(x"*?, ehed x"), ’ 


* 
n= 1,---, Ay 


where the indices u,v have the same range of values as the indices of the 
components Au» (v $n), and 
Wuy (at, .--, a), ae pei n—1 


ut ees Vv 


denote functions of the variables x’*,.--, x", analytic in the neighborhood 
of the values xt = q' of their arguments, such that guw(q) = (Atw)g for all 
values of the indices u,v for which the Pu are defined. Then there exists 
one, and only one, affine connection with components I ap (= Ta) in a system 
of coirdinates x’, each function Tag(x) being analytic in the neighborhood 
of the values xt = q', which constitute a set of integrals of the system of 
equations (1.4), and which are (1) such that Ain(q) = (inde, where 
u—1,---,.N, and (2) such that 








10 — Puo(x', e+, x”) a = Wo (z',, see, 2”) 
[wu = 1,--+, Ao] (2 = 1,---, vol 
fi — Puy (at, fety x") fa Win (a, ie ay a 
loevsn-—? m1, ---,n—1 
“= 1,---, AD l= 1, -+-,¥m 
z= qe, a = @ xz = q',--+,2™ = g™ 





On the basis of the discussion, notation, and Conditions I-V in § 4 of the 
Invariantive system of partial differential equations, the corresponding 
metric problem can be solved in an analogous manner. We will therefore 
state, without further consideration, the theorem in question for the deter- 
mination of the structure of the metric space as a boundary value problem. 

EXISTENCE THEOREM. Let (1.5) be an invariantive system of partial diffe- 
rential equations satisfying the Conditions 1-V. Let 


‘bg 


ee * 
u=—l1,.--, By , 


Puv or. al x”), 


where the indices u,v have the same range of values as the indices of the 
* 
components Buy (v +n), and 


Wey (ax? tt, .-., 2”), [” oes 0,---,n——1 


ss = 1,+++, Yv 


denote functions of the variables x"*1,.--, a", analytic in the neighborhood 
of the values xi = qi of their arguments, such that ¢uw(q) = (Bug for all 
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values of the indices u,v for which the %w are defined. Then there exists 
one, and only one, fundamental metric tensor with components gag (= gpa) 
in a system of codrdinates x‘, each function gag(x) being analytic in the 
neighborhood of the point xt = q', which constitute a set of integrals of the 
system of equations (1.5) and which are (1) such that gag(q) = (gag)q and 
Bin(q) = (Bin)g, where u=1,---, N, and (2) such that 


Bro —— Guo (x; ao a”) eo = Wo (x', Aiaed, x") 
fu = 1,---, Bo) [2 = 1,---, Yo] 





By. = Pus (°° eee, x”) Yim = Wom (amt, wee, 2) 





lcvsn—-2 m = 1,---,n—1 
“se .+-oae t = 1,---; ¥en 
a = q',-++, 2” = @° x = g',--.,a" = g™ 


PRINCETON, NEW JERSEY. 














